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PREFACE 


' I 'HE author of the papers collected in this volume seemed 
to me to combine very exceptional brilliance with very 
great soundness of judgment in philosophy. He was an 
extraordinarily clear thinker ; no-one could avoid more 
easily than he the sort of confusions of thought to which 
even the best philosophers are liable, and he was capable 
of apprehending clearly, and observing consistently, the 
subtlest distinctions. He had, moreover, an exceptional power 
of drawing conclusions from a complicated set of facts : he 
could see what followed from them all taken together, or at 
least what might follow, in cases where others could draw 
no conclusions whatever. And, with all this, he produced 
the impression of also possessing the soundest common sense : 
his subtlety and ingenuity did not lead him, as it seems to 
have led some philosophers, to deny obvious facts. He had, 
moreover, so it seemed to me, an excellent sense of proportion ; 
he could see which problems were the most fundamental, 
and it was these in which he was most interested and which 
he was most anxious to solve. For all these reasons, and 
perhaps for others as well, I almost always felt, with regard 
to any subject which we discussed, that he understood it 
much better than I did, and where (as was often the case) 
he failed to convince me, I generally thought the probability 
was that he was right and I wrong, and that my failure to 
agree with him was due to lack of mental power on my part. 

Ramsey was not only exceptionally capable of thinking 
clearly himself ; he also had a most uncommon power of 
explaining clearly to others what he thought and why he 
thought it. There are many good examples in this volume 
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of his great capacity for lucid exposition. But sometimes I 
feel that he fails to explain things as clearly as he could have 
done, simply because he does not see that any explanation 
is needed : he does not realize that wl^at to him seems 
perfectly clear and straightforward may to others, less gifted, 
offer many puzzles. I must confess that I personally often 
find a difficulty in understanding at all clearly what he means, 
in cases where he does not seem to have been aware than any 
difficulty whatever would be found. No doubt, in many of 
these cases, some readers will understand him without 
difficulty ; but I suspect that many will be in my case. In 
the last two sections of thevolume (the notes of 1928 and 1929), 
where he was writing chiefly for himself and not expanding 
and explaining as he would have done if writing for publica- 
tion, the difficulty of following him with adequate comprehen- 
sion is naturally specially great. But even where you cannot 
understand him completely you can often understand him 
enough to find him extraordinarily interesting ; and I am 
convinced that it is well worth while to try to understand 
him. No doubt sometimes he may make mere mistakes ; 
but in general 1 think he himself knew very well indeed what 
he was about, and, even if he was wrong, had very good 
reasons for the opinions at which he had arrived. It is a 
great misfortune that his early death prevented him from 
making these opinions, and the reasons for them, as clear as 
he, and perhaps he alone, could have made them. 

G. E. Moore. 

December, 1930. 
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Frank Plumpton Ramsey was born on 22nd February, 
1903, and died on 19th January, 1930. The son of the 
President of Magdalene, he spent nearly all his life in 
Cambridge, where he was successively Scholar of Trinity, 
Fellow of King's, and Lecturer in Mathematics in the 
University. His death at the height of his powers deprives 
Capibridge of one of its intellectual glories and contemporary 
philosophy of one of its profoundest thinkers. 

Though mathematical teaching was Ramsey’s profe.ssion, 
philosophy was his vocation. Reared on the logic of 
Principia Matheinatica, he was early to see the importance 
of Dr. Wittgenstein’s work (in the translation of which 
he assisted) ; and his own published papers were largely 
based on this. But the previously unprinted essays and 
notes collected in this volume show him moving towards 
a kind of pragmatism, and the general treatise on logic 
upon which at various times he had been engaged was to 
have treated truth and knowledge as purely natural 
phenomena to be explained psychologically without recourse 
to distinctively logical relations. Ramsey’s philosophy, 
however, was always tentative and experimental — his 
calmness in infanticide frequently amazed his friends — 
and the papers in this volume are published as important 
in themselves and as likely to lead to work on similar lines 
and not as the exposition of a consistent and complete 
philosophical system. 

The subtlety and fertility of Ramsey’s philosophical work 
as shown here need no advertisement ; but since his two 
papers on mathematical economics are not included, I have 
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obtained Mr. J. M. Keynes’ permission to quote from his 
notice in The Economic Journal of March, 11930 : — 

" The death at the age of 26 of Frank Ramsey is a heavy 
loss — though his primary interests were in Philosophy and 
Mathematical Logic — to the pure theory of Economics. 
From a very early age, about 16 I think, his precocious 
mind was intensely interested in economic problems. 
Economists living in Cambridge have been accustomed from 
his undergraduate days to try their theories on the keen 
edge of his critical and logical faculties. If he had followed 

the easier path of mere inclination, I am not sure that he 

• 

would not have exchanged the tormenting exercises of the 
foundations of thought and of psychology, where the mind 
tries to catch its own tail, for the delightful paths of our own 
most agreeable branch of the moral sciences, in which theory 
and fact, intuitive imagination and practical judgment, 
are blended in a manner comfortable to the human intellect. 

" When he did descend from his accustomed stony heights, 
he still lived without effort in a rarer atmosphere than most 
economists care to breathe, and handled the technical 
apparatus of our science with the easy grace of one accustomed 
to something far more difficult. But he has left behind him 
in print (apart from his philosophical papers) only two 
witnesses to his powers — his papers published in The Economic 
Journal on ‘ A Contribution to the Theory of Taxation ’ 
in March, 1927, and on ‘ A Mathematical Theory of Saving ’ 
in December, 1928. The latter of these is, I think, one of 
the most remarkable contributions to mathematical economics 
ever made, both in respect of the intrinsic importance and 
difficulty of its subject, the power and elegance of the 
technical methods employed, and the clear purity of illumina- 
tion with which the writer's mind is felt by the reader to 
play about its subject. The article is terribly difficult 
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reading for an economist, but it is not difficult to appreciate 
how scientific and aesthetic qualities are combined in it 
together. 

" The loss of R^sey is, therefore, to his friends, for whom 
his personal qualities joined most harmoniously with his 
intellectual powers, one which it will take them long to forget. 
His bulky Johnsonian frame, his spontaneous gurgling 
laugh, the simplicity of his feelings and reactions, half- 
alarming sometimes and occasionally almost cruel in their 
directness and literalness, his honesty of mind and heart, 
his modesty, and the amazing, easy efficiency of the intellectual 
machine which ground away behind his wide temples and 
broad, smiling face, have been taken from us at the height 
of their excellence and before their harvest of work and 
life could be gathered in,” 

The essays collected in this volume range in date from 
1923 to 1929, and present the development of Ramsey’s 
thought from the age of 20 to his death. The papers on 
mathematical logic are placed first. I, on the Foundations 
of Mathematics, is an attempt to reconstruct the system of 
Principia Maiheniatica so that its blemishes may be avoided 
but its excellencies retained. By what he calls an " objective *' 
theory of predicative functions, Ramsey shows how the 
notorious contradictions (I am lying, etc.) can be removed 
by the use of a Theory of Types which is simpler than that 
proposed by Mr. Bertrand Russell and which makes it 
unnecessary to assume an Axiom of Reducibility in order to 
save irrational numbers. Moreover a " complete exten- 
sionalizing ” of mathematics solves the difficulties connected 
with identity and with the Multiplicative Axiom. Ramsey’s 
paper is thus in the great tradition of Frege, Peano, 
Whitehead and Russell ; and in a sense may be said to 
complete their work on the logical foundations of mathematics. 
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In n — a semi-popular paper read before the British Association 
in 1926 — this " logical ” treatment of mathqpiatics is defended 
sigainst the formalism of Hilbert and the intuitionism of 
Brouwer. The end of this pajjer shows th^ Ramsey was not 
completely satisfied with his theory, particularly with regard 
to the Axiom of Infinity ; and in 1929 he was converted to a 
finitist view which rejects the existence of any actual infinite 
aggregate and to which allusions are made in some of the later 
notes. Ramsey’s profound disagreement with Hilbert’s 
doctrine of mathematics as a game with meaningless marks 
did not prevent him from giving a good deal of attention to 
the formalists’ chief problem — that of finding a general 
procedure for determining the consistency of a logical formula 
(the Entscheidungsprohlem ) — and III is his solution of the 
problem for a particularly interesting set of cases. 

A relatively smaller proportion of Ramsey’s purely philo- 
sophical work has been previously published. IV consists of 
an article denying that there is any ultimate distinction 
between particulars and universals, and VI — “ Facts and 
Propositions ” — is a logical analysis of belief. Ram.sey’s 
review of Wittgenstein’s book is printed as an Appendix. 
This review was Ramsey’s first important philosophical 
paper and it contains things of the greatest interest : but 
it was written before Ramsey had discussed the book with 
its author, and he admitted that on many points he had 
misunderstood it ; so the paper must be taken neither as 
exposition nor as criticism of the views of the Tractatus 
Logico-Philosophicus itself. 

The previously unpublished papers that are printed here 
all deal with philosophical topics. VII is a long essay on 
Truth and Probability written at the end of 1926, a large 
portion of which was read to the Moral Science Club at 
Cambridge. It elaborates a thoroughly subjective theory 
of probability and a thoroughly pragmatic view of induction. 
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At one time Ramsey contemplated publishing this essay 
separately, and it i^ in a much more finished state than are the 
other unpublished papers. Its final chapter — on probability 
in science — was never written. I have supplemented the 
essay by some notes on relevant topics written in the spring 
of 1928 (VIII). The last section of the book (IX) is made 
up of a series of papers written in the summer of 1929. 
The first of these is a very serious attempt to provide a theory 
of theories and of their use in reasoning. There follow an 
exceedingly subtle theory of the nature of causal pro- 
positions, further remarks on probability and knowledge, 
and a note on the essence of philosophy. These essays, 
fragmentary and tentative though they be, seem to me to 
display Ramsey’s mind in its highest power. 

The short paper printed as Epilogue was read to a 
Cambridge discussion society in 1925 : Ramsey did not 
change the attitude towards life that he has so happily 
and characteristically expressed in it. 

It is of interest to state which of Ramsey’s important 
papers have been omitted from this volume. These are 
(1) the two articles on economics, (2) most of a symposium 
contribution which was mainly occupied in criticizing the 
previous syrapo-siast (but I have reprinted the rest as V), 
(3) the notes for his annual course of lectures at Cambridge 
on the Foundations of Mathematics, (4) some notes on general 
propositions, causality, and knowledge written in the spring 
of 1928 and superseded by those on the same subjects of 
the summer of 1929 (allusion is made in these to his earlier 
causal theory), (5) fragments of 1929 on the occasion of 
his conversion to mathematical finitism, further attempts on 
the Entscheidungsproblem and fragments about theories, and 
(6) the draft of the first four chapters of a general treatise on 
logic. This work had occupied Ramsey intermittently 
during 1927 and 1928, but he was profoundly dissatisfied 
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with it, and the preliminary matter which remains is quite 
unsuited for publication. ^ 

I am deeply grateful to Mrs. Lettice Ramsey for the privi- 
lege of editing this book as well as for assistance at every 
stage of its production. Mr. Alister Watson also has helped 
most ably in the proof-reading. Messrs. G. H. Hardy, J. M. 
Keynes, G. E. Moore, M. H. A. Newman, and L. Wittgenstein 
(with others of Ramsey’s friends) have given me valued 
advice as to the selection of the papers, though I alone am 
responsible for the final choice. The authorities of the 
London Mathematical Society, the Mathematical Association, 
the Mind Association, and the Aristotelian Society have 
kindly given permission for the previously published papers 
to be reprinted. In these, and in the papers published for the 
first time, I have occasionally made slight verbal and 
symbolic alterations to assist the reader. But I have not 
attempted to modify to any extent the informality of many 
of the notes. Nor (beyond adding a note on the symbolism 
and a few references) have I attempted to alleviate the 
difficulties of the subject. This book is presented in the hope 
that it will stimulate others to think about the hardest 
things in the world with some of that singleness of mind 
which characterized Frank Ramsey. 

R, B. Braithwaite. 

Cambridgb. 

Jwe and December, 1930. 
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NOTE ON SYMBOLISM 


In some of these essays Ramsey uses the symbolism of 
A. N. Whitehead and Bertrand Russell’s Principia Mathe- 
matica. Its most important features are : — 

p, q, r used for propositions, 
a, b, 0 used for individuals, 
f, g, <f), X, used for propositional functions. 

[These are sometimes written tfii, 5), £), etc., to show 
how many arguments they take.] 

Then fia [sometimes written <l>(a)], tp{a, b, c), etc,, are 
propositions. 

X, y, z used for variables in expressions like 
(x) , f>x meaning For every x, <f>x is true. 

(3*) meaning There is an x for which <px is true. 

Logical constants : — 

~ meaning not. 

V meaning or. 

. meaning and. 

ID meaning implies [D;^ implies for every x]. 

= meaning is equivalent to [ =x equivalent to for every *]. 

Other expressions sometimes used in this book : — 

^l[ipx) meaning the class of f>’s. 

€ meaning is a member of the class. 

C meaning is contained in (relation between classes). 
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Nc meaning the cardinal number of. 

(‘ix){<f)x) meaning the one and only thing*satisfying 

E ! (ix) {tf>x) meaning One and only one thing satisfies 

Points, colons, etc., . : are used for bracketing. 

Ramsey also uses the following symbols not used by 
Whitehead and Russell : — 

A stroke " above the proposition or function to denote 
its contradictor^' ~ 

(a) meaning the class whose only member is a. 

Occasionally Ramsey nses ordinary mathematical notations 
[»t s « (mod 1) means m and n when divided by I have the 
same remainder], and in discussing probability J. M. Keynes’ 
symbolism pjh meaning the probability of proposition p given 
proposition h. 


R. B. B. 
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THE FOUNDA*riONS OF MATHEMATICS ( 1925 ) 
Preface 

The object of this paper is to give a satisfactory account of 
the Foundations of Mathematics in accordance with the 
general method of Frege, Whitehead and Russell. Following 
these authorities, I hold that mathematics is part of logic, 
and so belong to what may be called the logical school 
as opposed to the formalist and intuitionist schools. I have 
therefore taken Principia Mathematica as a basis for discussion 
and amendment ; and believe myself to have discovered how, by 
using the work of Mr Ludwig Wittgenstein, it can be rendered 
free from the serious objections which have caused its rejection 
by the majority of German authorities, who have deserted 
altogether its line of approach. 


CONTENTS 

(1) Introduction 

(2) Principia Mathematica 

(3) Predicative Functions 

(4) Functions in Extension 

(5) The Axioms 

I. Introduction 

In this chapter we shall be concerned with the general 
nature of pure mathematics,^ and how it is distinguished from 

* In future by ' mathemihics ' will always be meant ' pure 
mathematics 
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THE FOUNDATIONS OF MATHEMATICS 


other sciences. Here there are really two distinct categories of 
things of which an account must be given — the ideas or concepts 
of mathematics, and the propositions of mathematics. This 
distinction is neither artificial nor imnecessary, for the great 
majority of writers on the subject have concentrated their 
attention on the explanation of one or other of these categories, 
and erroneously supposed that a satisfactory explanation of 
the other would immediately follow. 

Thus the formalist school, of whom the most eminent 
representative is now Hilbert, have concentrated on the pro- 
positions of mathematics, such as ‘ 2 -)- 2 = 4 ’. They have 
pronounced these to be meaningless formulae to be manipu- 
lated according to certain arbitrary rules, and they hold that 
mathematical knowledge consists in knowing what formulae 
can be derived from what others consistently with the rules. 
Such being the propositions of mathematics, their account of 
its concepts, for example the number 2, immediately follows. 
‘ 2 ' is a meaningless mark occurring in these meaningless 
formulae. But, whatever may be thought of this as an account 
of mathematical propositions, it is obviously hopeless as a 
theory of mathematical concepts ; for these occur not only in 
mathematical propositions, but also in those of everyday life. 
Thus ‘ 2 ’ occurs not merely in ‘ 2 -j- 2 = 4 ’, but also in ‘ It is 2 
miles to the station ’, which is not a meaningless formula, but a 
significant proposition, in which ‘ 2 ’ cannot conceivably be a 
meaningless mark. Nor can there be any doubt that ' 2 ’ is 
used in the same sense in the two cases, for we can use 
‘ 2 -f 2 = 4 ’ to infer from ‘ It is two miles to the station and 
two miles on to the Gogs ’ that ‘ It is four miles to the Gogs 
via the station ’, so that these ordinary meanings of two and 
four are clearly involved in ‘ 2 -f- 2 = 4 ’. So the hopelessly 
inadequate formalist theory is, to some extent, the result of con- 
sidering only the propositions of mathematics and neglecting 
the analysis of its concepts, on which additional light can be 
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thrown by their occurrence outside mathematics in the 
propositions of eveiyday life. 

Apart from formalism, there are two main general attitudes 
to the foundation o^mathematics : that of the intuitionists or 
finitists, like Brouwer and Weyl in his recent papers, and that of 
the logicians — Frege, Whitehead, and Russell. The theories of 
the intuitionists admittedly involve giving up many of the 
most fruitful methods of modem analysis, for no reason, as 
it seems to me, except that the methods fail to conform to 
their private prejudices. They do not, therefore, profess to 
give any foundation for mathematics as we know it, but only 
for a narrower body of truth which has not yet been clearly 
defined. There remain the logicians whose work culminated 
in Principia Mathematica. The theories there put forward are 
generally rejected for reasons of detail, especially the 
apparently insuperable difficulties connected with the Axiom 
of Reducibility, But these defects in detail seem to me to be 
results of an important defect in principle, first pointed out by 
Mr Wittgenstein. 

The logical school has concentrated on the analysis of 
mathematical concepts, which it has shown to be definable in 
terms of a very small number of fundamental logical concepts ; 
and, having given this account of the concepts of mathematics, 
they have immediately deduced an account of mathematical 
propositions — namely, that they were those true propositions 
in which only mathematical or logical concepts occurred. 
Thus Russell, in The Principles of Mathematics, defines pure 
mathematics as ‘ the class of all propositions of the form “ p 
implies q ” where p and q are propositions containing one or 
more variables, the same in the two propositions, and neither 
p nor q contains any constants except logical constants 
This reduction of mathematics to symbolic logic was rightly 
described by Mr Russell as one of the greatest discoveries of our 
‘ Russell, The Principles of Mathematics (1903), p. 3 
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age * ; but it was not the end of the matter, as he seemed to 
suppose, because he was still far from an adequate conception 
of the nature of symbolic logic, to which mathematics had 
been reduced. I am not referring to h^ naive theory that 
logical constants were names for real objects (which he has since 
abandoned), but to his belief that any proposition which could 
be stated by using logical terms ^ alone must be a proposition 
of logic or mathematics.® I think the question is made clearer 
by describing the class of propositions in question as the com- 
pletely general propositions, emphasizing the fact that they are 
not about particular things or relations, but about some or all 
things and relations. It is really obvious that not all such 
propositions are propositions of mathematics or symbolic logic. 
Take for example ‘ Any two things differ in at least thirty 
ways ’ ; this is a completely general proposition, it could be 
expressed as an implication involving only logical constants 
and variables, and it may well be true. But as a mathematical 
or logical truth no one could regard it ; it is utterly different 
from such a proposition as ' Any two things together with any 
other two things make four things,’ which is a logical and not 
merely an empirical truth. According to our philosophy 
we may differ in calling the one a contingent, the other a 
necessary proposition, or the one a genuine proposition, the 
other a mere tautology ; but we must all agree that there is 
some essential difference between the two, and that a definition 
of mathematical propositions must include not merely their 
complete generality but some further property as well. This 
is pointed out, with a reference to Wittgenstein, in Russell’s 
Introduction to Mathematical Philosophy * ; but there is no 
trace of it in Principia Mathematica, nor does Mr Russell 

‘ Loc. cit., p. 5. 

* i.e. variables and logical constants. 

* I neglect here, as elsewhere, the arbitrary and trivial proviso that 
the proposition must be of the form ' p implies q 
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seem to have understood its tremendous importance, for 
example, in the consideration of primitive propositions. In the 
passage referred to in the Introduction to Mathematical 
Philosophy, Mr Russell distinguishes between propositions 
which can be enunciated in logical terms from those which 
logic can assert to be true, and gives as the additional 
characteristic of the latter that they are ‘ tautological ’ 
in a sense which he cannot define. It is obvious that a defini- 
tion of this characteristic is essential for a clear foundation of 
our subject, since the idea to be defined is one of the essential 
sides of mathematical propositions — their content and their 
form. Their content must be completely generalized and their 
form tautological. 

The formalists neglected the content altogether and made 
mathematics meaningless, the logicians neglected the form and 
made mathematics consist of any true generalizations ; only 
by taking account of both sides and regarding it as composed of 
tautologous generalizations can we obtain an adequate 
theory. 

We have now to explain a definition of tautology which has 
been given by Mr Wittgenstein in his Tractatus Logico- 
Philosophicus and forms one of the most important of his 
contributions to the subject. In doing this we cannot avoid 
some explanation of his theory of propositions in general. 

We must begin with the notion of an atomic proposition ‘ ; 
this is one which could not be analysed in terms of other pro- 
positions and could consist of names alone without logical 
constants. For instance, by joining ' p ’, the name of a 
quality, to ‘a ’, the name of an individual, and writing ‘ pa 
we have an atomic proposition asserting that the individual 
has the quality. Thus, if we neglect the fact that ‘ Socrates ’ 
and ‘ wise ’ are incomplete symbols and regard them as names, 

* Wittgenstein calls these ' elementary propositions ’ ; I have 
called them ' atomic ’ in order to follow Mr Russell in using 
' elementary ' with a different meaning. 
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' Socrates is wise ’ is an atomic proposition ; but ' All men are 
wise ' Socrates is not wise are not atomic. 

Suppose now we have, say, n atomic propositions p, q, r, 
.... With regard to their truth or falsity tfiere are 2" mutually 
exclusive ultimate possibilities, which we could arrange in a 
table like this (T signifies truth, and F falsity, and we have 
taken n — 2 for brevity). 


p 

? 

T 

T 

F 

T 

T 

F 

F 

F 


These 2" possibilities we will call the truth-possibilities 
of the n atomic propositions. We may wish to pick out any 
sub-set of them, and assert that it is a possibility out of this 
sub-set which is, in fact, realized — that is, to express our 
agreement with some of the possibilities and our disgreement 
with the remainder. We can do this by setting marks T and F 
against the possibilities with which we agree and disagree 
respectively. In this way we obtain a proposition. 
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is the proposition ‘ Not both p and q are true \ov‘ p is incom- 
patible with 5 for ye have allowed all the possibilities except 
the first, which we have disallowed. 

Similarly • 


p 



T 

T 

T 

F 

T 

T 

T 

F 

F 

F 

F 

T 




is the proposition ‘ If then q 

A proposition which expresses agreement and disagreement 
with the truth-possibilities of p, q, . . . (which need not be 
atomic) is called a truth-function of the arguments p, q, . . . 
Or, more accurately, P is said to be the same truth-function of 
p, q, . . . a.s R is of r, s, . . . if P expresses agreement with 
the truth-possibilities of p, q, . . . corresponding by the 
substitution of p for r, q for s, .. . to the truth-possibilities 
of r, s, . . . with which R expresses agreement. Thus ' p and g ’ 
is the same truth-function of />, y as ‘ r and s ’ is of r, s, in 
each case the only possibility allowed being that both the 
arguments are true. Mr Wittgenstein has perceived that, 
if we accept this account of truth-functions as expressing 
agreement and disagreement with truth-possiblities, there is no 
reason why the arguments to a truth-function should not be 
infinite in number.^ As no previous writer has considered 
truth-functions as capable of more than a finite number of 

' Thus the logical sum of a set of propositions is the proposition that 
one at least of the set is true, and it is immaterial whether the set is 
finite or infinite. On the other hand, an infinite algebraic sum is not 
really a sum at all, but a limil, and so cannot be treated as a sum except 
subject to certain restrictions. 
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argmnents, this is a most important innovation. Of course 
if the arguments are infinite in number <fhey cannot all be 
enumerated and written down separately ; but there is no 
need for us to enumerate them if we can determine them in any 
other way, as we can by using propositional functions. 

A propositional function is an expression of the form 
which is such that it expresses a proposition when any 
s 3 nnbol (of a certain appropriate logical type depending on 
/) is substituted for ‘ ’. Thus ' is a man ’ is a propositional 

function. We can use propositional functions to collect 
together the range of propositions which are all the values of 
the function for all possible values of x. Thus ‘ is a man ’ 
collects together all the propositions ‘ a is a man ‘ 6 is a man 
etc. Having now by means of a propositional function 
defined a set of propositions, we can, by using an appropriate 
notation, assert the logical sum or product of this set. Thus, 
by writing ‘ {x) .fx’ we assert the logical product of all pro- 
positions of the form ' fx ’ by writing ‘ fx ' we assert 
their logical sum. Thus ' {x) .x is a. man ’ would mean ' Every- 
thing is a man ’ ; ‘ ( 3 ^;). is a man ' There is something 
which is a man '. In the first case we allow only the possibility 
that all the propositions of the form ‘ x is a man ’ are true ; 
in the second we exclude only the possibility that all the 
propositions of the form ‘a: is a man ’ are false. 

Thus general propositions containing ' all ’ and ‘ some ’ are 
found to be truth-functions, for which the arguments are not 
enumerated but given in another way. But we must guard 
here against a possible mistake. Take such a proposition as 
‘ All men are mortal ’ ; this is not as might at first sight be 
supposed the logical product of the propositions ‘ x is mortal ’ 
for such values of x as are men. Such an interpretation can 
easily be shown to be erroneous (see, for example, Principia 
Mathematica, I, 1st ed., p. 47, 2nd ed., p. 45). ‘ All men are 
mortal ’ must be interpreted as meaning ‘ {x) . if ;i; is a man, x is 
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mortal i.e. it is the logical product of all the values of the 
function ‘ if a; is a jnan, * is mortal 

Mr Wittgenstein maintains that all propositions are, in the 
sense defined, truthrfunctions of elementary propositions. This 
is hard to prove, but is on its own merits extremely plausible ; 
it says that, when we assert anything, we are saying that it is 
one out of a certain group of ultimate possibilities which is 
realized, not one out of the remaining possibilities. Also it 
applies to all the propositions which could be expressed in the 
symbolism of Principia Mathematica ; since these are built 
up from atomic propositions by using firstly conjunctions like 
‘ if ’, ‘ and ’, ‘or’, and secondly various kinds of generality 
(apparent variables) . And both these methods of construction 
have been shown to create truth-functions.^ 

From this account we see when two propositional symbols 
are to be regarded as instances of the same proposition — 
namely, when they express agreement and disagreement with 
the same sets of truth-possibilities of atomic propositions. 
Thus in the symbolism of Principia Mathematica 

‘ ^ 3 ^ p . 3.^’, * p , p ‘ 

are both more complicated ways of writing ' q’. 

Given any set if n atomic propositions as arguments, there 
are 2” corresponding truth-possibilities, and therefore 2®" sub- 
classes of their truth-possibilities, and so 2*” truth-functions of 
n arguments, one expressing agreement with each sub-class 
and disagreement with the remainder. But among these 2*" 
there are two extreme cases of great importance : one in 
which we pxpress agreement with all the truth-possibilities, 
the other in which we express agreement with none of them. 
A propqsition of the first kind is called a tautology, of the 
second a contradiction. Tautologies and contradictions are 

‘ The form ' A believes p ’ will perhaps be suggested as doubtful. 
This is clearly not a truth-function of ’ p’, but may nevertheless 
be one of other atomic propositions. 
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not real propositions, but degenerate cases. We may, 
perhaps, make this clear most easily by t;aking the simplest 
case, when there is only one argument. 


The tautology is 


p 

i 


T 

1 

T 


T 


’, i.e. ' p or not-p ’. 


This really asserts nothing whatever ; it leaves you no wiser 
than it found you. You know nothing about the weather, 
if you know that it is either raining or not raining. ^ 


The contradiction is 


P 


T 


F 


F 


F 


i.e. ‘ p is neither true nor false ’. 

This is clearly self-contradictory and does not represent a 
possible state of affairs whose existence could be asserted. 

Tautologies and contradictions can be of all degrees of com- 
plexity ; to give other examples ' {x).<f>x : O is a 

tautology, ‘ '-^.(■^x).px -.pa’ a contradiction. Clearly by 
negating a contradiction we get a tautology, and by negating 
a tautology a contradiction. It is important to see that 
tautologies are not simply true propositions, though for many 
purposes they can be treated as true propositions. A genuine 
proposition asserts something about reality, and it is true if 
reality is as it is asserted to be. But a tautology is a S 3 rmbol 
constructed so as to say nothing whatever about reality, but 
to express total ignorance by agreeing with every possibility. 

* Wittgenstein, Tractaius Logico-Philosophicus, 4’461. 
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The assimilation of tautologies and contradictions with true 
and false propositicjns respectively results from the fact that 
tautologies and contradictions can be taken as arguments to 
truth-functions jus^like ordinary propositions, and for deter- 
mining the truth or falsity of the truth-function, tautologies 
and contradictions among its arguments must be counted as 
true and false respectively. Thus, if ‘ ’ be a tautology, 
‘ c ’ a contradiction, ‘ t and ^ ‘ If t, then p’ c orp ' are the 

same as ‘ ^ and ' t or p ' it c, then p ’ are tautologies. 

We have here, thanks to Mr Wittgenstein, to whom the 
whole of this analysis is due, a clearly defined sense of 
tautology ; but is this, it may be asked, the sense in which we 
found tautology to be an essential characteristic of the pro- 
positions of mathematics and symbolic logic ? The question 
must be decided by comparison. Are the propositions of 
symbolic logic and mathematics tautologies in Mr Wittgen- 
stein’s sense ? 

Let us begin by considering not the propositions of 
mathematics but those of Principia Mathematical These are 
obtained by the process of deduction from certain primitive 
propositions, which fall into two groups — those expressed in 
symbols and those expressed in words. Those expressed in 
words are nearly all nonsense by the Theory of Types, and 
should be replaced by symbolic conventions. The real 
primitive propositions, those expressed in symbols, are, with 
one exception, tautologies in Wittgenstein’s sense. So, as the 
process of deduction is such that from tautologies only 
tautologies follow, were it not for one blemish the whole 
structure would consist of tautologies. The blemish is of 
course the Axiom of Reducibility, which is, as will be shown 
below,® a genuine proposition, whose truth or falsity is a 

* This distinction is made only because Principia Mathematica may 
be a wrong interpretation of mathematics ; in the main I think it is a 
right one. 

• See Chapter V. 
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matter of brute fact, not of logic. It is, therefore, not a 
tautology in any sense, and its introductiop into mathematics 
is inexcusable. But suppose it could be dispensed with, and 
Principia Mathematica were modified accordingly, this would 
consist entirely of tautologies in Wittgenstein’s sense. And 
therefore, if Principia Mathematica is on the right lines as a 
foimdation and interpretation of mathematics, it is Wittgen- 
stein's sense of tautology in which mathematics is tautologous. 

But the adequacy of Principia Mathematica is a matter of 
detail ; and, since we have seen it contains a very serious 
flaw, we can no longer be sure that mathematics is the kind 
of thing Whitehead and Russell suppose it to be, or there- 
fore that it consists of tautologies in Wittgenstein's sense. 
One thing is, however, clear : that mathematics does not 
consist of genuine propositions or assertions of fact which 
could be based on inductive evidence, as it was proposed to 
base The Axiom of Reducibility, but is in some sense necessary 
or tautologous. In actual life, as Wittgenstein says, “ it is 
never a mathematical proposition which we need, but 
we use mathematical propositions only in order to infer from 
propositions which do not belong to mathematics to others 
which equally do not belong to mathematics Thus we use 
'2X2 = 4' to infer from ‘ I have two pennies in each of 
my two pockets ' to ' I have four pennies altogether in my 
pockets '. ‘ 2 X 2 = 4 ' is not itself a genuine proposition in 
favour of which inductive evidence can be required, but a 
tautology which can be seen to be tautologous by anyone who 
can fully grasp its meaning. When we proceed further in 
mathematics the propositions become so complicated that we 
cannot see immediately that they are tautologous, and have to 
assure ourselves of this by deducing them from more obvious 
tautologies. The primitive propositions on which we fall back 
in the end must be such that no evidence could be required 
* Wittgenstein, op. cit., 6'2U. 
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for them, since they are patent tautologies like ‘ lip, then^ 
But the tautologies of which mathematics consist may perhaps 
turn out not to be of Wittgenstein’s kind, but of some other. 
Their essential use^s to facilitate logical inference ; this is 
achieved in the most obvious way by constructing tautologies 
in Wittgenstein’s sense, for if ' If p, then $ ’ is a tautology, we 
can logically infer ' q ’ from ‘ p ’, and, conversely, if ' ? ' 
follows logically from ‘ p‘,‘ lip, then y ’ is a tautology.^ But 
it is possible that there are other kinds of formulae which 
could be used to facilitate inference ; for instance, what we 
may call identities such as ‘ a = & ’, signifying that ‘ a’, ‘ b' 
may be substituted for one another in any proposition without 
altering it. I do not mean without altering its truth or falsity, 
but without altering what proposition it is. ‘2 + 2 = 4’ 
might well be an identity in this sense, since ' I have 2 + 2 
hats ’ and ' I have 4 hats ’ are the same proposition, as they 
agree and disagree with the same sets of ultimate truth- 
possibilities. 

Our next problem is to decide whether mathematics consists 
of tautologies (in the precise sense defined by Wittgenstein, to 
which we shall in future confine the word ‘ tautology ’) or of 
formulae of some other sort. It is fairly clear that geometry, 
in which we regard such terms as ‘ point ’, ‘ line ’ as meaning 
any things satisfying certain axioms, so that the only constant 
terms are truth-functions like ' or ’, ' some ’, consists of 
tautologies. And the same would be true of analysis if we 
regarded numbers as any things satisfying Peano’s axioms. 
Such a view would however be certainly inadequate, because 
since the numbers from 100 on satisfy Peano’s axioms, it 
would give us no means of distinguishing ' This equation has 
three roots ’ from ' This equation has a hundred and three 
roots ’. So numbers must be defined not as variables but as 

* This may perhaps be made clearer by remarking that if ' q ’ 
follows logically from ' p ‘ P- ~ q ' must be self-contradictory, 
therefore ‘ — (p. ^ q) ' tautologous or ‘ pD q ' tautologous. 
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constants, and the nature of the propositions of analysis 
becomes doubtful. 

t 

I believe that they are tautologies, but the proof of this 
depends on giving a detailed analysis o^them, and the dis- 
proof of any other theory would depend on finding an insuper- 
able difficulty in the details of its construction. In this 
chapter I propose to discuss the question in a general way, 
which must inevitably be rather vague and unsatisfactory. 
I shall first try to explain the great difficulties which a theory 
of mathematics as tautologies must overcome, and then I shall 
try to explain why the alternative sort of theory suggested by 
these difficulties seem hopelessly impracticable. Then in the 
following chapters I shall return to the theory that 
mathematics consists of tautologies, discuss and partially 
reject the method for overcoming the difficulties given in 
Principia Mathematica, and construct an alternative and, to 
my mind, satisfactory solution. 

Our first business is, then, the difficulties of the tautology 
theory. They spring from a fundamental characteristic of 
modern analysis which we have now to emphasize. This 
characteristic may be called extensionality , and the difficulties 
may be explained as those which confront us if we try to 
reduce a calculus of extensions to a calculus of truth-functions. 
Here, of course, we are using ' extension ’ in its logical sense, 
in which the extension of a predicate is a class, that of a rela- 
tion a class of ordered couples ; so that in calling mathematics 
extensional we mean that it deals not with predicates but with 
classes, not with relations in the ordinary sense but with 
possible correlations, or " relations in extension ” as Mr Russell 
calls them. Let us take as examples of this point three funda- 
mental mathematical concepts — ^the idea of a real number, 
the idea of a function (of a real variable), and the idea of 
similarity of classes (in Cantor's sense). 

Real numbers are defined as segments of rationals ; any 
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segment of rationals is a real number, and there are 2**o of 
them. It is not necessary that the segment should be defined 
by any property or predicate of its members in any ordinary 
sense of predicate. real number is therefore an extension, 
and it may even be an extension with no corresponding 
intension. In the same way a function of a real variable is a 
relation in extension, which need not be given by any real 
relation or formula. 

The point is perhaps most striking in Cantor’s definition 
of similarity. Two classes are said to be similar [i.e. have the 
same cardinal number) when there is a one-one relation 
whose domain is the one class and converse domain the other. 
Here it is essential that the one-one relation need only be a 
relation in extension ; it is obvious that two classes could be 
similar, i.e. capable of being correlated, without there being 
any relation actually correlating them. 

There is a verbal point which requires mention here ; I do 
not use the word ‘ class ’ to imply a principle of classification, 
as the word naturally suggests, but by a ‘ class ’ I mean any 
set of things of the same logical type. Such a set, it seems to 
me, may or may not be definable either by enumeration or 
as the extension of a predicate. If it is not so definable we 
cannot mention it by itself, but only deal with it by implication 
in propositions about all classes or some classes. The same is 
true of relations in extension, by which I do not merely mean 
the extensions of actual relations, but any set of ordered 
couples. That this is the notion occurring in mathematics 
seems to me absolutely clear from the last of the above 
examples, Cantor’s definition of similarity, where obviously 
there is no need for the one-one relation in extension to be 
either finite or the extension of an actual relation. 

Mathematics is therefore essentially extensional, and may be 
called a calculus of extensions, since its propositions assert 
relations between extensions. This, as we have said, is hard 
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to reduce to a calculus of truth-functions, to which it must 
be reduced if mathematics is to consist of tautologies ; for 
tautologies are truth-functions of a certain special sort, 
namely those agreeing with all the truth^ossibilities of their 
arguments. We can perhaps most easily explain the difficulty 
by an example. 

Let us take an extensional assertion of the simplest possible 
sort : the assertion that one class includes another. So long as 
the classes are defined as the classes of things having certain 
predicates and i/i, there is no difficulty. That the class of 
i/i’s includes the class of <f>’s means simply that everything 
which is a ^ is a which, as we have seen above is a truth- 
function. But we have seen that mathematics has (at least 
apparently) to deal also with classes which are not given 
by defining predicates. (Such classes occur not merely when 
mentioned separately, but also in any statement about ‘ all 
classes ’, ' all real numbers ’.) Let us take two such classes 
as simple as possible — the class (a, b, c) and the class (a, b). 
Then that the class {a, b, c) includes the class (a, b) is, in a broad 
sense, tautological and apart from its triviality would be a 
mathematical proposition ; but it does not seem to be a 
tautology in Wittgenstein’s sense, that is a certain sort of 
truth-fimction of elementary propositions. The obvious way 
of trying to make it a truth-function is to introduce identity 
and write ‘ {a, b) is contained in (a, b, c)’ as ' {x) x — a. 
V, x — biD :x = a.v.x = b.v.x = c ’. This certainly looks 
like a tautological truth-function, whose ultimate arguments 
are values of ' x — a’ x = b’ , ‘ x = c’ , that is propositions 
like ‘a — a’,‘b = a’,'d = a’. But these are not real pro- 
positions at all ; in' a = b' either ' a’,' b' are names of the 
same thing, in which case the proposition says nothing, or of 
different things, in which case it is absurd. In neither case is it 
the assertion of a fact ; it only appears to be a real assertion 
by confusion with the case when ‘ a ’ or ‘ 6 ’ is not a name 
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but a description.* When * a ' 6 ’ are both names, the 
only significance which can be placed on ' a = b' is that it 
indicates that we use ' a ‘ 6 ’ as names of the same thing or, 
more generally, as equivalent s5mibols. 

The preceding and other considerations led Wittgenstein to 
the view that mathematics does not consist of tautologies, but 
of what he called ' equations ', for which I should prefer to 
substitute ‘ identities That is, formulae of the form ' a = 6 ’ 
where ‘ a ’, ' b' are equivalent symbols. There is a certain 
plausibility in such an account of, for instance, ‘2 + 2 = 4.’ 
Since ‘ I have 2 + 2 hats ‘ I have 4 hats ’ are the same 
proposition, “ ' 2 + 2 ’ and ‘ 4 ’ are equivalent symbols. As 
it stands this is obviously a ridiculously narrow view of 
mathematics, and confines it to simple arithmetic ; but it 
is interesting to see whether a theory of mathematics could 
not be constructed with identities for its foundation. I have 
spent a lot of time developing such a theory, and found that 
it was faced witti what seemed to me insuperable difficulties. 
It would be out of place here to give a detailed survey of this 
blind alley, but I shall try to indicate in a general way the 
obstructions which block its end. 

First of all we have to consider of what kind mathematical 
propositions wiU on such a theory be. We suppose the most 
primitive type to be the identity ' a = h’, which only becomes 
a real proposition if it is taken to be about not the things 
meant by ' a ’, ‘ b’, but these symbols them.selves ; mathe- 
matics then consists of propositions built up out of identities 
by a process analogous to that by which ordinary propositions 
are constructed out of atomic ones ; that is to say, mathe- 
matical propositions are (on this theory), in some sense, truth- 
functions of identities. Perhaps this is an overstatement, 

’ For a fuller discussion of identity see the next chapter. 

* In the sense explained above. They clearly are not the same 
sentence, but they are the same truth-function of atomic propositions 
and so assert the same fact. 

c 
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and the theory might not assert all mathematical pro- 
positions to be of this form ; but it is clearly one of the 
important forms that would be supposed to occur. Thus 

' x^ — ^x + 2 = Q-.'D = 2^. y .x = l' 

would be said to be of this form, and would correspond to a 
verbal proposition which was a truth-function of the verbal 
propositions corresponding to the arguments ‘ x = 2’, etc. 
Thus the above proposition would amount to ‘ If 
“ — 3x + 2” means 0, " x ” means 2 or 1 ’. Mathematics 

would then be, in part at least, the activity of constructing 
formulae which corresponded in this way to verbal pro- 
positions. Such a theory would be difficult and perhaps 
impossibla to develop in detail, but there are, I think, other 
and simpler reasons for dismissing it. These arise as soon as 
we cease to treat mathematics as an isolated structure, and 
consider the mathematical elements in non-mathematical 
propositions. For simplicity let us confine ourselves to 
cardinal numbers, and suppose ourselves to know the analysis 
of the proposition that the class of ^’s is n in number 
[£{<f>x)€n]. Here ^ may be any ordinary predicate defining 
a class, e.g. the class of <f)'s may be the class of Englishmen. 
Now take such a proposition as ‘The square of the number of 
j>’s is greater by two than the cube of the number of ijts, 
This proposition we cannot, I think, help analysing in this 
sort of way ; 

(gw, n) . & {(f)x) €w . i (ifix) en . — n^ 2. 

It is an empirical not a mathematical proposition, and is about 
the <^’s and 0’s, not about symbols ; yet there occurs in it the 
mathematical pseudo-proposition w^ = 2, of which, 

according to the theory under discussion, we can only make 
sense by taking it to be about symbols, thereby making the 
whole proposition to be partly about symbols. Moreover, being 
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an empirical proposition, it is a truth-fimction of elementary 
propositions expre|^g agreement with those possibilities 
which give numbers of <j)‘s and iji’s satisfying w* = m® + 2. 
Thus ' >«® = M® + S’ is not, as it seems to be, one of the truth- 
arguments in the proposition above, but rather part of the 
truth-fimction like ' ~ ’ or ‘ V ’ or ‘ 3, w. which deter- 
mine which truth-function of elementary propositions it is that 
we are asserting. Such a use of wt® = w® -f- 2 the identity 
theory of mathematics is quite inadequate to explain. 

On the other hand, the tautology theory would do 
everything which is required ; according to it w® = «® -|- 2 
would be a tautology for the values of m and n which satisfy 
it, and a contradiction for all others. So 

^ {(fix) em . X {tftx) CM . w® = w* -b 2 
would for the first set of values of m, n be equivalent to 
& {(fix) cm . £ {(fix) en 

simply, ‘ m® = M® 2 ’ being tautologous, and therefore 
superfluous ; and for all other values it would be self-con- 
tradictory. So that 

‘ (3m, m) ; X {(fix) €m.£ {tfix) en.m^ = m® -|- 2 ’ 
would be the logical sum of the propositions 
‘ £ {(fix) em.x {(fix) CM ’ 

for all m, n satisf5dng m® = m® -f 2, and of contradictions for 
all other m, n ; and is therefore the proposition we require, 
since in a logical sum the contradictions are superfluous. So 
this difficulty, which seems fatal to the identity theory, is 
escaped altogether by the tautology theory, which we are 
therefore encouraged to pursue and see if we cannot 
find a way of overcoming the difficulties which we found would 
confront us in attempting to reduce an extensional calculus to 
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a calculus of truth-functions. Such a solution is attempted in 
Principia Mathematica, and will be di^ussed in the next 
chapter ; but before we proceed to this we must say some- 
thing about the well-known contradictidis of the theory of 
aggregates which our theory will also have to escape. 

It is not sufficiently remarked, and the fact is entirely 
neglected in Principia Mathematica, that these contradictions 
fall into two fundamentally distinct groups, which we will call 
A and B. The best known ones are divided as follows : — 

A. (1) The class of all classes which are not members of 
themselves. 

(2) The relation between two relations when one does 
not have itself to the other. 

(3) Burali Forti’s contradiction of the greatest ordinal. 

B. (4) ‘ I am lying.’ 

(5) The least integer not nameable in fewer than 
nineteen syllables. 

(6) The least indefinable ordinal. 

(7) Richard's Contradiction. 

(8) Weyl’s contradiction about ‘ heterologisch 

The principle according to which I have divided them is of 

fundamental importance. Group A consists of contradictions 

which, were no provision made against them, would occur 

in a logical or mathematical system itself. They involve only 

logical or mathematical terms such as class and number, and 

show that there must be something wrong with our logic or 

mathematics. But the contradictions of Group B are not 

purely logical, and cannot be stated in logical terms alone ; for 

they all contain some reference to thought, language, or 

symbolism, which are not formal but empirical terms. So 

* For the first seven of these see Principia Mathematica, I (1910), p. 63. 
For the eighth see Weyl, Das Kontinuum, p, 2. 



THE FOUNDATIONS OF MATHEMATICS 


21 


they may be due not to faulty logic or mathematics, but to 
faulty ideas conceqjiing thought and language. If so, they 
would not be relev2int to mathematics or to logic, if by ‘ logic ’ 
we mean a symboftc system, though of course they would 
be relevant to logic in the sense of the analysis of thought.^ 
This view of the second group of contradictions is not 
original. For instance, Peano decided that " Exemplo de 
Richard non pertine ad Mathematica, sed ad linguistica ”,® 
and therefore dismissed it. But such an attitude is not 
completely satisfactory. We have contradictions involving 
both mathematical and linguistic ideas ; the mathematician 
dismisses them by saying that the fault must lie in the linguistic 
elements, but the linguistician may equally well dismiss them 
for the opposite reason, and the contradictions will never be 
solved. The only solution which has ever been given,® that in 
Principia Mathematica, definitely attributed the contradictions 
to bad logic, and it is up to opponents of this view to show 
clearly the fault in what Peano called linguistics, but what I 
should prefer to call epistemology, to which these contradic- 
tions are due. 


II. Principia Mathematica 

In the last chapter I tried to explain the difficulties which 
faced the theory that the propositions of mathematics are 
tautologies ; in this we have to discuss the attempted solution 
of these difficulties given in Principia Mathematica. I shall 
try to show that this solution has three important defects, 
and the remainder of this essay will be devoted to expounding 
a modified theory from which these defects have been removed. 

' These two meanings oi ' logic ’ are frequently confused. It really 
should be clear that those who say mathematics is logic are not meaning 
by ‘ logic ’ at all the same thing as those who define logic as the analysis 
and criticism of thought 

• Rivista di Mat., 8 (1906), p. 157. 

• Other so-called solutions are merely inadequate excuses for not 
giving a solution. 
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The theory of Principia Matkemaiica is that every class or 
aggregate (I use the words as synonyms) ^s defined by a pro- 
positional function — that is, consists of the values of x for 
which ‘ px' is true, where ‘ px' is a. symbol which expresses 
a proposition if any symbol of appropriate type be substituted 
for ' x’. This amounts to saying that every class has a 
defining property. Let us take the class consisting of a and b ; 
why, it may be asked, must there be a function such that 
‘ pa’ , ‘ pb’ are true, but all other ‘ px’s false ? This is 
an swer ed by giving as such a function ‘ x = a.V .x = b ’ . Let 
us for the present neglect the difficulties connected with 
identity, and accept this answer ; it shows us that any finite 
class is defined by a propositional function constructed by 
means of identity ; but as regards infinite classes it leaves 
us exactly where we were before, that is, without any reason to 
suppose that they are all defined by propositional functions, for 
it is impossible to write down an infinite series of identities. 
To this it will be answered that a class can only be given to us 
either by enumeration of its members, in which case it must 
be finite, or by giving a propositional function which defines it. 
So that we cannot be in any way concerned with infinite 
classes or aggregates, if such there be, which are not 
defined by propositional functions.’^ But this argument con- 
tains a common mistake, for it supposes that, because we 
cannot consider a thing individually, we can have no concern 
with it at all. Thus, although an infinite indefinable class 
cannot be mentioned by itself, it is nevertheless involved 
in any statement beginning ‘ All classes ' or ‘ There is a class 
such that ’, and if indefinable classes are excluded the meaning 
of all such statements will be fundamentally altered. 

Whether there are indefinable classes or not is an empirical 
question ; both possibilities are perfectly conceivable. But 
even if, in fact, all classes are definable, we cannot in our logic 
^ For short I shall call such classes ' indefinable classes *. 
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identify classes with definable classes without destroying the 
apriority and necessity which is the essence of logic. But in 
case any one still Ainks that by classes we mean definable 
classes, and by ‘ TlJlpre is a class ’ ‘ There is a definable class 
let him consider the following illustration. This illustration 
does not concern exactly this problem, but the corresponding 
problem for two variables — the existence of relations in exten- 
sion not definable by propositional functions of two variables. 
But this question is clearly so analogous to the other that the 
answers to both must be the same. 

Consider the proposition ‘ x{<f)x)smii{i(ix) ’ (i.e. the class 
defined by has the same cardinal as that defined by ; 
this is defined to mean that there is a one-one relation in 
extension whose domain is x{<f>x) and whose converse domain 
is Now if by relation in extension we mean definable 

relation in extension, this means that two classes have the 
same cardinal only when there is a real relation or function 
f[x, y) correlating them term by term. Whereas clearly what 
was meant by Cantor, who first gave this definition, was 
merely that the two classes were such th.at they could be 
correlated, not that there must be a propositional function 
which actually correlated them.* Thus the classes of male 
and female angels may be infinite and equal in number, so 
that it would be possible to pair off completely the male with 
the female, without there being any real relation such as 
marriage correlating them. The possibility of indefinable 
classes and relations in extension is an essential part of the 
extensional attitude of modem mathematics which we 
emphasized in Chapter I, and that it is neglected in 
Mathematica is the first of the three great defects in th^ 

The mistake is made not by having a primitive proposition 
asserting that all classes are definable, but by giving a defini- 
tion of class which applies only to definable classes, so that aU 
’ Cf. W. E. Johnson, Logic Part II (1922), p. 159. 
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mathematical propositions about some or all classes are 
misinterpreted. This misinterpretation is not merely 
objectionable on its own account in a general way, but is 
especicdly pernicious in connection withi the Multiplicative 
Axiom, which is a tautology when properly interpreted, but 
when misinterpreted after the fashion of Principia 
Mathematica becomes a significant empirical proposition, 
which there is no reason to suppose true. This will be shown 
in Chapter V. 

The second defect in Principia represents a 

failure to overcome not, like the first, the difficulties raised lyr 
the extensionality of mathematics, but those raised..by the 
contradictions discussed at the end of Chapter L These 
contradictions it was proposed to remove by what is called the 
Theory of Types, which consists really of two distinct parts 
directed respectively against the two groups of contradictions. 
These two parts were unified by being both deduced in a rather 
sloppy way from the ‘ vicious-circle principle ’, but it seems to 
me essential to consider them separately. 

The contradictions of Group A are removed by pointing out 
that a propositional function cannot significantly take itself as 
argument, and by dividing functions and classes into a 
hierarchy of types according to their possible arguments. 
Thus the assertion that a class is a member of itself is neither 
true nor false, but meaningless. This part of the Theory of 
Types seems to me unquestionably correct, and I shall not 
discuss it further. 

The first part of the theory, then, distinguishes types of 
propositional functions by their arguments ; thus there are 
functions of individuals, functions of functions of individuals, 
functions of functions of functions of individuals, and so on. 
The second part designed to meet the second group of 
contradictions requires further distinctions between the 
different functions which take the same arguments, for instance 
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between the different functions of individuals. The following 
explanation of these distinctions is based on the Introduction 
to the Second Edition of Principia Mathematica. 

We start with %itoniic propositions, which have been 
explained in Chapter I. Out of these by means of the stroke 
{pfq = not both p and q are true) we can construct any truth- 
function of a finite number of atomic propositions as 
arguments. The assemblage of propositions so obtained are 
called elementary propositions. By substituting a variable 
for the name of an individual in one or more of its 
occurrences in an elementary proposition we obtain an 
elementary function of individuals. An elementary function 
of individuals, ' px,’ is therefore one whose values 
are elementary propositions, that is, truth-functions of 
a finite number of atomic propositions. Such functions 
were called, in the First Edition of Principia Mathe- 
matica, predicative functions. We shall speak of them 
by their new name, and in the next chapter use ' predicative 
function ’ in a new and original sense, for which it seems more 
appropriate. In general, an elementary function or matrix 
of one or more variables, whether these are individuals or not, 
is one whose values are elementary propositions. Matrices 
are denoted by a mark of exclamation after the functional 
symbol. Thus ‘ F ! {p\ £, p\ £, x, y) ’ is a matrix having two 
individuals and two elementciry functions of individuals as 
arguments. 

From an elementary function ‘ p\£' wt obtain, as in Chapter 
I, the propositions '{x).p\x’ and ' {■^x).p\x' which 
respectively assert the truth of all and of at least one of the 
values oi ' p \ x’. Similarly from an elementary function of 
two individuals p ! {x, y) we obtain functions of one individual 
such as (y). ^ ! (£, y), (gy) - ^ ! (^, y). The values of these 
functions are propositions such as (y) . p ! (a, y) which are not 
elementary propositions ; hence the functions themselves 
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are not elementary functions. Such functions, whose values 
result from generalizing a matrix all of jvhose values are in- 
dividuals, are called first-order functions, and written 

Suppose a is a constant. Then ' <f) I a‘ will denote for the 
various values of (f> all the various elementary propositions 
of which fl is a constituent. We can thus form the propositions 
((f>).<}>\ a, (39^). <f>\ a asserting respectively the truth of all, 
and of at least one of the above assemblage of propositions. 
More generally we can assert by writing {<j>).F\ {<j>\ £), 
(3^).F! the truth of all and of at least one of 

the values of F \ (<j)\ £). Such propositions are clearly 
not elementary, so that such a function as {<f>).F \ {<f> \ £, x) 
is not an elementary function of x. Such a function involving 
the totality of elementary functions is said to be of the second 
order and written By adopting the new variable " we 
shall obtain other new functions 

a,). f\ {<!,,£. X), 

A 

which are again not among values for (^2^ (where is the 
argument), because the totality of values of which is now 
involved, is different from the totality of values of which 
was formerly involved. However much we may enlarge the 
meaning of a function of x in which if> occurs as apparent 
variable has a correspondingly enlarged mcEining, so that, 
however may be defined, (^i, x) and (31^) ./I (<f>£, x) 

can never be values for <}>x. To attempt to make them so is 
like attempting to catch one’s own shadow. It is impossible 
to obtain one variable which embraces among its values all 
possible functions of individuals.” ^ 

For the way in which this distinction of functions into orders 
of which no totality is possible is used to escape the contradic- 
tions of Group B, which eire shown to result from the 
ambiguities of language which disregard this distinction, 
• Principia Mathematica, I, 2nd ed., (1925), p. xxxiv. 
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reference may be made to Principia Mathematica} Here 
it may be sufficient J:o apply the method to a contradiction 
not given in that work which is particularly free from 
irrelevant elements ;^I mean Weyl’s contradiction concerning 
' heterologisch which must now be explained. Some 
adjectives have meanings which are predicates of the adjective 
word itself ; thus the word ‘ short ’ is short, but the word 
‘ long ’ is not long. Let us call adjectives whose meanings 
are predicates of them, like ‘ short ’, autological ; others 
heterological. Now is ‘ heterological ’ heterological ? If it 
is, its meaning is not a predicate of it ; that is, it is not 
heterological. But if it is not heterological, its meaning is a 
predicate of it, and therefore it is heterological. So we have a 
complete contradiction. 

According to the principles of Principia Mathematica this 
contradiction would be solved in the following way. An 
adjective word is the symbol for a propositional function, e.g. 
' p’ ioT pic. Let R be the relation of meaning between ' p ' 
and pi. Then ' w is heterological ’ is ‘ (3^) . wR(p£) . r^pw'. 
In this, as we have seen, the apparent variable p must have a 
definite range of values (e.g. the range of elementary functions), 
of which Fx = -..(-^p) •.xR{px). ~ px cannot itself be a 
member. So that ' heterological ’ or ' F ' is not itself an 
adjective in the sense in which ' p ' is. We do not have 
(3^) .' F ’ R(p£) because the meaning of ‘ F ’ is not a function 
included in the range of ' p’. So that when heterological 
and autological are unambiguously defined, ' heterological ’ 
is not an adjective in the sense in question, and is neither 
heterological nor autological, and there is no contradiction. 

Thus this theory of a hierarchy of orders of functions of 
individuals escapes the contradictions ; but it lands us in an 
almost equally serious difficulty, for it invalidates many 

• Pnncipia Mathematica, I, 1st ed., (1910), p. 117. 

* Weyl, Das Kontinuum, p. 2. 
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important mathematical arguments which appear to contain 
exactly the same fallacy as the contradjctions. In the First 
Edition of Principia Mathematica it was proposed to justify 
these arguments by a special axiom, the A*xiom of Reducibility, 
which asserted that to every non-elementary function there is 
an equivalent elementary function.^ This axiom there is no 
reason to suppose true ; and if it were true, this would be a 
happy accident and not a logical necessity, for it is not a 
tautology. This will be shown positively in Chapter V ; but 
for the present it should be sufficient that it does not seem to 
be a tautology and that there is no reason to suppose that it is 
one. Such an axiom has no place in mathematics, and any- 
thing which cannot be proved without using it cannot be 
regarded as proved at all. 

It is perhaps worth while, parenthetically, to notice a 
point which is sometimes missed. Why, it may be asked, does 
not the Axiom of Reducibility reproduce the contradictions 
which the distinction between elementary and other functions 
avoided ? For it asserts that to any non-elementary there is 
an equivalent elementary function, and so may appear to 
lose again whatever was gained by making the distinction. 
This is not, however, the case, owing to the peculiar nature 
of the contradictions in question; for, as pointed out above, 
this second set of contradictions are not purely mathematical, 
but all involve the ideas of thought or meaning, in connection 
with which equivalent functions (in the sense of equivalent 
explained above) are not interchangeable ; for instance, 
one can be meant by a certain word or symbol, but not the 
other, and one can be definable, and not the other.® On the 

' Two functions are called equivalent when the same arguments 
render them both true or both false. (German umfangsgletch). 

• Dr L. Chwistek appears to have overlooked this point that, if a 
function is definable, the equivalent elementary function need not also 
be definable in terms of given symbols. In his paper " Uber die 
Antinomien der Piinzipien der Mathematik " in Math. Zeitschrift, 
14, (1922), pp. 236-243, he denotes by S a many-one relation between 
the natural numbers and the classes defined by functions definable in 



THE FOUNDATIONS OF MATHEMATICS^' 


29 


other hand, any purely mathematical contradiction which 
arose from confusing piemen tary and non-elementary functions 
would be reinstated by the Axiom of Reducibility, owing to 
the extensional native of mathematics, in which equivalent 
functions are interchangeable. But no such contradiction 
has been shown to arise, so that the Axiom of Reducibility does 
not seem to be self-contradictory. These considerations bring 
out clearly the peculiarity of this second group of con- 
tradictions. and make it even more probable that they have 
a psychological or epistemological and not a purely logical 
or mathematical solution ; so that there is something wrong 
Mrith the account of the matter given in Principia. 

The principal mathematical methods which appear to 
require the Axiom of Reducibility are mathematical induction 
and Dedekindian section, the essential foundations of 
arithmetic and analysis respectively. Mr Russell has succeeded 
in dispensing with the axiom in the first case,^ but holds out 
no hope of a similar success in the second. Dedekindian 
section is thus left as an essentially unsound method, as has 
often been emphasized by Weyl,^ and ordinary analysis 
crumbles into dust. That these are its consequences is the 
second defect in the theory of Principia Mathematica, and, 
to ray mind, an absolutely conclusive proof that there is 
something wrong. For as I can neither accept the Axiom of 
Reducibility nor reject ordinary analysis, I cannot believe in 
a theory which presents me with no third possibility. 

The third serious defect in Principia Mathematica is the 

terms of certain symbols, ijii being a non-elementary function of this 
kind, he concludes that there must be an n such that nSI(^r). This is. 
however, a fallacy, since nSS{^z) means by definition 

(3(lr) : tjj \x = . nS{i/i ! S) 

and since ip\l is not necessarily definable in terms of the given symbols, 
there is no reason for there being any such n. 

* See Principia Mathematica, I, 2nd ed., (1925), Appendix B. 

• See H. Weyl, Da$ Kontinuum, and " Uber die neue Grundlagen- 
krise der Mathematik ", Math. Zeitschrift, 10 (1921), pp. 39-79. 
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treatment of identity. It should be explained that what is 
meant is numerical identity, identity in^the sense of counting 
as one, not as two. Of this the following definition is given ; 

' X = y . =\{^) X ."D .^\y. Df. ' ^ 

That is, two things are identical if they have all their 
elementary properties in common. 

In Principia this definition is asserted to depend on the 
Axiom of Reducibility, because, apart from this axiom, two 
things might have all their elementary properties in common, 
but stiU disagree in respect of functions of higher order, in 
which case they could not be regarded as numerically 
identical.* Although, as we shall see, the definition is to be 
rejected on other grounds, I do not think it depends in this 
way on the Axiom of Reducibility. For though rejecting the 
Axiom of Reducibility destroys the obvious general proof that 
two things agreeing in respect of all elementary functions 
agree also in respect of all other functions, I think that this 
would still follow and could probably be proved in any 
particular case. For example, take typical functions of the 
second order 

{P).f\(p\S.x). (3 0)./!(^!f,x). 

Then, if we have {p) : <f> \ x . = . <f>\ y (x = y), 

it follows that (p) :fl {p\ £, x) . = . f \ (p \ y), 

because / ! {p \ £, x) is an elementary function of x. Whence 

(P).f\{p\£,x):^:(P).f\(p\ly) 

and (3 P) ■ /HP'- x) : (3 P) . f] {p\£,y). 

Hence rejecting the Axiom of Reducibility does not 
immediately lead to rejecting the definition of identity. 

The real objection to this definition of identity is the same 

* 13.01. * Princi-pia Mathematica,!, Isted. (1910), 177. 
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as that urged above against defining classes as definable 
classes ; that it is a misinterpretation in that it does not define 
the meaning with Which the symbol for identity is actually 
used. This can be ''easily seen in the following way : the 
definition makes it self-contradictory for two things to have 
all their elementary properties in common. Yet this is really 
perfectly possible, even if, in fact, it never happens. Take 
two things, a and b. Then there is nothing self-contradictory 
in a having any self-consistent set of elementary properties, 
nor in b having this set, nor therefore, obviously, in both a 
and b having them, nor therefore in a and b having all their 
elementary properties in common. Hence, since this is logically 
possible, it is essential to have a symbolism which allows us 
to consider this possibility and does not exclude it by 
definition. 

It is futile to raise the objection that it is not possible to 
distinguish two things which have all their properties in 
common, since to give them different names would imply 
that they had the different properties of having those names. 
For although this is perfectly true — that is to say, I cannot, 
for the reason given, know of any two particular indistinguish- 
able things— yet I can perfectly well consider the possibility, 
or even know that there are two indistinguishable things 
without knowing which they are. To take an analogous 
situation : since there are more people on the earth than 
hairs on any one person's head, I know that there must be 
at least two people with the same number of hairs, but I do 
not know which two people they are. 

These arguments are reinforced by Wittgenstein’s discovery 
that the sign of identity is not a necessary constituent of 
logical notation, but can be replaced by the convention that 
different signs must have different meanings. This will be 
foimd in Traciatus Logico-Philosophicus, p. 139 ; the con- 
vention is slightly ambiguous, but it can be made definite. 
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and is then workable, although generally inconvenient. 
But even if of no other value, it provides an effective proof 
that identity can be replaced by a symbolic convention, and 
is therefore no genuine propositional fvmction, but merely a 
logical device. 

We conclude, therefore, that the treatment of identity in 
Principia Mathematica is a misinterpretation of mathematics, 
and just as the mistaken definition of classes is particularly 
unfortunate in connection with the Multiplicative Axiom, 
so the mistaken definition of identity is especially misleading 
with regard to the Axiom of Infinity ; for the two propositions 
' There are an infinite number of things ' and ' There are 
an infinite number of things differing from one another with 
regard to elementary functions ’ are, as we shall see in 
Chapter V, extremely different. 


III. Predicative Functions 

In this chapter we shall consider the second of the three 
objections which we made in the last chapter to the theory 
of the foundations of mathematics given in Principia 
Mathematica. This objection, which is perhaps the most 
serious of the three, was directed against the Theory of 
T5^es, which seemed to involve either the acceptance of 
the illegitimate Axiom of Reducibility or the rejection of 
such a fundamental type of mathematical argument as 
Dedekind section. We saw that this difficulty came from the 
second of the two parts into which the theory was divided, 
namely, that part which concerned the different ranges of 
functions of given arguments, e.g. individuals ; and we have 
to consider whether this part of the Theory of Types cannot 
be amended so as to get out of the difi&culty. We shall see 
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that this can be done in a simple and straightforward way, 
which is a natural consequence of the logical theories of 
Mr Wittgenstein. | 

We shall start afrrah from part of his theory of propositions, 
of which something was said in the first chapter. We saw 
there that he explains propositions in general by reference to 
atomic propositions, every proposition expressing agreement 
and disagreement with truth-possibilities of atomic 
propositions. We saw also that we could construct many 
different symbols all expressing agreement and disagreement 
with the same sets of possibilities. For instance, 

are such a set, all agreeing with the three possibilities 
* p ‘ p * (I* * p . (li 

but disagreeing with ' p. ~ Two symbols of this kind, 
which express agreement and disagreement with the same 
sets of possibilities, are said to be instances of the same 
proposition. They are instances of it just as all the ‘ the ’ 's 
on a page are instances of the word ‘ the ’. But whereas the 
‘ the ’ 's are instances of the same word on account of their 
physical similarity, different symbols are instances of the 
same proposition because they have the same sense, that is, 
express agreement with the same sets of possibilities. When 
we speak of propositions we shall generally mea. the types of 
which the individual symbols are instances, and we shall 
include types of which there may be no instances. This is 
inevitable, since it cannot be any concern of ours whether 
anyone has actually symbolized or asserted a proposition, and 
we have to consider all propositions in the sense of all possible 
assertions whether or not they have been asserted. 

Any proposition expresses agreement and disagreement 
with complementary sets of truth-possibilities of atomic 
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propositions ; conversely, given any set of these truth- 
possibilities, it would be logically possible to assert agreement 
with them and disagreement with all others, and the set of 
truth-possibilities therefore determines proposition. This 
proposition may in practice be extremely difficult to express 
through the poverty of our language, for we lack both names 
for many objects and methods of making assertions involving 
an infinite number of atomic propositions, except in relatively 
simple cases, such as ' {x) . <f)X which involves the (probably) 
infinite set of (in certain cases) atomic propositions, ' <j)a,’ 
' etc. Nevertheless, we have to consider propositions 
which our language is inadequate to express. In ‘ (x ) . (I>x ’ 
we assert the truth of all possible propositions which would be 
of the form ' ^x ’ whether or not we have names for all the 
values of x. General propositions must obviously be under- 
stood as applying to everything, not merely to everything 
for which we have a name. 

We come now to a most important point in connection with 
the Theory of Types. We explained in the last chapter what 
was meant by an elementary proposition, namely, one con- 
structed explicitly as a truth-function of atomic propositions. 
We have now to see that, on the theory of Wittgenstein, 
elementary is not an adjective of the proposition-type at all, 
but only of its instances. For an elementary and a non- 
elementary propositional s3anbol could be instances of the 
same proposition. Thus suppose a list was made of all 
individuals as ‘ a ‘ 6,’ . . ., ‘ z.’ Then, if (f>£ were an elementary 
function, ‘ <f)a.<f)b . . . <f>z ' would be an elementary proposition, 
but ' (x) . <f)X ’ non-elementary ; but these would express 
agreement and disagreement with the same possibilities and 
therefore be the same proposition. Or to take an example 
which could really occur, ' ' and '^a: (jx).<l>x‘, which 

are the same proposition, since ['3x).<f>x adds nothing to <f>a. 
But the first is elementary, the second non-elementary. 
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Hence some instances of a proposition can be elementary, 
and others non-elen^ntary ; so that elementary is not really 
a characteristic oflthe proposition, but of its mode of 
expression. ‘ Elementary proposition ’ is like ' spoken word ’ ; 
just as the same word can be both spoken and written, so 
the same proposition can be both elementarily and non- 
elementarily expressed. 

After these preliminary explanations we proceed to a theory 
of propositional functions. By a propositional function of 
individuals we mean a symbol of the form ' f{x, . . .)' 

which is such that, were the names of any individuals 
substituted for ' * ‘ y ‘ i ’, ... in it, the result would 
always be a proposition. This definition needs to be completed 
by the explanation that two such symbols are regarded as the 
same function when the substitution of the same set of names 
in the one and in the other always gives the same proposition. 
Thus if ‘ /{a, b, c) ‘ g(a, b, c) ’ are the same proposition for 
any set of a, b, c, '/{x, f, z) ’ and ‘ g{i, £) ’ are the same 
function, even if they are quite different to look at. 

A function ^ ‘ (fix ’ gives us for each individual a proposition 
in the sense of a proposition-type (which may not have any 
instances, for we may not have given the individual a name). 
So the function collects together a set of propositions, whose 
logical sum and product we assert by writing respectively 
' (3^;) . <f>x ' (x) . (f>x This procedure can be extended 
to the case of several variables. Consider ' tf){x, y) ' ; give 
y any constant value tj, and ‘ (f)(x, tj) ’ gives a proposition 
when any individual name is substituted for x, and is therefore 
a function of one variable, from which we can form the 
propositions 

‘ (3*) • v) ‘ W • -n) '■ 

Consider next ‘ (3X) . (f>{x, ’ ; this, as we have seen, gives 

* By ‘ function ' we shall in future always mean propositional 
function unless the contrary is stated. 
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a proposition when any name (e.g. ' t] ’) is substituted for 
‘ y and is therefore a function of one , variable from which 
we can form the propositions p 

( 3 y) ' ( 3 *) • and (y) : ( 3 *) . ^(x,y). 

As so far there has been no difficulty, we shall attempt to 
treat functions of functions in exactly the same way as we 
have treated functions of individuals. Let us take, for 
simplicity, a function of one variable which is a function of 
individuals. This would be a symbol of the form ' f(^£) 
which becomes a proposition on the substitution for ‘ ’ 

of any function of an individual. ‘ ’ then collects 

together a set of propositions, one for each function of an 
individual, of which we assert the logical sum and product 
by writing respectively ‘ (3^) . /(^^) {<i>) • '■ 

But this account suffers from an unfortunate vagueness 
as to the range of functions giving the values of of 
which we assert the logical sum or product. In this respect 
there is an important difference between functions of functions 
and functions of individuals which is worth examining closely. 
It appears clearly in the fact that the expressions ‘ function 
of functions ’ and ‘ function of individuals ’ are not strictly 
analogous ; for, whereas functions are symbols, individuals 
are objects, so that to get an expression analogous to ' function 
of functions ’ we should have to say ‘ function of names of 
individuals ’. On the other hand, there does not seem any 
simple way of altering ‘ function of functions ’ so as to make 
it analogous to ‘ function of individuals ’, and it is just this 
which causes the trouble. For the range of values of a function 
of individuals is definitely fixed by the range of individuals, 
an objective totality which there is no getting away from. 
But the range of arguments to a function of functions is a 
range of symbols, all symbols which become propositions by 
inserting in them the name of an individual. And this range 
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of symbols, actual or possible, is not objectively fixed, but 
depends on our methods of constructing them and requires 
more precise definit^n. 

This definition can be given in two ways, which may be 
distinguished as the subjective and the objective method. The 
subjective 1 method is that adopted in Principia Mathcmatica ; 
it consists in defining the range of functions as all those which 
could be constructed in a certain way, in the first instance 
by sole use of the ‘ / ’ sign. We have seen how it leads to the 
impasse of the Axiom of Reducibility. I, on the other hand, 
shall adopt the entirely original objective method which will 
lead us to a satisfactory theory in which no such axiom is 
required. This method is to treat functions of functions as 
far as possible in the same way as functions of individuals. 
The signs which can be substituted as arguments in ‘ px ', 
a function of individuals, are determined by their meanings ; 
they must be names of individuals. I propose similarly to 
determine the symbols which can be substituted as arguments 
in ‘ ’ not by the manner of their construction, but by 

their meanings. This is more difficult, because functions do 
not mean single objects as names do, but have meaning in a 
more complicated way derived from the meanings of the 
propositions which are their values. The problem is ultimately 
to fix as values of f{px) some definite set of propositions so that 
we can assert their logical product and sum. In Principia 
Mathcmatica they are determined as all propositions which 
can be constructed in a certain way. My method, on the 
other hand, is to disregard how we could construct them, 
and to determine them by a description of their senses or 
imports ; and in so doing we may be able to include in the 
set propositions which we have no way of constructing, just 
as we include in the range of values of px propositions which 

* I do not wish to press this term ; I merely use it because I can 
find no better. 
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we cannot express from lack of names for the individuals 
concerned. 

We must begin the description of the ^sw method with the 
definition of an atomic function of individuals, as the result 
of replacing by variables any of the names of individuals in 
an atomic proposition expressed by using names alone ; 
where if a name occur more than once in the proposition it 
may be replaced by the same or different variables, or left 
alone in its different occurrences. The values of an atomic 
function of individuals are thus atomic propositions. 

We next extend to propositional functions the idea of a 
truth-function of propositions. (At first, of course, the 
functions to which we extend it are only atomic, but the 
extension works also in general, and so 1 shall state it in 
general.) Suppose we have functions ^i(x, y), y), etc., 

then by saying that a function if){x, y) is a certain truth- 
function (e.g. the logical sum) of the functions <j>i[x, '$), 
^), etc., and the propositions p, q, etc., we mean that 
any value of ^{x, y), say i(i(a, b), is that truth-function of 
the corresponding values of <f>i(x,y), 4 > 2 {x,y), etc., i.e. pi{a, b), 
(^^(a, b), etc., and the propositions^, q, etc. This definition 
enables us to include functions among the arguments of any 
truth-function, for it always gives us a unique function which 
is that truth-function of those arguments ; e.g. the logical 
sum of <f)i(x), <^j(^), ... is determined as ^{x), where ijt{a) 
is the logical sum of . . ., a definite proposition 

for each a, so that i/i(x) is a definite function. It is unique 
because, if there were two, namely tpi{x) and ip^ix), 
and would for each a be the same proposition, and hence 
the two functions would be identical. 

We can now give the most important definition in this theory, 
that of a predicative function. I do not use this term in the 
sense of Principia Mathematica, 1st ed., for which I follow 
Mr Russell’s later work in using ‘ elementary ’. The notion 
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of a predicative function, in my sense, is one which does not 
occur in Principia, and marks the essential divergence of the 
two methods of j^rocedure. A predicative function of 
individuals is one which is any truth-function of arguments 
which, whether finite or infinite in number, are all either 
atomic functions of individuals or propositions.^ This 
defines a definite range of functions of individuals which is 
wider than any range occurring in Principia. It is essentially 
dependent on the notion of a truth-function of an infinite 
number of arguments ; if there could only be a finite number 
of arguments our predicative functions would be simply 
the elementary functions of Principia. Admitting an infinite 
number involves that we do not define the range of functions 
as those which could be constructed in a certain way, but deter- 
mine them by a description of their meanings. They are to 
be truth-fimctions — not explicitly in their appearance, but 
in their significance — of atomic functions and propositions. 
In this way we shall include many functions which we have 
no way of constructing, and many which we construct in quite 
different ways. Thus, supposing p{x, y) is an atomic function, 
p a proposition, 

4>{£, f). f) . y . p, (y) . y) 

are all predicative functions. [The last is predicative because 
it is the logical product of the atomic functions y) for 
different values of y.] 

For functions of functions there are more or less analogous 
definitions. First, an atomic function of (predicative ®) 
functions of individuals and of individuals can only have 
one functional argument, say <f>, but may have many individual 

* Before ' propositions ’ we could insert ' atomic ' without narrowing 
the sense of the definition. For any proposition is a truth-function of 
atomic propositions, and a truth-function of a truth-function is again 
a truth-function. 

* I put ' predicative ' in parentheses because the definitions apply 
equally to the non-predicative functions dealt with in the next chapter. 
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arguments, x, y, etc., and must be of the form (f>{x, y, . . ., 
a, b, . . .) where ‘a’, ‘ b’, ... are names of individuals. In 
particular, an atomic function is jff the form <f)a. A 
predicative function of (predicative) functions of individuals 
and of individuals is one which is a truth-function whose 
arguments are all either propositions or atomic functions of 
functions of individuals and of individuals, 

e.g. i$a . D . ifb :p {a. function of (f>, ip), 

(x) . px, the logical product of the atomic functions 
<pa, <ftb, etc. 

It is clear that a function only occurs in a predicative function 
through its values. In this way we can proceed to define 
predicative functions of functions of functions and so on to 
any order. 

Now consider such a proposition as {<p) . where 

f{4>i) is a predicative function of functions. We understand 
the range of values of p to be all predicative functions ; 
i.e. {<f)) . f{<f>x) is the logical product of the propositions 
f(<f>x) for each predicative function, and as this is a definite 
set of propositions, we have attached to {(f>) . f{<f>x) a definite 
significance. 

Now consider the function of x, {<f>) . /(^f, x). Is this a 
predicative function ? It is the logical product of the pro- 
positional functions of x) for the different (f>’s which, 

since/ is predicative, are truth-functions of (j>x and propositions 
possibly variable in <p but constant in x (e.g. pa). The px’s, 
since the p's are predicative, are truth-functions of atomic 
functions of x. Hence the propositional functions of x, 
f{p^, x) are truth-functions of atomic functions of x and 
propositions. Hence they are predicative functions, and there- 
fore their logical product (p) . f{pz, x) is predicative. More 
generally it is clear that by generalization, whatever the type 
of the apparent variable, we can never create non-predicative 
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functions ; for the generalization is a truth-function of its 
instances, and, if these are predicative, so is it. 

Thus all the functilns of individuals which occur in Principia 
are in our sense predicative and included in our variable p, 
so that all need for an axiom of reducibility disappears. 

But, it will be objected, surely in this there is a vicious 
circle ; you cannot include Fit = (p) . f{pi, £) among the 
for it presupposes the totality of the <j>'s. This is not, 
however, really a vicious circle. The proposition Fa is 
certainly the logical product of the propositions a), 

but to express it like this (which is the only way we can) is 
merely to describe it in a certain way, by reference to a totality 
of which it may be itself a member, just as we may refer to a 
man as the tallest in a group, thus identifying him by means 
of a totality of which he is himself a member without there 
being any vicious circle. The proposition Fa in its significance, 
that is, the fact it asserts to be the case, does not involve the 
totality of functions ; it is merely our sjonbol which involves 
it. To take a particularly simple case, [p) . pa is the logical 
product of the propositions pa, of which it is itself one ; but 
this is no more remarkable and no more vicious than is the 
fact that p . q is the logical product of the set p, q, p ■ q, 
of which it is itself a member. The only difference is that, 
owing to our inability to write propositions of infinite length, 
which is logically a mere accident, [p) . pa cannot, like 
p . q, he elementarily expressed, but must be expressed as 
the logical product of a set of which it is also a member. 
If we had infinite resources and could express all atomic 
functions as p^x, p^x, then we could form all the propositions 
pa, that is, all the truth-functions of p^a, p^a, etc., and among 
them would be one which was the logical product of them all, 
including itself, just as /1.5 is the product of p, q, pyq, p.q. 
This proposition, which we cannot express directly, that is 
elementarily, we express indirectly as the logical product of 
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them all by writing ' {<!>) . (f)a This is certainly a circuitous 
process, but there is clearly nothing vicious about it. 

In this lies the great advantage of myj method over that of 
Principia Mathematica. In Principia the range of <f> is that 
of functions which can be elementarily expressed, and since 
{<f>) . f{(j > ! £, x) cannot be so expressed it cannot be a value of 
(f > ! ; but I define the values of p not by how they can be 
expressed, but by what sort of senses their values have, or 
rather, by how the facts their values assert are related to their 
arguments. I thus include functions which could not even 
be expressed by us at all, let alone elementarily, but only by a 
being with an infinite symbolic system. And any lunction 
formed by generalization being actually predicative, there is 
no longer any need for an Axiom of Reducibdity. 

It remains to show that my notion of predicative functions 
does not involve us in any contradictions. The relevant 
contradictions, as I have remarked before, all contain some 
word like ‘ means ’, and I shall show that they are due to an 
essential ambiguity of such words and not to any weakness 
in the notion of a predicative function. 

Let us take first Weyl’s contradiction about ‘ heterologicat ’ 
which we discussed in the last chapter. It is clear that the 
solution given there is no longer available to us. For, as 
before, if R is the relation of meaning between ‘ <f> ’ and 
‘ X is heterological ’ is equivalent to ‘ (g^) : xR (pz) .r^px', 
the range of p being here understood to be that of 
predicative functions. Then 

(g^) : xR{pz) . ~px, 

which I will call Fx, is itself a predicative function. 

So ‘ F ' R{Fx) 

and {-^P):' F’ R(P£), 

and therefore F('F’) . = . ~F(‘F’), 
which is a contradiction. 
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It win be seen that the contradiction essentially depends 
on deducing ( 3 ^) : 'jF’ R(4>£) from ‘ F ' R{F£). According to 
Principia Mathemai^ca this deduction is iUegitimate because 
Fx is not a possible value of pi. But if the range of pi is 
that of predicative functions, this solution fails, since Fi 
is certainly a predicative function. But there is obviously 
another possible solution — to deny ‘ F ' R[Fi) the premiss 
of the deduction. ‘ F ’ R(Fi) says that ‘ F ’ means Fi. Now 
this is certainly true for some meaning of ‘ means ’, so to 
uphold our denial of it we must show some ambiguity in the 
meaning of meaning, and say that the sense in which ‘ F ’ 
means Fi, i.e. in which ‘ heterological ’ means heterological, 
is not the sense denoted by ‘ R i.e. the sense which occurs in 
the definition of heterological. We can easily show that this 
is really the case, so that the contradiction is simply due to an 
ambiguity in the word ‘ meaning ’ and has no relevance to 
mathematics whatever. 

First of all, to speak of ‘ F ' as meaning Fi at all must appear 
very odd in view of our definition of a propositional function 
as itself a symbol. But the expression is merely elliptical. 
The fact which we try to describe in these terms is that we 
have arbitrarily chosen the letter ‘ F ’ for a certain purpose, 
so that ‘ Fx ' shall have a certain meaning (depending on x). 
As a result of this choice ‘ F ’, previously non-significant, 
becomes significant ; it has meaning. But it is clearly an 
impossible simplification to suppose that theie is a single 
object F, which it means. Its meaning is more complicated 
than that, and must be further investigated. 

Let us take the simplest case, an atomic proposition fully 
written out, ‘ aSl> where ‘ a ' h’ are names of individuals 
and ‘ S ’ the name of a relation. Then 'a', ' b', 'S' mean 
in the simplest way the separate objects a, b, and S. Now 
suppose we define 

px . — . aSx Df. 
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Then ' <f>’ is substituted for ' aS ’ and does not mean a single 
object, but has meaning in a more complicated way in virtue 
of a three-termed relation to both a and Then we can say 
‘ <f > ' means aS^, meaning by this that ‘ <l> ’ has this relation 
to a and S. We can extend this account to deal with any 
elementary function, that is, to say that ‘ ^ ’ means ^ ! £ 
means that ‘ ^ ’ is related in a certain way to the objects 
a, b, etc., involved in ^ 

But suppose now we take a non-elementary functional 
symbol, for example. 


(f)iX : = : (y) . yRx Df. 

Here the objects involved in <f>iX include all individuals as 
values of y. And it is clear that ‘ 9^1 ’ is not related to them 
in at all the same way as ‘ ^ ' is to the objects in its meaning. 
For ‘ ^ ’ is related to a, 6, etc. by being short for an expression 
containing names of a, b, etc. But ' is short for an 
expression not containing ' a' b’ , . . but containing only an 
apparent variable, of which these can be values. Clearly ‘ <f>i ’ 
means what it means in quite a different and more complicated 
way from that in which ‘ ^ ’ means. Of course, just as 
elementary is not really a characteristic of the proposition, it 
is not really a characteristic of the function ; that is to say, 
and ^ ! £ may be the same function, because is 
always the same proposition as ^ ! x. Then ‘ ’ will 

have the same meaning, but will mean it, as we saw above, 
in quite different senses of meaning. Similarly ‘ ^2 ’ which 
involves a functional apparent variable will mean in a 
different and more complicated way still. ^ 

Hence in the contradiction which we were discussing, if 
‘ R the symbol of the relation of meaning between ‘ <f> ’ 

‘ Here the range of the apparent variable in ‘ ’ is the set of 

predicative functions, not as in Pnnoipia Mathematica the set of 
elementary functions. 
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and <f>£, is to have any definite meaning, ‘ <f> ‘ can only be a 
symbol of a certain ^ype meaning in a certain way ; suppose 
we limit ‘ ^ ’ to be aji elementary function by taking R to be 
the relation between ' ’ and ^ 

Then ‘ Fx ' or ' (a<^) : xR{<f>£) .r-^(f>x' is not elementary, 
but is a ‘ 

Hence ' F ' means not in the sense of meaning denoted by 
‘ R ’ appropriate to ' ^ ! ’s, but in that appropriate to a 
‘ so that we have ~ ' F ' R(Fx), which, as we explained 
above, solves the contradiction for this case. 

The essential point to understand is that the reason why 

( 3 ^):‘F'Ri 4 >x) 

can only be true if ‘ F ’ is an elementary function, is not that 
the range of ^ is that of elementary fimctions, but that a 
symbol cannot have F to a function unless it (the symbol) is 
elementary. The limitation comes not from ‘ ’, but from 

‘ R The distinctions of ‘ ^ ! ’s, ‘ <^i 's, and ‘ <f>z 's apply 
to the symbols and to how they mean but not to what they 
mean. Therefore I always (in this section) enclosed ‘ ^ 

‘ ’ and ' <(>2' in inverted commas. 

But it may be objected that this is an incomplete solution ; 
for suppose we take for R the sum of the relations appropriate 
to ‘ ^ ! ’s, ‘ <f>^ 's, and ' <^2 ’s- Then ‘ F ', since it still only 
contains 3 <f>^ is still a ‘ ^2’> must have in this case 

' F ’ R(Fx) ; which destroys our solution. 

But this is not so because the extra complexity involved 
in the new R makes ‘ F ’ not a ‘ ^2 ’• t>ut a more complicated 
symbol still. For with this new R, for which ‘ ^2 ’ 
since ' <j}^ ’ is of some such form as (31^) . x), in (3<;6) . ‘ F ’ 

F(^x) is involved at least a variable function x) of 

functions of individuals, for this is involved in the notion of a 

‘ The range of ^ in 3^ is that of predicative functions, including 
all ‘ 's, ' ’s, etc., so it is not altered by changing R. 
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variable ‘ <f>2 which is involved in the variable ^ taken in 
conjunction with R. For if an}d:hing ha%7? to the predicative 
function must be expressible b}^ either a ‘ ^ ’ or a 

• or a ' 

Hence (3^) . ' F ’ R{<f>^) involves not merely the variable 
^ (predicative function of an individual) but also a hidden 
variable / (function of a function of an individual and of an 
individual). Hence ‘ Fx‘ or ‘ (3<^) : xR{<f>ic) . <f>x’ is not 

a ' ^2’, but what we may call a ‘^3’, i.e. a function of 
individuals involving a variable function of functions of 
individuals. (This is, of course, not the same thing as a 
‘ ^3 ’ in the sense of Principia Mathematica, 2nd edition.) 
Hence ‘ F ’ means in a more complicated way still not included 
in R ; and we do not have ‘ F ’ R{Fx), so that the contradiction 
again disappears. 

What appears clearly from the contradictions is that we 
cannot obtain an all-inclusive relation of meaning for pro- 
positional functions. Whatever one we take there is still a 
way of constructing a symbol to mean in a way not included 
in our relation. The meanings of meaning form an illegitimate 
totality. 

By the process begun above we obtain a hierarchy of 
propositions and a hierarchy of functions of individuals. 
Both are based on the fundamental hierarchy of individuals, 
functions of individuals, functions of functions of individuals, 
etc. A function of individuals we will call a function of type 1 ; 
a fimction of functions of individuals, a fimction of type 2 ; 
and so on. 

We now construct the hierarchy of propositions as follows : 

Propositions of order 0 (elementary), containing no apparent 
variable. 

„ „ 1, containing an individual apparent 

variable. 
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Propositions of order 2, containing an apparent variable whose 
^ values are functions of type 1. 

„ „ n, containing an apparent variable 

whose values are fimctions of t3?pe 
n — 1. 

From this hierarchy we deduce another hierarchy of functions, 
irrespective of their types, according to the order of their 
values. 

Thus functions of order 0 (matrices) contain no apparent 

variable ; 

„ „ 1 contain an individual apparent 

variable ; 

and so on ; i.e. the values of a function of order n are 
propositions of order n. For this classification the types of 
the functions are immaterial. 

We must emphasize the essential distinction between order 
and type. The type of a function is a real characteristic of 
it depending on the arguments it can take ; but the order 
of a proposition or function is not a real characteristic, but 
what Peano called a pseudo-function. The order of a pro- 
position is like the numerator of a fraction. Just as from 
' X — y ' v/e cannot deduce that the numerator of x is equal 
to the numerator of y, from the fact that ' p ’ and ‘ q ’ are 
instances of the same proposition we cannot deduce that the 
order of ‘ ‘ is equal to that of ‘ 5 ’. This was shown above 

(p. 34 ) for the particular case of elementary and non- 
elementary propositions (Orders 0 and > 0), and obviously 
holds in general. Order is only a characteristic of a particular 
symbol which is an instance of the proposition or function. 

We shall now show briefly how this theory solves the 
remaining contradictions of group B.^ 

' It may be as well to repeat that for the contradictions of group A 
my theory preserves the solutions given in Principia MathenuUica. 
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(a) ' I cun lying 

This we should analyse as ‘ (3 “p ", p ) : I am sa 3 dng "p 
“ p" means p. Here to get a definite meaning for 

means ^ it is necessary to limit in some way the order oi' p' , 
Suppose ‘ p ’ is to be of the nth or lesser order. Then, 
symbolizing by pn a function of type n, ‘ p ’ may be ( 3 ^«) . 
^» + 1 

Hence 3 ' p' involves 3<f>n + 1 . and ‘ I am lying ’ in the 
sense of ' I am asserting a false proposition of order n ’ 
is at least of order « + 1 and does not contradict itself. 

(b) (1) The least integer not nameable in fewer than 

nineteen syllables. 

(2) The least indefinable ordinal. 

(3) Richard’s Paradox. 

All these result from the obvious ambiguity of ‘ naming ’ 
and ' defining '. The name or definition is in each case a 
functional symbol which is only a name or definition by 
meaning something. The sense in which it means must be 
made precise by fixing its order ; the name or definition 
involving all such names or definitions will be of a higher 
order, and this removes the contradiction. My solutions of 
these contradictions are obviously very similar to those of 
Whitehead and Russell, the difference between them lying 
merely in our different conceptions of the order of propositions 
and functions. For me propositions in themselves have no 
orders ; they are just different truth-functions of atomic 
propositions — a definite totality, depending only • on what 

^ * When I say " ' p ' means p ”, I do not suppose there to be a single 
object p meant hy ' p The meaning of ' ^ ' is that one of a certain 
set of possibilities is realized , and this meaning results from the meaning- 
relations of the separate signs in ‘ ’ to the real objects which it is 

about. It is these meaning-relations which vary with the order of 
' p '■ And the order oi ' p ' is limited not because p in (3^) is limited, 
but by ■ means ' which varies in meaning with the order of ‘ p '■ 



THE FOUNDATIONS OF MATHEMATICS 


49 


atomic propositions there are. Orders and illegitimate 
totalities only come^n with the s5mabols we use to s37mbolize 
the facts in variously complicated ways. 

To sum up : in this chapter I have defined a range of predi- 
cative functions which escapes contradiction and enables us 
to dispense with the Axiom of Reducibility. And I have given 
a solution of the contradictions of group B which rests on and 
explains the fact that they all contain some epistemic element. 


IV. Propositional Functions in Extension 

Before we go on, let us look round and see where we have 
got to. We have seen that the introduction of the notion of a 
predicative function has given us a range for ^ which enables 
us to dispense with the Axiom of Reducibility. Hence it 
removes the second and most important defect in the theory of 
Principia Mathematica ; but how do we now stand with regard 
to the other two difficulties, the difficulty of including all 
classes and relations in extension and not merely definable 
ones, and the difficulty connected with identity ? 

The difficulty about identity we can get rid of, at the cost 
of great inconvenience, by adopting Wittgenstein's convention, 
which enables us to eliminate ‘ = ' from any proposition in 
which it occurs. But this puts us in a hopeless position as 
regards classes, because, having eliminated ‘ = ’ altogether, 
we can no longer use x = y as a propositional function in 
defining finite classes. So that the only classes with which 
we are now able to deal are those defined by predicative 
functions. 

It may be useful here to repeat the definition of a predicative 
function of individuals ; it is any truth-function of atomic 
functions and atomic propositions. We call such functions 
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‘ predicative ’ because they correspond, as nearly as a precise 
notion can to a vague one, to the idea tljat predicates the 
same thing of a as does of b. They include all the pro- 
positional functions which occur in Principia Matkematica, 
including identity as there defined. It is obvious, however, 
that we ought not to define identity in this way as agreement 
in respect of all predicative functions, because two things can 
clearly agree as regards all atomic functions and therefore 
as regards all predicative functions, and yet they are two 
things and not, as the proposed definition of identity would 
involve, one thing. 

Hence our theory is every bit as inadequate as Principia 
Mathemaiica to provide an extensional logic ; in fact, if we 
reject this false definition of identity, we are unable to include 
among the classes dealt with even all finite enumerated 
classes. Mathematics then becomes hopeless because we 
cannot be sure that there is any class defined by a predicative 
function whose number is two ; for things may all fall into 
triads which agree in every respect, in which case there would 
be in our system no unit classes and no two-member classes. 

If we are to preserve at all the ordinary form of mathematics, 
it looks as if some extension must be made in the notion of a 
propositional function, so as to take in other classes as well. 
Such an extension is desirable on other grounds, because 
many things which would naturally be regarded as propositional 
functions can be shown not to be predicative functions. 

For example 

F (x, y) = Something other than x and y satisfies <j)£. 

(Here, of course, ‘ other than ’ is to be taken strictly, and 
not in the Principia Mathemaiica sense of ' distinguishable 
from ’.) 

This is not a predicative function, but is made up of parts 
of two predicative functions ; 
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(1) For x^y 

F{x, >») is * . Nc’z{<f>z) > 3 : . 

<f>x . . V .(fty . <f>x : D : Nc’S[<j>z) > 2 : . 

(fix . <f)y : O : Nc’z{i^z) > 1. 

This is a predicative function because it is a truth function 
of <f>x, <f>y and the constant proposition Nc’£(<f>z) > 1 , 2, 3, 
which do not involve x, y. 

(2) For X = y 

F(x, x) is <f>(x) . D . Nc’£ {<j)z) > 2 : 

'^<f)X . D . Nc’£ {<j>z) > 1 , 

which is a predicative function. 

But F{x, y) is not itself a predicative function ; this is 
perhaps more difficult to see. But it is eaisy to see that aU 
functions of this kind cannot be predicative, because if they 
were we could find a predicative function satisfied by any given 
individual a alone, which we clearly cannot in general do. 

For suppose fa (if not, take ~ Jx). 

Let a = £[Jx), 

^ = 0 — (a). 

Then <f>x = ‘ There is nothing which satisfies fx except x, 
and members of ' applies to a and a alone. So such functions 
cannot always be predicative. 

Just as F{x, y) above, so also ' x = y' is made up of two 
predicative functions : 

( 1 ) For x^y 

‘x—y’ may be taken to be ( 3 ^) . ~ : 

( 3 ^) ^ contradiction. 
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(2) For X = y 

iff. 

' X — y ’ may be taken to be {<f>) : . (f>x . v . <^x : 

. V . ~ (f>y, i.e. a tautology. 

But ‘ X = y’ is not itself predicative. 

It seems, therefore, that we need to introduce non-predica- 
tive propositional functions. How is this to be done ? The 
only practicable way is to do it as radically and drastically as 
possible ; to drop altogether the notion that (f>a says about a 
what <f)b says about b ; to treat propositional functions like 
mathematical functions, that is, extensionalize them com- 
pletely. Indeed it is clear that, mathematical functions being 
derived from propositional, we shall get an adequately 
extensional account of the former only by taking a completely 
extensional view of the latter. 

So in addition to the previously defined concept of a predi- 
cative function, which we shall still require for certain purposes, 
we define, or rather explain, for in our system it must be taken 
as indefinable, the new concept of a propositional function 
in extension. Such a function of one individual results from 
any one-many relation in extension between propositions and 
individuals ; that is to say, a correlation, practicable or 
impracticable, which to every individual associates a unique 
proposition, the individual being the argument to the function, 
the proposition its value. 

Thus (f> (Socrates) may be Queen Anne is dead, 

(f) (Plato) may be Einstein is a great man ; 

<f>i being simply an arbitrary association of propositions 
<f>x to individuals x. 

A function in extension will be marked by a suffix e thus 
i>tX. 

Then we can talk of the totality of such functions as the 
range of values of an apparent variable 
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Consider now . if>eX s 4 >,y. 

This asserts that in cAiy such correlation the proposition corre- 
lated with X is equivalent to that correlated with y. 

\i X = y this is a tautology (it is the logical product of 
values oip ^ p). 

But if a; y it is a contradiction. For in one of the correla- 
tions some p will be associated with x, and ~ p with y. 

Then for this correlation f^, f^x is p, fty is '^p, so that 
= f^y is self-contradictory and [<f>^ . = pey is self- 

contradictory. 

So {p^ . ptX = p,y is a tautology \i x = y, & contradiction 
if x^y} 

Hence it can suitably be taken as the definition of * = y. 

a; = y is a function in extension of two variables. Its value 
is tautology when x and y have the same value, contradiction 
when x.y have different values. 

We have now to defend this suggested range of functions for 
a variable p^ against the charges that it is illegitimate and leads 
to contradictions. It is legitimate because it is an intelligible 
notation, giving a definite meaning to the symbols in which it 
is employed. Nor can it lead to contradictions, for it will 
escape all the suggested contradictions just as the range of 
predicative functions will. Any symbol containing the 
variable p^ will mean in a different way from a symbol not 
containing it, and we shall have the same sort of ambiguity 
of ‘ meaning ’ as in Chapter III, which will remove the 
contradictions. Nor can any of the first group of contradic- 
tions be restored by our new notation, for it will still be 
impossible for a class to be a member of itself, as our functions 
in extension are confined to definite types of arguments by 
definition. 

We have now to take the two notions we have defined, 

* On the other hand t^y predicative) is a tautology it 

x = y, but not a contradiction jf x^y. 
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predicative functions and functions in extension, and conader 
when we shall want to use one and wh^n the other. ^ First 
let us take the case when the argiiments are individuals : 
then there is every advantage in taking the range of functions 
we use in mathematics to be that of functions in extension. 
We have seen how this enables us to define identity satis- 
factorily, and it is obvious that we shall need no Axiom of ^ 
Reducibility, for any propositional function obtained by 
generalization, or in any manner whatever, is a function in 
extension. Further it will give us a satisfactory theory of 
classes, for any class will be defined by a function in extension, 
e.g. by the fimction which is tautology for any member of 
the class as argument, but contradiction for any other argu- 
ment, and the null-class will be defined by the self -contra- 
dictory function. So the totality of classes can be reduced 
to that of functions in extension, and therefore it will be 
this totality which we shall require in mathematics, not 
the totality of predicative functions, which corresponds 
not to ‘ all classes ’ but to ‘ all predicates ’ or ‘ all properties 

On the other hand, when we get to functions of functions 
the situation is rather different. There appears to be no 
point in considering any except predicative functions of 
functions ; the reasons for introducing functions in extension 
no longer apply. For we do not need to define identity between 
frmctions, but only identity between classes which reduces 
to equivalence between functions, which is easUy defined. 
Nor do we wish to consider classes of functions, but classes 
of classes, of which a simpler treatment is also possible. 
So in the case of functions of fimctions we confine ourselves 
to such as are predicative. 

Let us recall the definition of a predicative function of 
functions ; it is a truth-function of their values and constant 

' Of course predicative functions are also functions in extension ; 
the question is which range we want for our variable function. 
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I^opositions.^ All functions of functions which occur in 
Principia are of this sort, but ‘ I believe (x) . <f>x’ as a. function 
of <f>£ is not. Predicative functions of functions are extensional 
in the sense of Principia, that is if the range of /((^i) be that 
of predicative functions of functions. 

This is because is a truth-function of the values of 

which are equivalent to the corresponding values of 
so that fipjc) is equivalent to 
If we assumed this we should have a very simple theory of 
classes, since there would be no need to distinguish £{<f>ex) 
from But though it is a tautology there is clearly no 

way of proving it, so that we should have to take it as a 
primitive proposition. If we wish to avoid this we have only 
to keep the theory of classes given in Principia based on 
" the derived extensional function ”. The range of predicative 
functions of functions is adequate to deal with classes of 
classes because, although, as we have seen, there may be 
classes of individuals which can only be defined by functions 
in extension, yet any class of classes can be defined by a 
predicative function, namely by /(a) where 

{pgX = X , 


i.e. the logical sum of pgXSxpgX for all the fimctions p^x 
which define the members of the class of classes. Of course, 
if the class of classes is infinite, this expression cannot be 

* It is, I think, predicative functions of functions which Mr Russell 
in the Introduction to the Second Edition of Prinapia tries to describe 
as functions into which functions enter only through their values. 
But this is clearly an insufficient description, because ij>k only enters 
into F{4>x) = ' I believe ’ through its value ^a, but this is certainly 
not a function of the kind meant, for it is not extensional. I think 
the point can only be explained by introducing, as I have, the notion 
of a truth-function. To contend, as Mr Russell does, that all functions 
of functions are predicative is to embark on a futile verbal dispute, 
owing to the ambiguity of the vague term functions of functions, which 
may be used to mean only such as are predicative or to include also 
such as F(^i) above. 
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written down. But, nevertheless, there will be the logical 
sum of these functions, though we cannot express it.^ 

So to obtain a complete theory of classes we must take 
the range of functions of individuals to be that of functions 
in extension ; but the range of functions of functions to be 
that of predicative functions. By using these variables we 
obtain the system of Principia Maihematica, simplified by 
the omission of the Axiom of Reducibility, and a few corre- 
sponding alterations. Formally it is almost unaltered ; 
but its meaning has been considerably changed. And in 
thus preserving the form while modifying the interpretation, 
I am following the great school of mathematical logicians 
who, in virtue of a series of startling definitions, have saved 
mathematics from the sceptics, and provided a rigid demon- 
stration of its propositions. Only so can we preserve it from 
the Bolshevik menace of Brouwer aind Weyl. 

V. The Axioms 

I have shown in the last two chapters how to remedy 
the three principal defects in Principia Mathematica as a 
foundation for mathematics. Now we have to consider the 
two important difficulties which remain, which concern the 
Axiom of Infinity and the Multiplicative Axiom. The intro- 
duction of these two axioms is not so grave as that of the 
Axiom of Reducibility, because they are not in themselves 
such objectionable assumptions, and because mathematics 
is largely independent of the Multiplicative Axiom, and might 
reasonably be supposed to require an Axiom of Infinity. 
Nevertheless, we must try to determine the logical status 
of these axioms — whether they are tautologies or empirical 

* A logical sum is not like an algebraic sum ; only a finite number of 
terms can have an algebraic sum, for an ' infinite sum ’ is really a 
limit. But the logical sum of a set of propositions is the proposition 
that these are not all false, and exists whether the set be finite or 
infinite. 
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propositions or even contradictions. In this inquiry I shall 
include, from curiosity, the Axiom of Reducibility, although, 
since we have dispensed with it, it no longer really concerns us. 

Let us begin with the Axiom of Reducibility, which asserts 
that all functions of individuals obtained by the generaliza- 
tion of matrices are equivalent to elementary functions. 
In discussing it several cases arise, of which I shall consider 
only the most interesting, that, namely, in which the numbers 
of individuals and of atomic functions of individuals are both 
infinite. In this case the axiom is an empirical proposition, 
that is to say, neither a tautology nor a contradiction, and 
can therefore be neither asserted nor denied by logic or 
mathematics. This is shown as follows : — 

{a) The axiom is not a contradiction, but may be true. 

For it is clearly possible that there should be an atomic 
function defining every class of individuals. In which case 
every function would be equivalent not merely to an 
elementary but to an atomic function. 

(b) The axiom is not a tautology, but may be false. 

For it is clearly possible that there should be an infinity 
of atomic functions, and an individual a such that whichever 
atomic function we take there is another individual agreeing 
with a in respect of all the other functions, but not in respect 
of the function taken. Then {(f)) . (f> \ x \ a could not be 
equivalent to any elementary function of x. 

Having thus shown that the Axiom of Reducibility is 
neither a tautology nor a contradiction, let us proceed to the 
Multiplicative Axiom. This asserts that, given any existent 
class K of existent classes, there is a class having exactly 
one member in common with each member of K. If by 
‘ class ’ we mean, as I do, any set of things homogeneous in 
type not necessarily definable by a function which is not 
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merely a function in extension, the Multiplicative Axiom 
seems to me the most evident tautolo^. I cannot see how 
this can be the subject of reasonable doubt, and I think 
it never would have been doubted unless it had been mis- 
interpreted. For with the meaning it has in Principia, 
where the class whose existence it asserts must be one definable 
by a propositional function of the sort which occurs in 
Principia, it becomes reaUy doubtful and, like the Axiom 
of Reducibility, neither a tautology nor a contradiction. 
We prove this by showing 

{a) It is not a contradiction. 

For it is clearly possible that every class (in my sense) 
should be defined by an atomic function, so that, since there 
is bound to be a class in my sense having one member in 
common with each member of K, this would be also a class 
in the sense of Principia. 

{h) It is not a tautology. 

To show this we take not the Multiplicative Axiom itself 
but the equivalent theorem that any two classes are com- 
mensurable. 

Consider then the following case : let there be no atomic 
functions of two or more variables, and only the following 
atomic functions of one variable : — 

Associated with each individual a an atomic function 
pjc such that 

PqX , . X — a. 

One other atomic function f £ such that x{fx), are both 

infinite classes. 

Then there is no one-one relation, in the sense of Principia, 
having either x(fx) or x{r^Jx) for domain, and therefore these 
two classes are incommensurable. 
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Hence the Multiplicative Axiom, interpreted as it is in 
Princifia, is not a t|.utology but logically doubtful. But, 
as I interpret it, it is an obvious tautology, and this can be 
claimed as an additional advantage in my theory. It will 
probably be objected that, if it is a tautology, it ought to 
be able to be proved, i.e. deduced from the simpler primitive 
propositions which suffice for the deduction of the rest of 
mathematics. But it does not seem to me in the least unlikely 
that there should be a tautology, which could be stated in 
finite terms, whose proof was, nevertheless, infinitely compli- 
cated and therefore impossible for us. Moreover, we cannot 
expect to prove the Multiplicative Axiom in my system, 
because my system is formally the same as that of Principia, 
and the Multiplicative Axiom obviously cannot be proved 
in the system of Principia, in which it is not a tautology. 

We come now to the Axiom of Infinity, of which again 
my system and that of Principia give different interpretations. 
In Principia, owing to the definition of identity there used, 
the axiom means that there are an infinity of distinguishable 
individuals, which is an empirical proposition ; since, even 
supposing there to be an infinity of individuals, logic cannot 
determine whether there are an infinity of them no two of 
which have all their properties in common; but on my 
system, which admits functions in extension, the Axiom 
of Infinity asserts merely that there are an infinite number of 
individuals. This appears equally to be a mere question 
of fact ; but the profound analysis of Wittgenstein has 
shown that this is an illusion, and that, if it means anything, 
it must be either a tautology or a contradiction. This will 
be much easier to explain if we begin not with infinity but 
with some smaller number. 

Let us start with ‘ There is an individual ’, or writing it 
as simply as possible in logical notation. 
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Now what is this proposition ? It is the logical sum of the 
tautologies x = x for all values oif,x, and is therefore 
a tautology. But suppose there were no individuals, and 
therefore no values of x, then the above formula is absolute 
nonsense. So, if it means anything, it must be a tautology. 

Next let us take ' There are at least two individuals ' or 

' ( 3 *. y)-x:^y’. 

This is the logical sum of the propositions x^y, which are 
tautologies if x and y have different values, contradictions 
if they have the same value. Hence it is the logical sum of 
a set of tautologies and contradictions ; and therefore a 
tautology if any one of the set is a tautology, but otherwise 
a contradiction. That is, it is a tautology if x and y can take 
different values (i.e. if there are two individuals), but other- 
wise a contradiction. 

A little reflection will make it clear that this will hold not 
merely of 2, but of any other number, finite or infinite. That 
is, ‘ There are at least n individuals ’ is always either a 
tautology or a contradiction, never a genuine proposition. 
We cannot, therefore, say anything about the number of 
individuals, since, when we attempt to do so, we never succeed 
in constructing a genuine proposition, but only a formula 
which is either tautological or self-contradictory. The number 
of individuals can, in Wittgenstein’s phrase, only be shown, 
and it will be shown by whether the above formulae are 
tautological or contradictory. 

The sequence ‘ There is an individual ’, 

' There are at least 2 individuals ’, 

‘ There are at least n individuals ’, 

‘ There aire at least Nq individuals ’, 

‘ There are at least Si individuals ’, 
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begins by being tautologous; but somewhere it begins 
to be contradictory, «nd the position of the last tautologous 
term shows the number of individuals. 

It may be wondered how, if we can say nothing about it, 
we can envisage as distinct possibilities that the number of 
individuals in the world is so-and-so. We do this by imagining 
different universes of discourse, to which we may be confined, 
so that by ' all ’ we mean all in the universe of discourse ; 
and then that such-and-such a universe contains so-and-so 
many individuals is a real possibility, and can be asserted 
in a genuine proposition. It is only when we take, not a 
limited universe of discourse, but the whole world, that nothing 
can be said about the number of individuals in it. 

We can do logic not only for the whole world but also for 
such limited universes of discourse ; if we take one containing 
« individuals, 

Nc'x{x =: a;) > re will be a tautology, 

Nc’x(x = x) a contradiction. 

Hence Nc’x{x x) > re -f 1 cannot be deduced from the 
primitive propositions common to all universes, and therefore 
for a universe containing re -f 1 individuals must be taken as 
a primitive proposition. 

Similarly the Axiom of Infinity in the logic of the whole 
world, if it is a tautology, cannot be proved, but must be 
taken as a primitive proposition. And this is the coiuse 
which we must adopt, unless we prefer the view that all 
analysis is self-contradictory and meaningless. We do not 
have to assume that any particular set of things, e.g. atoms, 
is infinite, but merely that there is some infinite type which 
we can take to be the type of individuals. 
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MATHEMATICAL LOGIC (1926) 

I have been asked to speak about developments in Mathe- 
matical Logic since the publication of Principia Mathematica, 
and I think it would be most interesting if, instead of describing 
various definite improvements of detail, I were to discuss 
in outline the work which has been done on entirely different 
lines, and claims to supersede altogether the position taken 
up by Whitehead and Russell as to the nature of mathematics 
and its logical foundations. 

Let me begin by recalling what Whitehead and Russell's 
view is : it is that mathematics is part of formal logic, that 
all the ideas of pure mathematics can be defined in terms 
which are not distinctively mathematical but involved in 
complicated thought of any description, and that all the 
propositions of mathematics can be deduced from propositions 
of formal logic, such as that if p is true, then either p or q 
is true. This view seems to me in itself plausible, for so soon 
as logic has been developed beyond its old syllogistic nucleus, 
we shall expect to have besides the forms ‘ All men are mortal 
‘ Some men are mortal ’, the numerical forms 'Two men are 
mortal ’ and ‘ Three men are mortal and number will have 
to be included in formal logic. 

Frege was the first to maintain that mathematics was 
part of logic, and to construct a detailed theory on that basis. 
But he fell foul of the famous contradictions of the theory of 
aggregates, and it appeared that contradictory consequences 
could be deduced from his primitive propositions. Whitehead 
and Russell escaped this fate by introducing their Theory 
of Types, of which it is impossible here to give an adequate 
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account. But one of its implications must be explained if 
later developments arfe to be intelligible. 

Suppose we have a set of characteristics given as all 
characteristics of a certain sort, say A, then we can ask about 
anything, whether it has a characteristic of the sort A. 
If it has, this will be another characteristic of it, and the 
question arises whether this characteristic, the characteristic 
of having a characteristic of the kind A , can itself be of the 
kind A, seeing that it presupposes the totality of such 
characteristics. The Theory of Types held that it could not, 
and that we could only escape contradiction by saying that 
it was a characteristic of higher order, and could not be 
included in any statement about all characteristics of lower 
order. And more generally that any statement about all 
characteristics must be regarded as meaning all of a certain 
order. This seemed in itself plausible, and also the only way 
of avoiding certain contradictions which arose from confusing 
these orders of characteristics. Whitehead and Russell 
also hold that statements about classes or aggregates are 
to be regarded as really about the characteristics which define 
the classes (a class being always given as the class of things 
possessing a certain character), so that any statement about 
all classes will be really about all characteristics, and will 
be liable to the same difficulties with regard to the order of 
these characteristics. 

Such a theory enables us easily to avoid the contradictions 
of the Theory of Aggregates, but it has also the unfortunate 
consequence of invalidating an ordinary and important type 
of mathematical argument, the sort of argument by which 
we ultimately establish the existence of the upper bound of 
an aggregate, or the existence of the limit of a bounded 
monotonic sequence. It is usual to deduce these propositions 
from the principle of Dedekindian section, that if the real 
numbers are divided completely into an upper and a lower 
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class, there must be a dividing number which is either the 
least of the upper class or the greatest of the lower. This 
in turn is proved by regarding real numbers as sections of 
rationals ; sections of rationals are a particular kind of 
classes of rationals, and hence a statement about real numbers 
will be a statement about a kind of classes of rationals, that 
is about a kind of characteristics of rationals, and the 
characteristics in question will have to be limited to be of 
a certain order. 

Now suppose we have an aggregate E of real numbers ; 
that will be a class of characteristics of rationals. f , the upper 
bound of E, is defined as a section of rationals which is the 
sum of the members of E ; i.e. ^ is a section whose members 
are all those rationals which are members of any member 
of E, that is, all those rationals which have the characteristic 
of having any of the characteristics which give the members 
of E. So the upper bound ^ is a section whose defining 
characteristic is one of higher order than those of the members 
of E. Hence if all real numbers means all sections of rationals 
defined by characteristics of a certain order, the upper bound 
will, in general, be a section of rationals defined by a 
characteristic of higher order, and will not be a real number. 
This means that analysis as ordinarily understood is entirely 
grounded on a fallacious kind of argument, which when applied 
in other fields leads to self-contradictory results. 

This unfortunate consequence of the Theory of Types 
Whitehead and Russell tried to avoid by introducing the 
Axiom of Reducibility, which asserted that to any charac- 
teristic of higher order there was an equivalent characteristic 
of the lowest order — equivalent in the sense that everything 
that has the one has the other, so that they define the same 
class. The upper bound, which we saw was a class of rationals 
defined by a characteristic of higher order, would then also 
be defined by the equivalent characteristic of lower order. 
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and would be a real number. Unfortunately the axiom is 
certainly not self-evident, and there is no reason whatever 
to suppose it true. If it were true this would only be, so to 
speak, a happy accident, and it would not be a logical truth 
like the other primitive propositions. 

In the Second Edition of Principia Mathematica, of which 
the first volume was published last year, Mr Russell has shown 
how mathematical induction, for which the Axiom of Reduci- 
bility seemed also to be required, can be established without 
it, but he does not hold out any hope of similar success with 
the Theory of Real Numbers, for which the ingenious method 
used for the whole numbers is not available. The matter is 
thus left in a profoundly unsatisfactory condition. 

This was pointed out by Weyl, who published in 1918 a 
little book called Das Koniinuum, in which he rejected the 
Axiom of Reducibility and accepted the consequence that 
ordinary analysis was wrong. He showed, however, that 
various theorems, such as Cauchy’s General Principle of 
Convergence, could still be proved. 

Since then Weyl has changed his view and become a follower 
of Brouwer, the leader of what is called the intuitionist 
school, whose chief doctrine is the denial of the Law of 
Excluded Middle, that every proposition is either true or 
false. ^ This is denied apparently because it is thought 
impossible to know such a th.mQ a priori , and equally impossible 
to know it by experience, because if we do not know either 
that it is true or that it is false we cannot verify that it is 
either true or false. Brouwer would refuse to agree that 
either it was raining or it was not raining, unless he had 
looked to see. Although it is certainly difficult to give a 
philosophical explanation of our knowledge of the laws of 

* For instance, as the White Knight said : ' Everybody that hears 
me sing it — either it brings the tears into their eyes, or else — '. ' Or else 
what ? ' said Alice, for the Knight had made a sudden pause. ' Or 
else it doesn't, you know.' 
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logic, I cannot persuade myself that I do not know for certain 
that the Law of Excluded Middle is tnisD; of course, it cannot 
be proved, although Aristotle gave the following ingenious 
argument in its favour. If a proposition is neither true nor 
false, let us call it doubtful ; but then if the Law of Excluded 
Middle be false, it need not be either doubtful or not doubtful, 
so we shall have not merely three possibilities but four, that 
it is true, that it is false, that it is doubtful, and that it is 
neither true, false, nor doubtful. And so on ad infinitum. 

But if it be answered ‘ Why not? there is clearly nothing 
more to be said, and I do not see how any common basis can be 
found from which to discuss the matter. The cases in which 
Brouwer thinks the Law of Excluded Middle false are ones 
in which, as I should say, we could not tell whether the 
proposition was true or false ; for instance, is 2 rational 
or irrational ? W'e cannot tell, but Brouwer would say it was 

neither. We cannot find integers m, n so that — = 2*'^ ; 

n 

therefore it is not rational : and we cannot show that it is 
impossible to find such integers ; therefore it is not irrational. 
I cannot see that the matter is not settled by saying that it is 
either rational or irrational, but we can’t tell which. The 
denial of the Law of Excluded Middle renders illegitimate 
the argument called a dilemma, in which something is shown 
to foUow from one hypothesis and also from the contra- 
dictory of that hypothesis, and it is concluded that it is true 
unconditionally. Thus Brouwer is unable to justify much 
of ordinary mathematics, and his conclusions are even more 
sceptical than those of WeyTs first theory. 

Weyl’s second theory is very like Brouwer’s, but he seems 
to deny the Law of Excluded Middle for different reasons, 
and in a less general way. He does not appear to deny that 
any proposition is either true or false, but denies the derived 
law that either every number has a given property, or at least 
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one number does hot have it. He explains his denial first of 
all for real numbers^ in the following way. A real number 
is given by a sequence of integers, for instance as an infinite 
decimal ; this sequence we can conceive as generated either 
by a law or by successive acts of choice. If now we say there 
is a real number or sequence having a certain property, this 
can only mean that we have found a law giving one ; but 
if we say all sequences have a property, we mean that to have 
the property is part of the essence of a sequence, and therefore 
belongs to sequences arising not only by laws but from 
free acts of choice. Hence it is not true that either all sequences 
have the property or there is a sequence not having it. For 
the meaning of sequence is different in the two clauses. 
But I do not see why it should not be possible to use the word 
consistently. However this may be, nothing similar can be 
urged about the whole numbers which are not defined by 
sequences, and so another more fundamental reason is put 
forward for denying the Law of Excluded Middle. This is 
that general and existential propositions are not really 
propositions at all. If I say ‘ 2 is a prime number ’, that is 
a genuine judgment asserting a fact ; but if I say ‘ There is a 
prime number ’ or ' .“Ml numbers are prime ’, I am not expressing 
a judgment at all. If, Weyl says, knowledge is a treasure, 
the existential proposition is a paper attesting the existence 
of a treasure but not saying where it is. We can only say 
‘ There is a prime number ’ when we have previously said 
‘ This is a prime number ’ and forgotten or chosen to disregard 
which particular number it was. Hence it is never legitimate 
to say ‘ There is a so-and-so ’ unless we are in possession of a 
construction for actually finding one. In consequence, 
mathematics has to be very considerably altered ; for instance, 
it is impossible to have a function of a real variable with more 
than a finite number of discontinuities. The foundation on 
which this rests, namely the view that existential and general 
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propositions axe not genuine judgments, I shall come back to 
later. • 

But first I must gaj^ something of the system of Hilbert 
and his followers, which is designed to put an end to such 
scepticism once and for all. This is to be done by regarding 
higher mathematics as the manipulation of meaningless 
symbols according to fixed rules. We start with certain rows 
of symbols called axioms : from these we can derive others 
by substituting certain symbols called constants for others 
called variables, and by proceeding from the pair of formulae 
p, if p then q, to the formula q. 

Mathematics proper is thus regarded as a sort of game, 
played with meaningless marks on paper rather like noughts 
and crosses ; but besides this there will be another subject 
called metamathematics, which is not meaningless, but 
consists of real assertions about mathematics, telling us that 
this or that formula can or cannot be obtained from the 
axioms according to the rules of deduction. The most 
important theorem of metamathematics is that it is not 
possible to deduce a contradiction from the axioms, where by 
a contradiction is meant a formula with a certain kind of 
shape, which can be taken to be 0 9^: 0. This I understand 
Hilbert has proved, and has so removed the possibility of 
contradictions and scepticism based on them. 

Now, whatever else a mathematician is doing, he is certainly 
making marks on paper, and so this point of view consists of 
nothing but the truth ; but it is hard to suppose it the whole 
truth. There must be some reason for the choice of axioms, 
and some reason why the particular mark 0 0 is regarded 

with such abhorrence. This last point can, however, be 
explained by the fact that the axioms would allow anything 
whatever to be deducted from 0 0, so that if 0 0 could 

be proved, anything whatever could be proved, which would 
end the game for ever, which would be very boring for 
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posterity. Again, it jnay be asked whether it is reaUy possible 
to prove that the axioms do not lead to contradiction, since 
nothing can be proved unless some principles are taken for 
granted and assumed not to lead to contradiction. This 
objection is admitted, but it is contended that the principles 
used in the metamathematical proof that the axioms of 
mathematics do not lead to contradiction, are so obviously 
true that not even the sceptics can doubt them. For they all 
relate not to abstract or infinitely complex things, but to 
marks on paper, and though anyone may doubt whether a 
subclass of a certain sort of infinite series must have a first 
term, no one can doubt that if = occurs on a page, there is a 
place on the page where it occurs for the first time. 

But, granting all this, it must still be asked what use or 
merit there is in this game the mathematician plays, if it is 
really a game and not a form of knowledge ; and the only 
answer which is given is that some of the mathematician’s 
formulae have or can be given meaning, and that if these can 
be proved in the symbolic system their meanings will be true. 
For Hilbert shares Weyl’s opinion that general and existential 
propositions are meaningless, so that the only parts of 
mathematics which mean anything are particular assertions 
about finite integers, such as ‘ 47 is a prime ’ and conjunctions 
and disjunctions of a finite number of such assertions like 
‘ There is a prime between 50 and 100 ’, which can be regarded 
as meaning ‘ Either 51 is a prime or 52 is a prime, etc., up to, 
or 99 is a prime ’. But as all such propositions of simple arith- 
metic can be easily proved without using higher mathematics 
at all, this use for it cannot be of great importance. And it 
seems that although Hilbert's work provides a new and 
powerful method, which he has successfully applied to the 
Continuum problem, as a philosophy of mathematics it can 
hardly be regarded as adequate. 

We see then that these authorities, great as are the differences 
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between them, are agreed that mathematical analysis as 
ordinarily taught cannot be regarded lis a body of truth, 
but is either false or at best a meaningless game with marks 
on paper ; and this means, I think, that mathematicians in 
this country should give some attention to their opinions, 
and try to find some way of meeting the situation. 

Let us then consider what sort of a defence can be made for 
classical mathematics, and Russell’s philosophy of it. 

We must begin with what appears to be the crucial question, 
the meaning of general and existential propositions, about which 
Hilbert and Weyl take substantially the same view. Weyl 
says that an existential proposition is not a judgment, but an 
abstract of a judgment, and that a general proposition is a 
sort of cheque which can be cashed for a real judgment when 
an instance of it occurs. 

Hilbert, less metaphorically, says that they are ideal 
propositions, and fulfil the same function in logic as ideal 
elements in various branches of mathematics. He explains 
their origin in this sort of way ; a genuine finite proposition 
such as ‘ There is a prime between 50 and 100 ’, we write 
‘ There is a prime which is greater than 50 and less than 100 ’, 
which appears to contain a part, ‘51 is a prime, or 52 is a 
prime, etc., ad inf.,' and so be an infinite logical sum, which, 
like an infinite algebraic sum, is first of all meaningless, and 
can only be given a secondary meaning subject to certain 
conditions of convergence. But the introduction of these 
meaningless forms so simplifies the rules of inference that 
it is convenient to retain them, regarding them as ideals, for 
which a consistency theorem must be proved. 

In this view of the matter there seem to me to be several 
difficulties. First it is hard to see what use these ideals can 
be supposed to be ; for mathematics proper appears to be 
reduced to elementary arithmetic, not even algebra being 
admitted, for the essence of algebra is to make general 
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assertions. Now any statement of elementary arithmetic 
can be easily tested W proved without using higher mathe- 
matics, which if it be supposed to exist solely for the sake 
of simple arithmetic seems entirely pointless. Secondly, it is 
hard to see how the notion of an ideal can fail to presuppose 
the possibility of general knowledge. For the justification 
of ideals lies in the fact that all propositions not containing 
ideals which can be proved by means of them are true. And 
so Hilbert’s metamathematics, which is agreed to be genuine 
truth, is bound to consist of general propositions about all 
possible mathematical proofs, which, though each proof 
is a finite construct, may well be infinite in number. And 
if, as Weyl says, an existential proposition is a paper attesting 
the existence of a treasure of knowledge but not saying where 
it is, I cannot see how we explain the utility of such a paper, 
except by presupposing its recipient capable of the existential 
knowledge that there is a treasure somewhere. 

Moreover, even if Hilbert’s account could be accepted so 
long as we confine our attention to mathematics, I do not see 
how it could be made plausible with regard to knowledge 
in general. Thus, if I tell you ‘ I keep a dog ’, you appear 
to obtain knowledge of a fact ; trivial, but still knowledge. 
But ‘ I keep a dog ’ must be put into logical symbolism as 
‘ There is something which is a dog and kept by me ’ ; so 
tha^the knowledge is knowledge of an existential proposition, 
covering the possibly infinite remge of ‘ things ’. Now it might 
possibly be maintained that my knowledge that I keep a dog 
arose in the sort of way Hilbert describes by my splitting off 
incorrectly what appears to be part of a finite proposition, 
such as ‘ Rolf is a dog and kept by me ’, but your knowledge 
cannot possibly be explained in this way, because the existential 
proposition expresses all you ever have known, and probably 
all you ever will know about the matter. 

Lastly, even the apparently individual facts of simple 
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arithmetic seem to me to be really general. For what are 
these numbers, that they are about ? ^^ccording to Hilbert 
marks on paper constructed out of the marks 1 and +. 
But this account seems to me inadequate, because if I said 
‘ I have two dogs that would also tell you something ; you 
would understand the word ‘ two ’, and the whole sentence 
could be rendered something like ‘ There are x and y, which 
are my dogs and are not identical with one another This 
statement appears to involve the idea of existence, and not 
to be about marks on paper ; so that I do not see that it can 
be seriously held that a cardinal number which answers the 
question ' How many ? ’ is merely a mark on paper. If then we 
take one of these individual arithmetical facts, such as 
2 + 2 = 4, this seems to me to mean ‘ If the p’s are two in 
number, and the q's also, and nothing is both a p and a q, 
then the number of things which are either p's or q’s is four.’ 
For this is the meaning in which we must take 2 + 2 = 4 in 
order to use it, as we do, to infer from I have two dogs and two 
cats to I have four pets. This apparently individual fact, 
2 + 2 = 4, then contains several elements of generality and 
existentiality, firstly because the p’s and q's are absolutely 
general characteristics, and secondly because the parts of the 
proposition, such as ‘ if the p’s are two in number involve 
as we have seen the idea of existence. 

It is possible that the whole assertion that general and 
existential propositions cannot express genuine judgments 
or knowledge is pWrely verbal ; that it is merely being decided 
to emphasize the difference between individual and general 
propositions by refusing to use the words judgment and 
knowledge in connection with the latter. This, however, 
would be a pity, for all our natural associations to the words 
judgment and knowledge fit general and existential proposi- 
tions as well as they do individual ones ; for in either case 
we can feel greater or lesser degrees of conviction about the 
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matter, and in either case we can be in some sense right or 
wrong. And the suggestion which is implied, that general 
and existential knowledge exists simply for the sake of 
individual knowledge, seems to me entirely false. In theorizing 
what we principally admire is generality, and in ordinary life 
it may be quite sufficient to know the existential proposition 
that there is a bull somewhere in a certain field, and there may 
be no further advantage in knowing that it is this bull and 
here in the field, instead of merely a bull somewhere. 

How then are we to explain general and existential pro- 
positions ? I do not think we can do better than accept the 
view which has been put forward by Wittgenstein as a 
consequence of his theory of propositions in general. He 
explains them by reference to what may be called atomic 
propositions, which assert the simplest possible sort of fact, 
and could be expressed without using even implicitly any 
logical terms such as or, if, all, some. ' This is red ’ is perhaps 
an instance of an atomic proposition. Suppose now we have, 
say, n atomic propositions ; with regard to their truth or 
falsity, there are 2" mutually exclusive ultimate possibilities. 
Let us call these the truth-possibilities of the n atomic 
propositions ; then we can take any sub-set of these truth- 
possibilities and assert that it is a possibility out of this sub- 
set which is, in fact, realized. We can choose this sub-set of 
possibilities in which we assert the truth to lie in 2®“ ways ; 
and these will be all the propositions we can build up out of 
these n atomic propositions. Thus to take a {Smple instance, 
‘ If then q ' expresses agreement with the three possibilities, 
that both p and q are true, that p is false and q true, and 
that p is false and q false, and denies the remaining possibility 
that p is true and q false. 

We can easily see that from this point of view there is a 
redundancy in all ordinary logical notations, because we can 
write in many different ways what is essentially the same 
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proposition, expressing agreement and disagreement with the 
same sets of possibilities. ^ 

Mr Wittgenstein holds that all propositions express agree- 
ment and disagreement with truth-possibilities of atomic 
propositions, or, as we say, are truth-functions of atomic 
propositions ; although often the atomic propositions in 
question are not enumerated, but determined as all values of 
a certain propositional function. Thus the propositional 
function ‘ x is red ’ determines a collection of propositions 
which are its Vcdues, and we can assert that all or at least one 
of these values are true by saying ‘ For all x, x is red ’ and 
‘ There is an x such that x is red ’ respectively. That is to 
say, if we could enumerate the values of a; as a, 6 ... z, ‘ For 
all X, X is red ’ would be equivalent to the proposition ' a is 
red and h is red and . . . and z is red ’. It is clear, of course, 
that the state of mind of a man using the one expression 
differs in several respects from that of a man using the 
other, but what might be cailled the logical meaning of 
the statement, the fact which is asserted to be, is the 
same in the two cases. 

It is impossible to discuss now all the arguments which might 
be used against this view, but something must be said about 
the argument of Hilbert, that if the variable has an infinite 
number of values, if, that is to say, there are an infinite number 
of things in the world of the logical type in question, we have 
here an infinite logical sum or product which, like an infinite 
algebraic sum or product, is initiaUy meaningless and can only 
be given a meaning in an indirect way. This seems to me to 
rest on a false analogy ; the logical sum of a set of propositions 
is the proposition that one of the set at least is true, and it 
doesn’t appear to matter whether the set is finite or infinite. 
It is not like an algebraic sum to which finitude is essential, 
since this is extended step by step from the sum of two terms. 
To say that anything possibly involving an infinity of any 
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Jcind must be meaningless is to declare in advance that any 
real theory of aggregates is impossible. 

Apart from providing a simple account of existential and 
general propositions, Wittgenstein’s theory settles another 
question of the first importance by explaining precisely the 
peculiar nature of logical propositions. When Mr RusseU 
first said that mathematics could be reduced to logic, his view 
of logic was that it consisted of all true absolutely general 
propositions, propositions, that is, which contained no material 
(as opposed to logical) constants. Later he abandoned this 
view, because it was clear that some further characteristic 
besides generality was required. For it would be possible 
to describe the whole world without mentioning any particular 
thing, and clearly something may by chance be true of 
anything whatever without having the character of necessity 
which belongs to the truths of logic. 

If, then, we are to understand what logic, and so on Mr 
Russell’s view mathematics is, we must try to define this 
further characteristic which may be vaguely called necessity, 
or from another point of view tautology. For instance, ' p 
is either true or false ’ may be regarded either as necessary 
truth or as a mere tautology. This problem is incidentally 
solved by Wittgenstein’s theory of propositions. Propositions, 
we said, expressed agreement and disagreement with the 
truth-possibilities of atomic propositions. Given n atomic 
propositions, there are 2" truth-possibilities, and we can 
agree with any set of these and disagree with the remainder. 
There will then be two extreme cases, one in which we agree 
with all the possibilities, and disagree with none, the other 
in which we agree with none and disagree with all. The former 
is called a tautology, the latter a contradiction. 

The simplest tautology is ‘ /> or not p ’ : such a statement 
adds nothing to our knowledge, and does not really assert a 
fact at all ; it is, as it were, not a real proposition, but a 
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degenerate case. And it will be found that all propositions 
of logic are in this sense tautologies ; and this is their 
distinguishing characteristic. All the primitive propositions in 
Principia Matkemaiica are tautologies except the Axiom of 
Reducibility, £ind the rules of deduction are such that from 
tautologies only tautologies can be deduced, so that were it 
not for the one blemish, the whole structure would consist of 
tautologies. We thus are brought back to the old difficulty, 
but it is possible to hope that this too can be removed by 
some modification of the Theory of Types which may result 
from Wittgenstein’s analysis. 

A Theory of Types must enable us to avoid the contradic- 
tions ; Whitehead and Russell’s theory consisted of two 
distinct parts, united only by being both deduced from the 
rather vague ‘ Vicious-Circle Principle ’. The first part 
distinguished propositional functions according to their 
arguments, i.e. classes according to their members ; the second 
part created the need for the Axiom of Reducibility by 
requiring further distinctions between orders of functions 
with the same type of arguments. 

We can easily divide the contradictions according to which 
part of the theory is required for their solution, and when we 
have done this we find that these two sets of contradictions 
are distinguished in another way also. The ones solved by the 
first part of the theory are all purely logical ; they involve 
no ideas but those of class, relation and number, could be 
stated in logical symbolism, and occur in the actual develop- 
ment of mathematics when it is pursued in the right direction. 
Such are the- contradiction of the greatest ordinal, and that of 
the class of classes which are not members of themselves. 
With regard to these Mr Russell’s solution seems inevitable. 

On the other hand, the second set of contradictions are none 
of them purely logical or mathematical, but all involve some 
psychological term, such as meaning, defining, naming or 
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asserting. They occur not in mathematics, but in thinking 
about mathematics ; L that it is possible that they arise not 
from faulty logic or mathematics, but from ambiguity in the 
psychological or epistemological notions of meaning and 
asserting. Indeed, it seems that this must be the case, because 
examination soon convinces one that the psychological term 
is in every case essential to the contradiction, which could not 
be constructed without introducing the relation of words to 
their meaning or some equivalent. 

If now we try to apply to the question Wittgenstein’s theory 
of generality, we can, I think, fairly easily construct a solution 
along these lines. To explain this adequately would require 
a paper to itself, but it may be possible to give some idea of it 
in a few words. On Wittgenstein’s theory a general proposition 
is equivalent to a conjunction of its instances, so that the kind 
of fact asserted by a general proposition is not essentially 
different from that asserted by a conjunction of atomic 
propositions. But the symbol for a general proposition 
means its meaning in a different way from that in which the 
symbol for an elementary proposition means it, because the 
latter contains names for all the things it is about, whereas 
the general proposition’s symbol contains only a variable 
standing for all its values at once. So that though the two 
kinds of symbol could mean the same thing, the senses of 
meaning in which they mean it must be different. Hence the 
orders of propositions will be characteristics not of what is 
meant, which is alone relevant in mathematics, but of the 
S5mibols used to mean it. 

First-order propositions will be rather like spoken words ; 
the same word can be both spoken and written, and the same 
proposition can theoretically be expressed in different orders. 
Applying this mutatis mutandis to propositional functions, 
we find that the typical distinctions between functions with the 
same arguments apply not to what is meant, but to the relation 
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of meaning between symbol and object signified. Hence 
they can be neglected in mathematics, and the solution of the 
contradictions can be preserved in a slightly modified form, 
because the contradictions here relevant all have to do with 
the relation of meaning. 

In this way I think it is possible to escape the difficulty 
of the Axiom of Reducibility, and remove various other 
more philosophical objections, which have been made by 
Wittgenstein, thus rehabilitating the general account of 
the Foundations of Mathematics given by Whitehead and 
Russell. But there still remains an important point in which 
the resulting theory must be regarded as unsatisfactory, and 
that is in connection with the Axiom of Infinity. 

According to the authors of Principia Mathematica there is 
no way of proving that there are an infinite number of things 
in any logical type ; and if there are not an infinite number 
in any type, the whole theory of infinite aggregates, sequences, 
differential calculus and analysis in general breaks down. 
According to their theory of number, if there were only ten 
individuals, in the sense of number appropriate to individuals 
all numbers greater than ten would be identical with the null- 
class and so with one another. Of course there would be 
classes of individuals, and so the next type of numbers 
would be all right up to 2^®, and so by taking a high enough 
type any finite number can be reached. 

But it will be impossible in this way to reach Nq. 
There are various natural suggestions for getting out of this 
difficulty, but they all seem to lead to reconstituting the 
contradiction of the greatest ordinal. 

It would appear then impossible to put forward analysis 
except as a consequence of the Axiom of Infinity ; nor do I 
see that this would in general be objectionable, because there 
would be little point in proving propositions about infinite 
series unless such things existed. And on the other hand 
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the mathematics of a world with a given finite number of 
members is of little ilheoretical interest, as all its problems 
can be solved by a mechanical procedure. 

But a difficulty seems to me to arise in connection with 
elementary propositions in the theory of numbers which can 
only be proved by transcendental methods, such as Dirichlet’s 
evaluation of the class number of quadratic forms. Let us 
consider such a result of the form ‘ Every number has the 
property p proved by transcendental methods only for 
the case of an infinite world ; besides this, if we knew the 
world only contained say, 1,000,000 things, we could prove 
it by testing the numbers up to 1,000,000. But suppose 
the world is finite and yet we do not know any upper 
limit to its size, then we are without any method of 
proving it at all. 

It might be thought that we could escape this conclusion 
by saying that although no infinite aggregate may exist, 
the notion of an infinite aggregate is not self-contradictory, 
and therefore permissible in mathematics. But I think 
this suggestion is no use, for three reasons : firstly, it appears 
as a result of some rather difficult, but I think conclusive, 
reasoning by Wittgenstein that, if we accept his theory 
of general and existential propositions (and it was only 
so that we could get rid of the Axiom of Reducibility), it will 
follow that if no infinite aggregate existed the notion of such 
an aggregate would be self-contradictory ; secondly, however 
that may be, it is generally accepted that the only way of 
demonstrating that postulates are compatible, is by an 
existence theorem showing that there actually is and not 
merely might be a system of the kind postulated ; thirdly, 
even if it were granted that the notion of an infinite aggregate 
were not self-contradictory, we should have to make large 
alterations in our system of logic in order to validate proofs 
depending on constructions in terms of things which might 



8q mathematical LOGIC 

exist but don’t. The system of Principia would be quite 
inadequate. ^ 

What then can be done ? We can try to alter the proofs of 
such propositions, and it might therefore be interesting to 
try to develop a new mathematics without the Axiom of 
Infinity ; the methods to be adopted might resemble those of 
Brouwer and Weyl. These authorities, however, seem to me 
to be sceptical about the wrong things in rejecting not the 
Axiom of Infinity, but the clearly tautologous Law of Excluded 
Middle. But I do not feel at all confident that anything could 
be achieved on these lines which would replace the transcen- 
dental arguments at present employed. 

Another possibility is that Hilbert’s general method should 
be adopted, and that we should use his proof that no contra- 
diction can be deduced from the axioms of mathematics 
including an equivalent of the Axiom of Infinity. We can then 
argue thus : whether a given number has or has not the 
property p can always be found out by calculation. This will 
give us a formal proof of the result for this particular number, 
which cannot contradict the general result proved from the 
Axiom of Infinity which must therefore be valid. 

But this argument will still be incomplete, for it will only 
apply to numbers which can be symbolized in our system. 
And if we are denying the Axiom of Infinity, there will be an 
upper limit to the number of marks which can be made 
on paper, since space and time will be finite, both in extension 
and divisibility, so that some numbers will be too large to be 
written down, and to them the proof will not apply. And these 
numbers being finite will be existent in a sufficiently high 
type, and Hilbert’s theory will not help us to prove that they 
have the property p. 

Another serious difficulty about the Axiom of Infinity is 
that, if it is false, it is difficult to see how mathematical analysis 
can be used in physics, which seems to require its mathematics 
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to be true and not merely to follow from a possibly false 
hypothesis. But to discuss this adequately would take us 
too far. 

As to how to carry the matter further, I have no suggestion 
to make ; all I hope is to have made it clear that the subject 
is very difficult, and that the leading authorities are very 
sceptical as to whether pure mathematics as ordinarily taught 
can be logically justified, for Brouwer and Weyl say that it 
cannot, and Hilbert proposes only to justify it as a game with 
meaningless marks on paper. On the other hand, although 
my attempted reconstruction of the view of Whitehead and 
Russell overcomes, I think, many of the difficulties, it is 
impossible to regard it as altogether satisfactory. 
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ON A PROBLEM OF FORMAL LOGIC (1928) 

This paper is primarily concerned with a special case of 
one of the leading problems of mathematical logic, the problem 
of finding a regular procedure to determine the truth or falsity 
of any given logical formula.^ But in the course of this 
investigation it is necessary to use certain theorems on 
combinations which have an independent interest and are 
most conveniently set out by themselves beforehand. 

I 

The theorems which we actually require concern finite 
classes only, but we shall begin with a similar theorem about 
infinite classes which is easier to prove and gives a simple 
example of the method of argument. 

Theorem A. Let F be an infinite class, and n and r positive 
integers ; and let all those sub-classes of F which have exactly 
r members, or, as we may say, let all r -combinations of the members 
of F he divided in any manner into fj. mutually exclusive classes 
Ct {i = 1 , 2, ..., jjl), so that every r-combination is a member 
of one and only one C , ; then, assuming the Axiom of Selections, 
F must contain an infinite sub-class A such that all the r-com- 
hinations of the members of A belong to the same C,. 

Consider first the case fi — 2. (If /x = 1 there is nothing 
to prove.) The theorem is trivial when r is 1, and we prove 
it for all values of r by induction. Let us assume it, therefore, 
when r = p — 1 and deduce it for r — p, there being, since 
p = 2, only two classes C<, namely and Cj. 

* Called in German the Entscheidungsproblem ; see Hilbert und 
Ackermann, Grundztige der Theorehschen Logik, pp. 72-81. 

82 
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It may happen that F contains a member and an infinite 
sub-class r^, not including x^, such that the p-combinalions 
consisting of x^ together with any p — 1 members of F 
all belong to Cj. If so, F^ may similarly contain a member x^ 
and an infinite sub-class F^, not including x^, such that eill 
the p-combinations consisting of x^ together with p — 1 
members of F 2 , belong to C^. And, again, F^ may contain 
an x^ and a F^ with similar properties, and so on indefinitely. 
We thus have two possibilities : either we can select in this 
way two infinite sequences of members of F {x-^, x^, . . x„, 

. . .), and of infinite sub-classes of F {F^, F^, ■ ■ ■, F„, . . .), 
in which x„ is always a member of r„.i, and F„ a sub-class 
of Fn^i not including x„, such that all the p-combinations 
consisting of x„ together with p — 1 members of F„, belong 
to Cl : or else the process of selection will fail at a certain 
stage, say the «-th, because F„.i (or if « = 1, F itself) 
will contain no member x„ and infinite sub-class F„ not 
including x„ such that all the p-combinations consisting of 
x„ together with p - 1 members of r„ belong to Cj. Let us 
take these possibilities in turn. 

If the process goes on for ever let J be the class {x^, x^, 
. . x„, . . .). Then all these x’s are distinct, since if r > s, 

s:, is a member oi Fr-i and so of TV- 2 , Fr- 3 , . . ., and ultimately 
of Fs which does not contain x,. Hence A is infinite. Also all 
p-combinations of members of J belong to Cj ; for if x, 
is the term of such a combination with least suffix s, the 
other p — 1 terms of the combination belong to F^, and so 
form with Xs a p-combination belonging to C^. F therefore 
contains an infinite sub-class A of the required kind. 

Suppose, on the other hand, that the process of selecting 
the x’s and F’s fails at the «-th stage, and lety^ be any member 
of F„-i. Then the (p — l)-combinations of members of 
F„. j — (yj) can be divided into two mutually exclusive 
classes C'^ and C'j according as the p-combinations formed 
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by adding to themyi belong to Cj or Cj, and by our theorem 
(A), which we are assuming true when r — p — 1 (and p, — 2), 
Fn-i— (yi) must contain an infinite sub-class such that 
all (p — l)-combinations of the members of belong to 
the same C',- ; i.e. such that the p-combinations formed by 
joining to p — 1 members of Ai all belong to the same C,-. 
Moreover, this Cj cannot be Cj, ory^ and Ai could be taken 
to be Xn and Fn, and our previous process of selection would 
not have failed at the «-th stage. Consequently the p-com- 
binations formed by joining y^ to p — 1 members of A i all 
belong to Cj. Consider now A^ and let y^ be any of its 
members. By repeating the preceding argument A-^ — (y^) 
must contain an infinite sub-class A ^ such that all the p-com- 
binations got by joining to p — 1 members oi A 2 belong 
to the same C,. And, again, this' C, cannot be C^, or, since 
ya is a member and A 2 a. sub-class of and so of F„.i which 
includes A^, yj and A 2 could have been chosen as x„ and 
F„ and the process of selecting these would not have failed 
at the «-th stage. Now let yj be any member of ; then 
^ 2 — (ya) must contain an infinite sub-class A 3 such that all 
p-combinations consisting of ya together with p — 1 members 
of A 3, belong to the same C„ which, as before, cannot be 
Cl and must be Cj. And by continuing in this way we shall 
evidently find two infinite sequences yi, ya, . . ., y„, . . . and 
Aj^, A2, ■ . A„, . . . consisting respectively of members and 

sub-classes of F, and such that y„ is always a member of 
J»-i, A„ a sub-class of A„_i not including y„, and all the 
p-combinations formed by joining y„ to p — 1 members of 
A„ belong to Ca ; and if we denote by A the class (yj, ya, . . ., 
y„, . . .) we have, by a previous argument, that all p-combina- 
tions of members of A belong to Cj. 

Hence, in either case, F contains an infinite sub-class A of 
the required kind, and Theorem A is proved for all values of r, 
provided that p = 2. For higher values of p we prove it by 
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induction ; supposing it already established for /u = 2 and 
^ = V — 1, we deduce it for ft = v. 

The y-combinations of members of F are then divided into 
V classes C; (t = 1 , 2, . . v). We define new classes C',- 
for i — 1,2, . . p — 1 by 


C'. = C.(i = 1.2 ,--2), 


= C,^_i + Cy. 


Then by the theorem for ft = p — 1, F must contain an 
infinite sub-class A such that all r-combinations of the members 
of A belong to the same C',-. If, in this C'„ i < v — 2, they 
all belong to the same C„ which is the result to be proved ; 
otherwise they all belong to i.e. either to C^_i or to 

C„. In this case, by the theorem for ft = 2, A must contain 
an infinite sub-class A ' such that the r-combinations of members 
of A' either all belong to or all belong to C „ ; and our 
theorem is thus established. 

Coming now to finite classes it will save trouble to make 
some conventions as to notation. Small letters other than 
X and y, whether Italic or Greek (e.g. n, r, ft, m), will always 
denote finite cardinals, positive unless otherwise stated. Large 
Greek letters (e.g. F, A) will denote classes, and their suffixes 
will indicate the number of their members (e.g. r„ is a class 
with m members). The letters x and y will represent members 
of the classes F, A, etc., and their suffixes will be used merely 
to distinguish them. Lastly, the letter C will stand, as before, 
for classes of combinations, and its suffixes will not refer to the 
number of members, but serve merely to distinguish the 
different classes of combinations considered. 


Corresponding to Theorem A we then have 

Theorem B. Given any r, n, and ft we can find an such 
that, if m 'p> and the r-combinations of any Fm are divided 
in any manner into ft mutually exclusive classes Cj (t = 1. 2 
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. . . (i), then Fm must contain a sub-class such that all the 
r-combinations of members of belong to the same C,-. 

This is the theorem which we require in our logical investiga- 
tions, and we should at the same time like to have information 
as to how large m^ must be taken for any given r, n, and /*. 
This problem I do not know how to solve, and I have little 
doubt that the values for m^ obtained below are far larger 
than is necessary. 

To prove the theorem we begin, as in Theorem A, by 
supposing that p = 2. We then take, not Theorem B itself, 
but the equivalent 

Theorem C. Given any r, n, and k such that n k 
there is an such that, if m ^ m^ and the r-combinations of 
Fm ure divided into two mutually exclusive classes and 
C 2 , then F„ must contain two mutually exclusive sub-classes 
An and Ak such that all the combinations formed by r members 
of An -)- Ak which include at least one member from A„ belong 
to the same C,'. 

That this is equivalent to Theorem B with p = 2 is evident 
from the fact that, for any given r, Theorem C, for n and k, 
asserts more than Theorem B for n, but less than Theorem B 
for n k. 

The proof of Theorem C must be performed by mathematical 
induction, and can conveniently be set out as a demonstration 
that it is possible to define by recursion a function f[r, n, k) 
which will serve as in the theorem. 

If r = 1, the theorem is evidently true with W(, equal to the 
greater of 2« — 1 and « -(- A, so that we may define 

/(I, n, k) = max (2m — \,n-\-k)[n > 1, A >0). 

For other values of r we define /(r, n, k) by recursion formulae 
involving an auxiliary function g{r, n, k). Suppose that 
f{r—l, n, k) has been defined for a certain r—1, and all 
M, k such that M -|- A > r — 1, then we define it for r by putting 
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J{r,l,k)==f{r~l.k~r+2.r-2) + l {k-\-\>r), 

g{r, 0. k) = max (r — 1, k). 

g(r, n, k) =/{r. \,g{r,n — l, k)} (n > 1), 

f{r.n, k) =f{r,n — l,g{r,n,k)} (« > 1). 

These formulae can be easily seen to define f(r, n, k) for all 
positive values of r, n and k satisfying » + A > r, and 
g{r, n, k) for all values of r greater than 1, and all positive 
values of n and k ; and we shall prove that Theorem C is 
true when we take to be this f{r, n, k) . We know that this 
is so when r = 1 , and we shall therefore assume it for all 
values up to r — 1 and deduce it for r. 

When n = 1, and m m(, = f{r — 1, k — r 2,r — 2) -f- 1, 
we may take any member x of to be sole member of 
and there remain at least f{r —\,k — r-]-2,r~2) members 
of Fm — (x) : the (r — l)-combinations of these members 
of F„ — (x) can be divided into classes C'j and C'^ according 
as they belong to or Cj when x is added to them, and, by 
our theorem for r — 1 , F^— (x) must contain two mutually 
exclusive classes ^k-r+ 2 , -dr -2 such that every combination 
of r — l terms from Ak-r+ 2 '^ A - 2 (since one of its terms 
must come from Ak-r+ 2 ' ■Ar -2 having only r — 2 members) 
belongs to the same C',. Taking Ak to be this Ak-r +2 + A,- 2 
all combinations consisting of x, together with r — 1 members 
of Ak, belong to the same C,. The theorem is therefore true 
for r when n — 1. 

For other values of n we prove it by induction, assuming 
it for « — 1 and deducing it for n. Taking 

w > Wo = /(r, n,k) =f{r,n — 1.g {r. n,k)}, 

F„ must, by the theorem for « — 1, contain a An-i and a 
A^r^n k) such that every combination of r members of 
An-l + Ag^r_nk), at least one term of which comes from 
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J»_j, belongs to the same C,-, say to Cj. If, now, 
contains a member x and a sub-class /I* not including x, 
such that every combination of x and r — 1 members of 
belongs to Cj, then, taking to be A „- 1 -f- (x) and An to 
be this A/i, our theorem is true. If not, there can be no member 
of „ ft) which has a sub-class of A members of Ag^,^„^k) 
connected with it in this way. But since 

g(r, n, k) =/{»-, 1, g(r,n~l, A)}, 

Ag(r^n Uj must contain a member Xj and a sub-class Ag(r „-i k), 
not including x^, such that x^ combined with any r — 1 
members of Ag(, n-i^ji) gives a combination belonging to the 
same C„ which cannot be C^, or x^ and any k members of 

ft) could have heen taken as the x and /I* above. 
Hence the combinations formed by x^ together with any 
f — 1 members of Ag(, n- 1 ,*) all belong to C^. But now 

g(r.n — l. k) =/(r, l,g(r, n — 2, A)}, 

and /lj(, „_i ft) must contain an x^ and a Agf ,_„.2 it), 
not including X 2 , such that the combinations formed by 
Xg and r — 1 members of Agfr^n-i^k) all belong to the same 
Ci, which must, as before, be Cg, since Xg and Ag^rn-gk) 
are both contained in Ag^r^n,k) and g{r, n—2, A) > A. 
Continuing in this way we can find n distinct terms x-^, Xg, 
. . ., x„ and a Ag^r^g k) such that every combination of r 
terms from (x^, Xg, . . ., x„) + Ag^r^o.k) belongs to Cg, 
provided that at least one term of the combination comes from 
[Xg, Xg, . . ., *„). Since g{r, 0, k)'> k this proves our theorem, 
taking A„ to be {xg, Xg , . . ., *„) and Ak to be any k terms of 
■^r(r 0, *)• 

Theorem C is therefore established for all values of r, n, 
and k, with nig equal to /(r, n, k). It follows that, if = 2, 
Theorem B is true for all values of rand n with trig equal to 
/ (r, » — r -f- 1, r — 1), which we shall also call h{r, n, 2). 
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For other values of /x we prove Theorem B by induction, 
taking to be h{r, n, /j,), where 

h(r, n, 2) =/(r. n — r+l,r—l), 

h{r, n,(i) = h {r, h(r, n, (t — 1 ), 2 } (jjl > 2 ). 

For, assuming the theorem for ft — 1, we prove it for fi by 
defining new classes of combinations 

O 1 — Oj, 

/» 

C\^ZCi. 

t=2 

If then m ^ h(r, n, /x) = h{r, h{f, n, /i — 1), 2}, by the 
theorem for /x = 2, /',» must contain a rh{r,n,iL-D 
combinations of whose members belong either all to C\ or all 
to C'j. In the first case there is no more to prove ; in the 
second we have only to apply the theorem for — 1 to 

T*(r, 

In the simplest case in which r = fj, = 2 the above reasoning 
gives Wj equal to A (2, n, 2), which is easily shown to be 
2 n(»-i )/2 fQj- case there is a simple argument 

which gives the much lower value mg = n\, and shows that 
our value k{r, n, jx) is altogether excessive. 

For, taking Theorem C first, we can prove by induction 
with regard to n that, for r = 2, we may take mg to be 
k . [n 1)\. {k is here supposed greater than Or equal to 1). 
For this is true when n = 1, since, if w > 2k, of the w — 1 
pairs obtained by combining any given member of r„ with 
the others, at least k must belong to the same C<. Assuming 
it, then, for « — 1, let us prove it for n. 

If w > A . (« + 1) ! = k{n +!).«!, Fm must, by the 
theorem for » — 1 , contain two mutually exclusive sub- 
classes Zl„-i and Ak(n+i) s'lch that all pairs from 
Ai,[n+i), at least one term of which comes from An-i, belong 
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to the same C<, say C^. Now consider the members of 
/!*(„+ 1 ) ; in the first place, there may be one of these, x say, 
which is such that there are k other members of /l*(n+i) 
which combined with x give pairs belonging to C^. If so, 
the theorem is true, taking An to be A„.i+ (a;) ; if not, 
let Xi be any member of Ak^n+iy Then there are at most 
^ — 1 other members of /!*(«+ d which combined with x^ 
give pairs belonging to C^, and must contain 

a Akn any member of which gives when combined with x^ 
a pair belonging to Cj. Let x^ be any member of Akn, then, 
since x^ and Akn are both contained in /!*(„+ d, there are at 
most k — 1 other members of Ak„ which when combined 
with Xj give pairs belonging to C^. Hence Akn — (x^) contains 
a /!*(„- 1 ) any member of which combined with gives a 
pair belonging to Cj. Continuing in this way we obtain x^, 

X 2 x„ and Ak, such that every pair x„ Xj and every 

pair consisting of an a;, and a member of Ak belongs to Cj. 
Theorem C is therefore proved. 

Theorem B for n then follows, with the of Theorem C for 
n — 1 and 1, i.e. with equal to « ! ^ ; and it is an easy 
extension to show that, if in Theorem B r = 2 but /x 2, 
we can take Wj, to be » ! ! !. . . ., where the process of taking 
the factorial is performed /x — 1 times. 


II 

We shall be concerned with logical formulae containing 
variable propositional functions, i.e. predicates or relations, 
which we shall denote by Greek letters (j), x, 'A. These 

* But this value is, I think, still much too high. It can easily be 
lowered slightly even when following the line of argument above, 
by using the faet that if k is even it is impossible for every member of 
an odd class to have exactly ft — 1 others with which it forms a pair of 
Cl, for then twice the number of these pairs would be odd ; we can 
thus start when ft is even with a instead of a Ak^n+l)• 
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functions have as arguments individuals denoted by x, y, z, 
etc., and we' shall deal with functions with any finite number 
of arguments, i.e. of any of the forms 

x(x.y). <P(x.y. z),... 

In addition to these variable functions we shall have the one 
constant function of identity 

x=y or =(x,y). 

By operating on the values o{ y, ijt, . . and = with the 
logical operations 

~ meaning not, 

V „ or, 

and, 

(x) „ for all X, 

g;r) „ there is an x for which, 

we can construct expressions such as 

[{x,y){<f>{x,y) V X = y}] V {(32) xW) 

in which all the individual variables are made ' apparent ’ 
by prefixes {x) or (3X), and the only real variables left are the 
functions 4>, X’ • Such an expression we shall call a first 
order formula. 

If such a formula is true for all interpretations ^ of the 
functional vmiables y, i/t, etc., we shall call it valid, and if 
it is true for no interpretations of these variables we shall 
call it inconsistent. If it is true for some interpretations 
(whether or not for all) we shall call it consistent.^ 

* To avoid confusion we call a constant function substituted for a 
variable not a value but an interpretation of ^ ; the values of p[x, y, z) 
are got by substituting constant individuals for x, y, and z. 

’ German erfUllbar. 
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The Entscheidungsproblem is to find a procedure for deter- 
mining whether any given formula is valid, or, alternatively, 
whether any given formula is consistent ; for these two 
problems are equivalent, since the necessary and sufficient 
condition for a formula to be consistent is that its contra- 
dictory should not be valid. We shall find it more convenient 
to take the problem in this second form as an investigation of 
consistency. The consistency of a formula may, of course, 
depend on the number of individuals in the universe considered, 
and we shall have to distinguish between formulae which are 
consistent in every universe and those which are only consistent 
in universes with some particular numbers of members. 
Whenever the universe is infinite we shall have to assume 
the Axiom of Selections. 

The problem has been solved by Behmann ^ for formulae 
involving only functions of one variable, and by Bemays 
and Schonfinkel * for formulae involving only two individual 
apparent variables. It is solved below for the further case 
in which, when the formula is written in ‘ normal form ’, 
there are any number of prefixes of generality {x) but none of 
existence (3X).* By ‘ normal form ’ * is here meant that all 
the prefixes stand at the beginning, with no negatives between 
or in front of them, and have scopes extending to the end 
of the formula. 

The formulae to be considered are thus of the form 
(xi. Xj, . . ., x„) F{(f>, x> ■ •> => Xj, Xj, . . ., x„), 
where the matrix F is a truth-function of values of the 

' H. Behmann, " Beitrage zur Algebra der Logik, insbesondere zum 
Entscheidungsproblem,” Math. Annalm, 86 (1922), pp 163-229. 

* P. Bernays und M. Schonfinkel, “ Zum Entscheidungsproblem 
der mathematischen Logik,” Math. Annalen, 99 (1928), pp. 342-372. 
These authors do not, however, include identity in the formulae they 
consider. 

* Later we extend our solution to the case in which there are also 
prefixes of existence provided that these all precede all the prefixes 
of generality. 

* Hilbert und Ackermann, op. cit., 63-64. 
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functions (f>, x> ^ etc., and = for arguments drawn from 

Xji, . . x„. 

This type of formula is interesting as being the general 
type of an axiom system consisting entirely of ' general laws 
The axioms for order, betweenness, and cyclic order are all 
of this nature, and we are thus attempting a general theory 
of the consistency of axiom systems of a common, if very 
simple, type. 

If identity does not occur in F the problem is trivial, since 
in this case whether the formula is consistent or not can be 
shown to be independent of the number of individuals in the 
universe, and we have only the easy task of testing it for a 
universe with one member only.^ 

But when we introduce identity the question becomes 
much more difficult, for although it is still obvious that if 
the formula is consistent a in universe U it must be consistent 
in any universe with fewer members than U, yet it may easily 
be consistent in the smaller universe but not in the larger. 
For instance, 

(*1- *2) [*i = *2 V {<^(*1) • ~ ^^(^2)}] 

is consistent in a universe with only one member but not in 
any other. 

We begin our investigation by expressing F in a special 
form. F is a truth-function of the values oi <f>, x- 
and = for arguments drawn from Xj, x^, . . ., x„. If ^ is a 
fimction of r variables there will be m' ^ values of which 
can occur in F, and F will be a truth-function of Sn' values 
oi (f>, X, <f>, • • and =, which we shall call atomic propositions. 

* C. H. Langford, " Analytic completeness of postulate sets”, Proc. 
London Math. Soc. (2), 25 (1926), j)p. 115-116. 

* Bernays und Schonfinkel, op. cit , p. 359. We disregard altogether 
universes with no members 

* Here and elsewhere numbers are given not because they are relevant 
to the argument, but to enable the reader to check that he has in mind 
the same class of entities as the author. 
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With regard to these Sn' atomic propositions there are 
2 ^n' possibilities of truth and falsity which we shall call 
alternatives, each alternative being a conjxmction of En' 
propositions which are either atomic propositions or their 
contradictions. In constructing the alternatives all the 
En' atomic propositions are to be used whether or not they 
occur in F. F can then be expressed as a disjunction of some 
of these alternatives, namely those with which it is compatible. 
It is weU known that such an expression is possible ; indeed 
it is the dual of what Hilbert and Ackermann call the 
' ausgezeichnete konjunktive Normalform and is funda- 
mental also in Wittgenstein’s logic. The only exception is 
when F is a self-contradictory truth-function, in which case 
our formula is certainly not consistent. 

F having been thus expressed as a disjunction of alternatives 
(in our special sense of the word), our next task is to show 
that some of these alternatives may be able to be removed 
without affecting the consistency or inconsistency of the 
formula. If all the alternatives can be removed in this way 
the formula will be inconsistent ; otherwise we shall have still 
to consider the alternatives that remain. 

In the first place an alternative may violate the laws of 
identity by containing parts of any of the following forms ; — 

X, ^ Xi,^ 

X, = Xj .Xj ^ X, (i j ) , 

X,- = Xj.Xj = Xa.x, 7^: X* (t j^k, i), 

or by containing X; = Xj {i ^ j) and values of a function <f> 
and is contradictory ~ ^ for sets of arguments which become 
the same when x,- is substituted for Xj [e.g. Xj = Xj. 

<f>(Xi, Xj, X3).i~(^(X2, Xj, Xg)]. 

Any alternative which violates these laws must always 
* Op. cit., p. 16. • We write x for — (x ~y). 
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be false and can evidently be discarded without affecting the 
consistency of the formula. The remaining alternatives can 
then be classified according to the number of x’s they make to 
be different, which may be anything from 1 up to n. 

Suppose that for a given alternative this number is v, 
then we can derive from it what we will call the corresponding 
y alternative by the following process : — 

For Xi, wherever it occurs in the given alternative, write 
yi ; next, if in the alternative x^ = x^, for x^ write y^ again, 
if not for *2 writey^. In general, if x, is in the given alternative 
identical with any x, with j less than i, write for x, the y 
previously written for Xj ; otherwise write for x„ y*+i, 
where k is the number of y’s already introduced. The 
expression which results contains v y’s all different instead of 
H x's, some of which are identical, and we shall call it the y 
alternative corresponding to the given x alternative. 

Thus to the alternative 

<f>{Xi) . ~ .<f>(X2) ■ - — ^ 3-^2 = *4 -^1 *2 ' 

corresponds the y alternative 

We call two y alternatives similar if they contain the same 
number of y’s and can be derived from one another by per- 
muting those y’s, and we call two x alternatives equivalent 
if they correspond to similar (or identical) y alternatives. 

Thus 

^(Xi) . ~ ^(xj) . ^(Xs) . (^(xj . Xi = X3 . Xj = Xj . Xi ^ x, (a) 

is equivalent to 

~<|>(XJ).<f,{x^).tf>(Xs).4>(x^).Xl^X^.Xi = X3 = X4, (P) 

* We take one function of one variable only for simplicity ; also 
to save space we omit expressions which may be taken for granted, 
such as Xi = X], X] x^. 
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since they correspond to the similar y alternatives 

'^<f>(yi).<f>(yi).yi^ya 

derivable from one another by interchanging and y*, 
although (a) and (^) are not so derivable by permuting the x’s. 

We now see that we can discard any alternative contained 
in F unless F also contains all the alternatives equivalent to 
it ; e.g. if F contains (a) but not (j3), (a) may be discarded from 
it. For omitting alternatives clearly cannot make the formula 
consistent if it was not so before ; and we can easily prove 
that, if it was consistent before, omitting these alternatives 
cannot make it inconsistent. 

For suppose that the formula is consistent, i.e. that for 
some particular interpretation oi y, tl>, . . . F is true for 
every set of a:’s, and let p be an alternative contained in F, 
q an alternative equivalent to p but not contained in F. 
Then for every set of x’s one and only one alternative in F 
will (on this interpretation of p, y,p,.. .) be the true one, and 
this alternative can never be p. For if it were p, the 
corresponding y alternative would be true for some set of 
y’s, and the similar y alternative corresponding to q would 
be true for a set of y's got by permuting this last set. Giving 
the :»:’s suitable values in terms of the y’s, q would then be 
true for a certain set of *'s and F would be false for these a;’s 
contrary to hypothesis. Hence is never the true alternative, 
and may be omitted without affecting the consistency of the 
formula. 

When we have discarded all these alternatives from F, 
the remainder will fall into sets each of which is the complete 
set of all alternatives equivalent to a given alternative. To 
such a set of x alternatives will correspond a complete set 
of similar y alternatives, and the disjunction of such a complete 
set of similar y alternatives (i.e. of all permutations of a given 



PROBLEM OF FORMAL LOGIC 


97 


y alternative) we shall call a fofm> A form containing v >>’3 
we shall denote by an italic capital with suffix v, e.g. Ay, By. 

The force of our formula can now be represented by the 
following conjunction, which we shall call P : 


For every y^ Ai or or . . .\ 

For every distinct y,, y^, A^or B^ or .. . 


For every distincty^.y^, . ... yy. Ay or By or 


(P) 


For every distincty^.yj, . . y„, or or . . . j 


where A^, By^, etc., are the forms corresponding to the x 
alternatives still remaining in F. If for any v < n there are no 
such forms, i.e. if no alternatives with v different x’s remain 
in F, our formula implies that there are no such things as v 
distinct individuals, and so cannot be consistent in a world 
of V or more members. 

We have now to define what is meant by saying that one 
form is involved in another. Consider a form A ,, and take one 
of the y alternatives contained in it. This y alternative is a 
conjunction of the values of (^, y, ip, . . and their contradic- 
tories for arguments drawn fromyi.yj yy (We may leave 

out the values of identity and difference, since it is taken for 
granted that y's are always different.) If /r < r- we can select 
/i of these y's in any way and leave out from the alternative 
all the terms in it which contain any of the v — fi y’s not 
selected. We have left an alternative in /x y’s which we can 
renumber y^, y*, . . . y^, and the form to which this new 
alternative belongs we shall describe as being involved in the 
Ay with which we started. Starting with one particular y 
alternative in Ay we shall get a large number of different 

• Cf. Langford, op. cit., 116-20. 

• The notation is partially misleading, since A y has no closer relation 
to ,4 than to B . 

H 
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E^’s by choosing differently the /i y’s which we select to 
preserve ; and from whichever y cdternative in we start, 
the E^'s which we find to be involved in will be the same. 

For example, 

i ^{yi< 3'i) • ■ <f>{yi> yi) • ~ <f>iyi -y*) } 

v{ ~ ^(yi. yi) • <^(yi -y 2) • ^(y a. yi) • ^(y 2. y2)} 

is a form A 2 which involves the two Ei’s 

•^(yi.yi). 

~<^(yi. yi)- 

It is clear that if for some distinct set of v y’s a form 
is true, then every form E^ involved in will be true for 
some distinct set of /xy’s contained in the v. 

We are now in a position to settle the consistency or incon- 
sistency of our formula when N, the number of individuals 
in the universe, is less than or equal to n, the number of x’s 
in our formula. In fact, if AT < «, it is necessary and sufficient 
for the consistency of the formula that P should contain a 
form A^ together with all the forms involved in it for every 
/I less than N. 

This condition is evidently necessary, since the N individuals 
in the universe must, taken as y^, . . .yj,,., have some form 

A^ in regard to any <f>, y, and all forms involved in 

this A^ must be true for different selections of y’s, and so 
contained in P if P is to be true for this tf), y, ip, • • ■ 

Conversely, suppose that P contains a form A^f together 
with all forms involved in A^ ; then, calling the N individuals 
in the universe y^, yj, . . ., y^i, we can define functions (f>, 
X, tp, . . to make any assigned y alternative in Ajf true ; for 
any permutation of these N y’s another alternative in .4^ 
will be the true one, and for any subset ofy’s somey alternative 
is a form involved in A^^. Since all these y alternatives are 
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by hypothesis contained in P, P will be true for these <f>, x, 
4i, ■ . and our formula consistent. 

When, however, N > n the problem is not so simple, 
although it clearly depends on the A„’s in P such that all 
forms involved in them are also contained in P. These A„’s 
we may call completely contained in P, and if there are no 
such .4„’s a similar argument to that used when N <,n 
will show that the formula is inconsistent. But the converse 
argument, that if there is an .4^ completely contained in P 
the formula must be consistent, no longer holds good ; and 
to proceed further we have to introduce a new conception, the 
conception of a form being serial. 

But before proceeding to explain this idea it is best to 
simplify matters by the introduction of new functions. Let 
p be one of the variable functions in our formula, with, say, 
f arguments. Then, ii r <n, p will occur in P with all its 
arguments different [e.g. p{yi,y 2 . • • -.yr)] and also with some 
of them the same [e.g. piy^, y^, ■ ■ yr-i, yi)] ; but we can 
conveniently eliminate values of the second kind by intro- 
ducing new functions of fewer arguments than r, which, 
when all their arguments are different, takes values equivalent 
to those of p with some of its arguments identical. 

E.g. we may put 

^i(yi.y2. ■ ■ -.yr-i) = P{yi.y2 — .yr-i.yi)- 

In this way p gives rise to a large number of functions with 
fewer arguments ; each of these functions we define only 
for the case in which all its arguments are different, as is 
secured by these arguments being y’s with different suf&xes. 
If r > M, there is no difference except that p can never occur 
with all its arguments different, and so is entirely replaced 
by the new fimctions. 

If we do this for all the functions p, x, p, • ■ mid replace 
them by new functions wherever they occur in P with some 
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of their arguments the same, P will contain a new set of 
variable functions (including all the old ones which have no 
more than n arguments), and these will never occur in P 
with the same argument repeated. 

It is easy to see that this transformation does not affect 
the consistency of the formula, for, if it were consistent before, 
it must be consistent afterwards, since the new functions 
have simply to be replaced by their definitions. And if it is 
consistent afterwards it must have been so before, since any 
function of the old set has only to be given for any set of 
arguments the value of the appropriate function of the 
new set.^ 

In view of this fact we shall find it more convenient to 
take P in its new form, and denote the new set of functions 
by <t>o. Xo' '/'o. • • ■ 

Suppose, then, that is a function of r variables ; there are 
«(m — 1) . . . (n — r + 1) 

values of <f>„ with r different arguments drawn from y^, 
y 2 , . . .,yn and every y alternative must contain each of these 
values or its contradictory, r! of these values will have as 

arguments permutations of y^, y^ y,- Any other set of 

r y’s can be arranged in the order of their suffixes as y^^, 

’ For instance, if y^, ye) is a function of the old set, we have 

five new functions 

Myi, Xt. y») = <^{yu ya. ya). 

xoiyi.ye) ^4>{yi,yi,ye). 

'Aob'i.j'i) = ^[yi. yt. yi), 

^o{yi,yt) ='l>{y,.yi,yi), 

poCvi) = <l>{yi, yi, yi). 

and any value of ^ is equivalent to a value of one, and only one, of the 
new functions. It must be remembered that the new functions are used 
only with all their arguments different ; for otherwise they would not 
be independent, since we should have, for instance, xo{yi> yi) 
equivalent to po{yi). But xofj'i. yi) never occurs, and ^(yi, yi, yi) 
is equivalent not to any value of xo but only to pofyi)- 
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yt,> • • •> Vs,, Si < Sg < Sg . . . < s„ and it may happen that 
a given alternative contains the values of for those and 
only those permutations of y ,,. . . ..y,, which correspond 
(in the obvious way) to the permutations of y^, yg, ■ . yt 
for which it (the alternative) contains the values of 
e.g. if the alternative contains <f>o{yi, y*. • • •. y^) and 
*f>oiyr' yr-i, ■ ■ ■> yi)> but for every other permutation of 
yi. yg, ■ ■ yr contains the corresponding value of 
then it may happen that the alternative contains 

^0 iytvy^ y^r) and ^o(y,„ y„_,, . . y.,), but for 

every other permutation of y,,. y,^, . . y,^ contains the 

corresponding value of ~ 

If this happens, no matter how the set of r y’s, y,j, y,,. 
. . y,, is chosen from y^, y^, . . y„, then we say that the 
alternative is serial in and if an alternative is serial in 
every function of the new set we shall call it serial simply. 

Consider, for example, the following alternative, in which 
we may imagine <f>o and iffg to be derived from one ‘ old ’ 
function ^ by the definitions 

<f>o{y>,yk) = <^{y.,y*), 


</'o(3'.) = 4>iyi, y<), 

^o{yi’ ^' 2 ) • ~ 4’o{y2, .yi) -^aiyi, ys) • ~ <^o(>'3> yi) •’t^oiyi' ya) 
■ '^<l>o(y3.yz). 


'f’oiyi)-'^ ^o{y 2)- 'f>o{y a)- 

This is serial in <^q, since we always have ^o(y»i> ys^ ■ 
~ <f>oiysi, ysj ; but not in i/ig, since we sometimes have 
ipoiysi), but sometimes ~ fl<o{ys)- Hence it is not a serial 
alternative. 


‘ Thus, if ^0 is a. function of n variables, all alternatives are serial 
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We call a form serial when it contains at least one serial 
alternative, and can now state our chief result as follows. 

Theorem. — There is a finite number m, depending on n, 
the number of functions p, x, ft, ■ ■ ■> ^ttd the numbers of their 
arguments, such that the necessary and sufficient condition for 
our formula to he consistent in a universe with m or more 
members is that there should be a serial form completely 
contained in P. For consistency in a universe of fewer than m 
members this condition is sufficient but not necessary. 

We shall first prove that, whatever be the number N of 
individuals in the universe, the condition is sufficient for the 
consistency of the formula. If N < «, this is a consequence 
of a previous result, since, if An is completely contained in 
P,soisany/4j, involved in .<4 „. 

U N > n, we suppose the universe ordered in a series by 
a relation R. {If N is infinite this requires the Axiom of 
^elections.) Let q be any serial alternative contained in A«. 
If ^0 is a function of r arguments, q will contain the values of 
either pg or ~ p„ (but not both) for every permutation of 
yi' yi, • ■ ■' y'r- Any such permutation can be written yp^, yp.^, 
. . ., yp^ where Pj, p^, . . ., p, are 1, 2, . . ., r rearranged. We 
make a list of all those permutations (pj, Pj, . . ., p,) for which 
q contains the values of pp, and call this list Z. We now give 
po the constant interpretation that poit^i, • ■ •, Zr) is to be 
true if and only if the order of the terms z^, .... 2 , in the 
series R is given by one of the permutations (pi, p^, . . ., p,) 
contained in E, in the sense that, for each t, Zi is the p.-th 
of ^ 1 , Z 2 , . . Zr as they are ordered by R. 

Let us suppose now that y^, y^, ■ ■ .,yn are numbered in the 
order in which they occur in R, i.e. that in the R series y^ 
is the first of them, y^ the second, and so on. Then we shall 
see that, if is given the constant interpretation defined 
above, all the values of p^ and ~ in y will be true. Indeed, 
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for values whose arguments are obtained by permuting y^, 
yt, . . .,yr this follows at once from the way in which ^0 has 
been defined. For ^otVoi. ya-i< • • -• >'ar) is true if and only if 
the order of y^^, . . in the R series is given by a per- 
mutation (pj, Pj, . . p,) contained in Z. But the order in 

the series of y„^, is in fact given (on our present 

hypothesis that the order of the y’s is y^, y^, . ■ yr) by 
(oi, (72, . . or,), which is contained in Z if and only if 

i>oiyai>yoi> ■ ■ -.yar) is contained in q. Hence values of ^0 for 
arguments consisting of the first r y’s are true when they are 
contained in q and false otherwise, i.e. when the corresponding 
values of ~ <f>(, are contained in q. 

For sets of arguments not confined to the first r y’s our 
result follows frctm the fact that q is serial, i.e. that if Sj < Sj < 
...< s„ so that ysj, ysj, • ■ ysr ibe order given by 

the R series, q contains the values of for just those permuta- 
tions ofy^^.y,^, . . ys, which correspond to the permutations 
of yi, y2. . . ., yr for which it contains the values of (j>g, i.e. by 
the definition of <f>g and the preceding argument, for just those 
permutations of y^j, y,,, . . ., yj, which make true. 

Hence all the values of <f>g and ~ c^p in q are true when 
yi> y^, ■ ■ •, y»i are in the order given by the R series. 

If, then, we define analogous constant interpretations for 
Xg, i/ip, etc., and combine these with our interpretation of 
(f>g, the whole of q will be true provided that yj, y2, . . ., y^ 
are in the order given by the R series, and if y^, y^, . . ., y» 
are in any other order the true alternative will be obtained 
from q by suitably permuting they's, i.e. will be an alternative 
similar to q and contained in the same form An- Hence 
is true for any set of distinct yj, yj, . . ., y„. Moreover, for 
any set of distinct y^, y^, . . ., y„ (v < n) the true form will be 
one involved in A„, and since A„ and all forms involved in it 
are contained in P, P will be true lor these interpretations 
of <l>g, xg, ipg, . . ., aud our formula must be consistent. 
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Having thus proved our condition for consistency sufficient 
in any universe, we have now to prove it necessary in any 
infinite or sufficiently large finite universe, and for this we have 
to use the Theorem B proved in the first part of the paper. 

Our line of argument is as follows : we have to show that, 
whatever xo- - we take, P will be false unless it 

completely contains a serial A„. For this it is enough to show 
that, given any <f)o, xo< 0o> • • •• there must be a set of n y’s 
for which the true form is serial,^ or, since a serial form is one 
which contains a serial alternative, that there must be a set of 
values of y^, y^, . . ., for which the true alternative is serial. 

Let us suppose that among our functions ;^o, t/ig, ... 
there are functions of one variable, of two variables, 
. . ., and Un of n variables, and let us order the universe by a 
serial relation R. 

The N individuals in the universe are divided by the ai 
functions of one variable into 2‘'> classes according to which 
of these functions they make true or false, and ii N > 2**^1 
we can find individuals which all belong to the same class, 
i.e. agree as to which of the functions they make true and 
which false, where is a positive integer to be assigned later. 
Let us call this set of individuals 

Now consider any two distinct members of Zj and 
say, and let precede 2 ^ in the R series. Then in regard to 
any of the aj functions of two variables, 0o say, there are four 
possibilities. We may have 




or 

(2) 

^ 2 ) • ~ 2i), 

or 

(3) 

~ -^ 2 ) 


or 

(4) 

~ ^ 2 ) 

• ~ ^o(^2> ^l)- 


* For then P can only be true for <j>o, xo. 'Po, ■ ■ ■ by completely con* 
taining this true serial form. 
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<f>^ thus divides the combinations two at a time of the members 
of Fk, into four distinct classes according to which of these 
four possibilities is realized when the combination is taken 
as 2i, Z2 in the order in which its terms occur in the R series ; 
and the whole set of functions of two variables divide the 
combinations two at a time of the members of Fk^ into 4»* 
cleisses, the combinations in each class agreeing in the possibility 
they realize with respect to each of the functions. Hence, by 
Theorem B, if = h( 2 , k^, 4“»), f*, must contain a sub- 
class Fk^ of members such that all the pairs out of Fk^ 
agree in the possibilities they realize with respect to each of 
the a 2 functions of two variables. 

We continue to reason in the same way according to the 
following general form : — 

Consider any r distinct members of f*,., ; suppose that 
in the R series they have the order z,, z^, . . z,. Then with 
respect to any function of r variables there are 2 ’ ' possibilities 
in regard to z^, Zj, . . ., z„ and the a, functions of r variables 
divide the combinations r at a time of the members of 
into 2 ''‘‘t classes. By Theorem B, if = h[r, k,, 2 ''‘’r),^ 
Fk^.j must contain a sub-class T’*, of A, membefs such that 
all the combinations r at a time of the members of Fk, agree 
in the possibilities they realize with respect to each of the 
a, functions of r variables. 

We proceed in this way until we reach Fk„^^, all combina- 
tions n — 1 at a time of whose members agree in the 
possibilities they realize with respect to each of the (Z„-i 
functions of n — 1 variables. We then determine that k„-i 
shall equal n, which fixes k„^2 k{n — 1, n, and 

so on back to k^, every k,-i being determined from k,. 

If, then, N > the imiverse must contain a class 

Fk^_^OT F„ (since k„-i = n) oi n members which is contained 

* If a, = 0 we interpret h{r, k,, 1) as A, and identify ^ and 



io6 PROBLEM OF FORMAL LOGIC 

in Fit, for every r (r = 1, 2, — 1). Let its n members 
be, in the order given them by R, yn- Then for 

every r less than n, y^, yj, . . y» are contained in T*, and 
all r combinations of them agree in the possibilities they realize 
with respect to each function of r variables. Let y^, ys,, 
. . y„ (sj < Sj < . . . < 5,) be such a combination, and 
Xo a function of r variables. Then yj,, ys,, . . ., y,, are in the 
order given them by R, and so areyi, yj, . . ., yr ; consequently 
the fact that these two combinations agree in the possibilities 
which they realize with respect to nieans that Xo true 
for the same permutations of y*,, y,,, . . ., ys„ as it is of y^, 
yj, - . .,y,. The true alternative foryi.yj, . . .,yn is therefore 
serial in xo> and similarly it is serial in every other fxmction 
of any number r of variables ^ ; it is therefore a serial 
alternative. 

Our condition is, therefore, shown to be necessary in any 
universe of at least members where is given by 

k„-i = n, 

k,.i = h{r, kr,2''^r) ifa, 

I (r = « — 1, » — 2, . . ., 2). 

= kr if a, = 0 j 

For universes lying between n and we have not found a 
necessary and sufficient condition for the consistency of the 
formula, but it is evidently possible to determine by trial 
whether any given formula is consistent in any such universe. 

Ill 

We will now consider what our result becomes when our 
formula 

(*1< ^2, ■ • ", X„) Xi • • •* —I Xi, Zj, . . ., Xn) 

* We have shown this when r < n ■, we may also have r — n, but 
then there is nothing to prove since in a function of n variables every 
alternative is serial 
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contains in addition to identity only one function (f> of two 
variables. 

In this case we have two functions (j>o, ipo given by 

yk) = 4(yi. >»*) (* ^ k), 

xoiy*) =4>iyi>y*)> 

so that = 1, = 1, a, = 0 when r> 2. Consequently 

= ki = . . . = kn-x = n and ki = A(2, n, 4) ; 

but the argument at the end of I shows that we may take 
instead ^^ = « ! ! !, and our necessary and sufficient condition 
for consistency applies to any universe with at least 2 . n ! ! 1 
individuals. 

In this simple case we can present our condition in a more 
striking form as follows. 

It is necessary and sufficient for the consistency of the formula 
that it should be true when is replaced by at least one of the 
following types of function ; — ■ 

(1) The univers^Ll function x = x . y — y. 

(2) The null function xy^x .y y^y. 

(3) Identity x = y. 

(4) Difference x^y. 

(5) A serial function ordering the whole universe in a series, 

i.e. satisfying 

(a) (x) r^<f>{x.x). 

(b) (x,y)[x =yv{ <f>{x,y) . x)} v {<l>{y, x) . ~ <f>{x.y)}]. 

(c) [x, y, <f>{x, y) V ~ <f>(y, z) v (f>{x, 

(6) A function ordering the whole universe in a series, but also 

holding between every term and itself, i.e. satisfying 
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(«') W Hx. x) 

and (6) and (c) as in (5). 

Types (l)-(4) include only one function each ; in regard to 
t}/pes (5) and (6) it is immaterial what function of the type 
we take, since if one satisfies the formula so, we shall see, 
do all the others.^ 

We have to prove this new form of our condition by showing 
that P will completely contain a serial if and only if it is 
satisfied by functions of at least one of our six types. Now 
an alternative in n y’s is serial in if it contains 

either (i) xoiyi) ■ Xo(3'») or. for short, Ilxoiyr). 

r 

or (ii) xoCVi) ~ XoCV") .. .. U ~XoCyr) 

f 

but not otherwise, and it will be serial in it contains 
{a) n<f>o{yr.y,) .^o(ys,yf). 

r<s 

or (6) n y,) . ~ yr). 

r<s 

or (c) n 4>o{yr, yj) . <f>o{ys, yr). 

r<s 

or (d) n ^ (f>o[yr, ys) . ~ (j>o{ys, yr)- 

r<s 

There are thus altogether eight alternatives serial in both 
^0 and xo got by combining either of (i), (ii) with any of (a), 
{b), (c), (d) ; but these eight serial alternatives only give rise 
to six serial forms, since the alternatives (i) (6) and (i) (c) can 
be obtained from one another by reversing the order of the 
y's and so belong to the same form, and so do the alternatives 
(ii) (b) and (ii) (c). 

It is also easy to see that any formula completely containing 


* A result previously obtained for type (5) by Langford, op. cit. 
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one of these six serial forms will be satisfied by all functions 
of one of the six t 5 T)es according to the scheme 

Form (i)(a) (i)(6andc) (i)(d) (ii)(a) (ii)(6andc) {ii)(<f) 

Type of function 1 6 3 4 5 2 

and that conversely a formula satisfied by a function of one 
of the six types must completely contain the corresponding 
form. For instance, a function of type 6 will satisfy the 
alternative (i) {b) when y^, y^, . . y„ are in their order in 
the series determined by the function, and when y^, y^, . . ., 
y„ are in any other order the function will satisfy an alternative 
of the same form. 

In the language of the theory of postulate systems we can 
interpret our universe as a class K. and conclude that a 
postulate system on a base (K, R) consisting only of general 
laws involving at most n elements will be compatible with 
K having as many as 2 . « ! ! ! members if and only if it can 
be satisfied by an R of one of our six types. 

IV 

Let us, in conclusion, briefly indicate how to extend our 
method in order to determine the consistency or inconsistency 
of formulae of the more general type 

(3^1> ^2> •••> ^2, ..., X„) F(<f>, ijf, ..., =, Zj, Zj, ..., z„, 

Xi, X2, ..., x„) 

which have in normal form both kinds of prefix, but satisfy 
the condition that all the prefixes of existence precede all 
those of generality. 

As before, we can suppose F represented as a disjunction of 
alternatives and discard those which violaT^ the laws of 
identity. Those left we can group according to the values 
of identity and difference for arguments drawn entirely from 
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the Js’s. Such a set of values of identity and difference we 
can denote by (=, z^, z^, . . Zm), and F can be put in 
the form 

and the whole formula is equivalent to a disjunction of 
formulae. 

(3^1* ■2^2* * * •» ^*«) ^1* ^2» • * •> 

* {^1» ^2* * * •* ^«) ^ l(^» * * *» * ' '* ^***> * * •* 

V ( 3^11 ^2* * * ** ^«) 2{~ f ^1* * * •> 

• (*1> *2' • • •> ^ 2(^< ••••—> ^1. •• •> ^m> ^1. • • •< ^»)} 

V etc. 

Since if any one of these formulae is consistent so is their 
disjunction, and if their disjunction is consistent one at least 
of its terms must be consistent, it is enough for us to show how 
to determine the consistency of any one of them, say the first. 
In this Hi(=, 2i, Z2, . . Zm) is a consistent set of values of 
identity and difference for every pair of z’s. We renumber 
the z’s Zi, Z2, . . Zfi using the same suffix for every set of 
z’s that are identical in and our formula becomes 

(3^X> ^2> ■ • •> *2> • • ■■ *») X’ • • ~i ^1’ ^2' ■ • •• 

Xi, Xj, . . ., x„), (i) 

in which it is imderstood that two ^’s with different suffixes 
are always different. 

Now supposing the universe to have at least fi + n members, 
we consider the different possibilities in regard to the x’s 
being identical with the 2:’s, and rewrite our formula 

( 3 ^ 1 > ^ 2 > • ' ■> ^ 2 > • • •> ^») 

/ n Xi^Zj G(^,X, ■ ■ : 

I i = 

\} = 1 M 


— , z^, Xi, . . ., x„) 
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in which D means ‘ if, then ’ and 

• - *, ^ TJ F X> • • •» ^ 1 * ' • ^1* ^ 2 » • • ■» ^»)> 

the product being taken for 

01 = Xi, Zi, Zg, . . z^, 

02 ~ ^2> ^2* ‘ 

0ft ^ft, ^1, ^2» * • *» 

and in G any term = zy is replaced by a falsehood (e.g. 
Xi 56 z,) not involving any z. 

Next we modify G by introducing new fxmctions. In G 
occur values of, e.g. <f>, with arguments some of which are 
z’s and some x’s ; from these we define functions of the x's 
only by simply regarding the z’s as constants, and call these 
new functions 9^0. Xo- • • •• Values of x. '/'. • • which include 
no x’s among their arguments, we replace by constant 
propositions p, q, . . . The only values of identity in G are 
of the form x, = Xj and these we leave alone. Suppose that 
by this process G turns into 

X’ 4’’ • • ■’ ^0’ Xo> • ■ -I P’ —> *z> • • •> *b)- 

Then the consistency of formula (i) in a universe of N 
individuals is evidently equivalent to the consistency in a 
universe oi N — [x individuals of the formula 

(xi, Xg x„) L(<f>, </f, . . ., (f>Q, . . ., p, q, . . ., =, 

^ 2 > • ■ ^rt)* 

But this is a formula of the type previously dealt with, 
except for the variable propositions^, q, . . which are easily 
eliminated by considering the different case 3 **Of ttieir truth 
and falsity, the formula being consistent if it is consistent 
in one such case. 
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The purpose of this paper is to consider whether there is a 
fundamental division of objects into two classes, particulars 
and universals. This question was discussed by Mr Russell 
in a paper printed in the Aristotelian Society’s Proceedings 
for 1911. His conclusion that the distinction was ultimate 
was based upon two familiar arguments, directed against the 
two obvious methods of abolishing the distinction by holding 
either that universals are collections of particulars, or that 
particulars are collections of their qualities. These arguments; 
perfectly sound as far as they go, do not however seem to me 
to settle the whole question. The first, which appears again 
in The Problems of Philosophy, shows as against the 
nominalists that such a proposition as ‘ This sense-datum is 
white ’ must have as one constituent something, such as 
whiteness or similarity, which is not of the same logical type 
as the sense-datum itself. The second argument, also briefly 
expounded in McTaggart’s The Nature of Existence, proves 
that a man cannot be identified with the sum of his qualities. 
But although a man cannot be one of his own qualities, that 
is no reason why he should not be a quality of something else. 
In fact material objects are described by Dr Whitehead as 
‘ true Aristotelian adjectives ’ ; so that we cannot regard these 
two arguments as rendering the distinction between particular 
and universal secure against all criticism. 

What then, I propose to ask, is the difference between a 
particulaP' end- a universal ? What can we say about one 
which will not also be true of the other ? If we follow Mr 
Russell we shall have to investigate three kinds of distinction. 
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psychological, physical and logical. First we have the 
difference between a percept and a concept, the objects of 
two different kinds of mental acts ; but this is unlikely to be 
a distinction of any fundamental importance, since a difference 
in two mental acts may not correspond to any difference 
whatever in their objects. Next we have various distinctions 
between objects based on their relations to space and time ; 
for instance, some objects can only be in one place at a time, 
others, like the colour red, can be in many. Here again, in 
spite of the importance of the subject, I do not think we can 
have reached the essence of the matter. For when, for 
instance. Dr Whitehead says that a table is an adjective, and 
Mr Johnson that it is a substantive, they are not arguing 
about how many places the table can be in at once, but about 
its logical nature. And so it is with logical distinctions that 
our inquiry must mainly deal. 

According to Mr Russell the class of universals is the sum 
of the class o f predicates and the class of relations ; but 
this doctrine has been denied by Dr Stout. ^ But Dr Stout 
has been already sufficiently answered.^ So I shall only 
discuss the more usual opinion to which Mr RusseU adheres. 

According to him terms are divided into individuals or 
particulars, qualities and relations, qualities and relations 
being g^rouped together as universals ; and sometimes qualities 
are even included among relations as one-termed relations in 
distinction from two-, three-, or many-termed relations. 
Mr Johnson also divides terms into substantives and adjec- 
tives, including relations as transitive adjectives ; and he 
regards the distinction between substantive eind adjective as 
explaining that between particular and universal. But between 
these authorities, who agree so far, there is still an important 

- 

1 "The Nature of Universals and Propositions,” Proc. UrtTiih Academy, 
1921-22 (reprinted in Studies in Philosophy and Psychology, 1930). 

• See the s)rmpqsiuni between G. E. Moore, G. F. Stout & G. Dawes 
Hicks in Aristotelian Society Supplementary Volume III, 1923. 
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difference. Mr Johnson holds that although the nature of a 
substantive is such that it can only function in a proposition as 
subject and never as predicate, yet an adjective can function 
either as predicate or as a subject of which a secondary 
adjective can be predicated. For example, in ‘ Unpunctuality 
is a fault’ the subject is itself an adjective — the quality of 
unpunctuality. There is thus a want of symmetry between 
substantives and adjectives, for while a predicate must be an 
adjective, a subject may be either a substantive or an adjective, 
and we must define a substantive as a term which CcUi only 
be a subject, never a predicate. 

Mr Russell, on the other hand, in his lectures on Logiccd 
Atomism,^ has denied this. He says that about an adjective 
there is something incomplete, some suggestion of the form 
of a proposition ; so that the adjective-symbol can never stand 
alone or be the subject of a proposition, but must be com- 
pleted into a proposition in which it is the predicate. Thus, 
he says, the appropriate symbol for redness is not the word 
‘ red ' but the function ‘ x is red ’, and red can only come 
into a proposition through the values of this function. So 
Mr Russell would say ‘ Unpunctuality is a fault ’ really 
means something like ' For all x, if x is unpunctual, x is 
reprehensible ’ ; and the adjective unpunctuality is not the 
subject of the proposition but only comes into it as the 
predicate of those of its parts which are of the form ' x is 
unpunctual ’. This doctrine is the basis of new work in the 
Second Edition of Principia Mathematica. 

Neither of these theories .seems entirely satisfactory, 
although neither could be disproved. Mr Russell's view does, 
indeed, involve difficulties in connection with our cognitive 
relations to universals, for which reason it was rejected in the 
First EditiQi>&r Principia ; but these difficulties seem to me, as 
now to Mr Russell, by no means insurmountable. But I could 
, ' The Monist, 1918 and 1919. 
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not discuss them here without embarking upon innumerable 
questions irrelevant to the main points which I wish to make. 
Neither theory, then, can be disproved, but to both objections 
can be raised which may seem to have some force. For 
instance, Mr Russell urges that a relation between two terms 
cannot be a third term which comes between them, for then 
it would not be a relation at all, and the only genuinely 
relational element would consist in the connections between 
this new term and the two original terms. This is the kind of 
consideration from which Mr Bradley deduced his infinite 
regress, of which Mr Russell apparently now approves. 
Mr Johnson might reply that for him the connectional 
or structural element is not the relation but the characterizing 
and coupling ties ; but these ties remain most mysterious 
objects. It might also be objected that Mr Johnson does 
not make particulars and universals different enough, or 
take into account the peculiar incompleteness of adjec- 
tives which appears in the possibility of prefixing to 
them the auxiliary ‘ being ’ ; ‘ being red ’, ' being a man ’ 
do not seem real things like a chair and a carpet. 
Against Mr Russell it might be asked how there can be 
such objects as his universals, which contain the form 
of a proposition and so are incomplete. In a sense, it might 
be urged, all objects are incomplete ; they cannot occur in 
facts except in conjunction with other objects, and they 
contain the forms of propositions of which they are con- 
stituents. In what way do universals do this more than 
anything else ? 

Evidently, however, none of these arguments are really 
decisive, and the position is extremely unsatisfactory to any 
one with real curiosity about such a fundamental question. 
In such cases it is a heuristic maxim that the fTu’Ch lies not 
in one of the two disputed views but in some third possibility 
which has not yet been thought of, which we can only discover 
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by rejecting something assumed as obvious by both the 
disputants. 

Both the disputed theories make an important assumption 
which, to my mind, has only to be questioned to be doubted. 
They assume a fundamental antithesis between subject and 
predicate, that if a proposition consists of two terms copulated, 
these two terms must be functioning in different ways, 
one as subject, the other as predicate. Thus in ‘ Socrates 
is wise ’, Socrates is the subject, wisdom the predicate. But 
suppose we turn the proposition round and say ‘ Wisdom is 
a characteristic of Socrates ’, then wisdom, formerly the 
predicate, is now the subject. Now it seems to me as clear 
as an3^hing can be in philosophy that the two sentences 
' Socrates is wise ’, ‘ Wisdom is a characteristic of Socrates ' 
assert the same fact and express the same proposition. They 
are not, of course, the same sentence, but they have the same 
meaning, just as two sentences in two different languages 
can have the same meaning. Which sentence we use is a 
matter either of literary style, or of the point of view from 
which we approach the fact. If the centre of our interest is 
Socrates we say ‘ Socrates is wise ', if we are discussing 
wisdom we may say ‘ Wisdom is a characteristic of Socrates ' ; 
but whichever we say we mean the same thing. Now of one 
of these sentences ‘ Socrates ’ is the subject, of the other 
‘ wisdom ’ ; and so which of the two is subject, which 
predicate, depends upon what particular sentence we use to 
express our proposition, and has nothing to do with the 
logical nature of Socrates or wisdom, but is a matter entirely 
for grammarians. In the same way, with a sufficiently 
elastic language any proposition can be so expressed that 
any of its terms is the subject. Hence there is no essenticil 
distinctioltHbefween the subject of a proposition and its 
predicate, and no fundamental classification of objects can 
be based upon such a distinction. 
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I do not claim that the above argument is immediately 
conclusive ; what I claim is that it throws doubt upon the 
whole bzisis of the distinction between particular and universal 
as deduced from that between subject and predicate, and 
that the question requires a new examination. It is a 
point which has often been made by Mr Russell that 
philosophers are very liable to be misled by the subject- 
predicate construction of our lamguage. They have supposed 
that all propositions must be of the subject-predicate form, 
and so have been led to deny the existence of relations. I 
shall argue that nearly all philosophers, including Mr Russell 
himself, have been misled by language in a far more far- 
reaching way than that ; that the whole theory of particulars 
and universals is due to mistaking for a fundamental charac- 
teristic of reality what is merely a characteristic of language. 

Let us, therefore, examine closely this distinction of subject 
and predicate, and for simplicity let us follow Mr Johnson 
and include relations among predicates and their terms 
among subjects. The first question we have to ask is this ; 
what propositions are they that have a subject or subjects 
and a predicate ? Is this the case with all propositions or 
only with some ? Before, however, we go on to answer this 
question, let us remind ourselves that the task on which we 
are engaged is not merely one of English grammar ; we are 
not school children analysing sentences into subject, extension 
of the subject, complement and so on, but are interested not 
so much in sentences themselves, as in what they mean, 
from which we hope to discover the logical nature of reality. 
Hence we must look for senses of subject and predicate which 
are not purely grammatical, but have a genuine logical 
significance. 

Let us begin with such a proposition as^Eithar Socrates 
is wise or Plato is foolish To this, it will probably be 
agreed, the conception of subject and predicate is inapplicable ; 
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it may be applicable to the two parts ‘ Socrates is wise 
' Plato is foolish but the whole ‘ Either Socrates is wise 
or Plato is foolish ’ is an alternative proposition and not 
one with a subject or predicate. But to this someone may 
make the following objection ; In such a proposition we 
can take any term we please, say Socrates, to be the subject. 
The predicate will then be ‘ being wise unless Plato is foolish ’ 
or the propositional function ‘ x is wise or Plato is foolish 
The phrase ‘ being wise unless Plato is foolish ’ will then 
stand for a complex universal which is asserted to characterize 
Socrates. Such a view, though very frequently held, seems 
to me nevertheless certainly mistaken. In order to make 
things clearer let us take a simpler case, a proposition of the 
form ‘ aRb ’ ; then this theory will hold that there are three 
closely related propositions ; one asserts that the relation R 
holds between the terms a and b, the second asserts the 
possession by a of the complex property of ‘ having I? to 6 ’, 
while the third asserts that b has the complex property that 
a has R to it. These must be three different propositions 
because they have different sets of constituents, and yet they 
are not three propositions, but one proposition, for they all 
say the same thing, namely that a has R to b. So the theory 
of complex universals is responsible for an incomprehensible 
trinity, as senseless as that of theology. This argument can 
be strengthened by considering the process of definition, which 
is as follows. For certain purposes ' aRb ' may be an 
unnecessarily long symbol, so that it is convenient to shorten 
it into ‘ <^i.' This is done by definition, (f)X = aRx, signifying 
that any symbol of the form ^x is to be interpreted as meaning 
what is meant by the corresponding symbol aRx, for which 
it is an abbreviation. In more complicated cases such an 
abbreviation is ^ften extremely useful, but it could always be 
dispensed with if time and paper permitted. The believer in 
complex universals is now confronted with a dilemma : is 
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' if> thus defined, a name for the complex property of x which 
consists in a having f? to x ? If so, then <{>x will be the 
assertion that x has this property ; it will be a subject- 
predicate proposition whose subject is x and predicate <f> ; 
and this is not identical with the relational proposition aRx. 
But as ^x is by hypothesis defined to be short for aRx this is 
absurd. For if a definition is not to be interpreted as signifying 
that the definiendum and the definiens have the same meaning, 
the process of definition becomes unintelligible and we lose 
all justification for interchanging definiens and definiendum 
at wiU, on which depends its whole utility. Suppose on the 
other hand ' 4> ' > S-S defined above, is not a name for the 
complex property ; then how can the complex property ever 
become an object of our contemplation, and how can we ever 
speak of it, seeing that ‘ <j> ’, its only possible name, is not a 
name for it at all but short for something else ? And then 
what reason can there be to postulate the existence of this 
thing ? 

In spite of this reductio ad absurdum of the theory, it may 
still be worth while to inquire into its origin, and into why 
it is held by so many people, including formerly myself, without 
its occurring to them to doubt it. The chief reason for 
this is I think to be found in linguistic convenience ; it gives 
us one object which is ‘ the meaning ’ of ' ^ We often 
want to talk of ‘ the meaning of “ (j> ” and it is simpler to 
suppose that this is a unique object than to recognize that it 
is a much more complicated matter, and that ‘ ^ ’ has a 
relation of meaning not to one complex object but to the 
several simple objects which are named in its definition. 
There is, however, another reason why this view is so popular, 
and that is the imaginary difficulty which would other- 
wise be felt in the use of a variable propositional function. 
How, it might be asked, are we to interpret such a state- 
ment as ' a has all the properties of b except on the 
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supposition that there are properties ? The answer" is that it 
is to be interpreted as being the logical product of all pro- 
positions which can be constructed in the following way : take 
a proposition in which a occurs, say ^a, change a into b and 
obtain ^b, and then form the proposition ^b ."D , <f>a. It is not 
really quite so simple as that, but a more accurate account of 
it would involve a lot of tiresome detail, and so be out of 
place here ; and we can take it as a sufficient approximation 
that ' a has all the properties of 6 ' is the joint assertion of 
all propositions of the form <l>b ."D . <f>a, where there is no 
necessity for <j) to be the name of a universal, as it is merely 
the rest of a proposition in which a occurs. Hence the 
difficulty is entirely imaginary. It may be observed that the 
same applies to any other case of apparent variables some 
of whose values are incomplete symbols, and this may 
explain the tendency to assert that some of Mr Russell’s 
incomplete symbols are not really incomplete but the names 
of properties or predicates. 

I conclude, therefore, that complex universals are to be 
rejected; and that such a proposition as ‘Either Socrates is 
wise or Plato foolish ’ has neither subject nor predicate. 
Similar arguments apply to any compound proposition, that 
is any proposition containing such words as ‘ and ’, ' or 
‘ not ‘ all ‘ some ’ ; and hence if we are to find a logical 
distinction between subject and predicate anywhere it will 
be in atomic propositions, as Mr Russell calls them, which 
could be expressed by sentences containing none of the above 
words, but only names and perhaps a copula. 

The distinction between subject and predicate will then 
arise from the several names in an atomic proposition 
functioning in different ways ; and if this is not to be a purely 
grammatical distkiction it must correspond to a difference in 
the functioning of the several objects in an atomic fact, so 
that what we have primarily to examine is the construction 
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of the atomic fact out of its constituents. About this three 
views might be suggested j first there is that of Mr Johnson 
according to whom the constituents are connected together 
by what he calls the characterizing tie. The nature of this 
entity is rather obscure, but I think we can take it as some- 
thing which is not a constituent of the fact but represented 
in language by the copula ‘ is and we can describe this 
theory as holding that the connection is made by a real copula. 
Next there is the theory of Mr Russell that the connection is 
made by one of the constituents ; that in every atomic fact 
there must be one constituent which is in its own nature 
incomplete or connective and, as it were, holds the other 
constituents together. This constituent will be a universal, 
and the others particulars. Lastly there is Mr Wittgenstein’s 
theory that neither is there a copula, nor one specially connected 
constitutent, but that, as he expresses it, the objects hang one 
in another like the links of a chain. 

From our point of view it is the second of these theories 
that demands most attention ; for the first and third do not 
really explain any difference in the mode of functioning of 
subject and predicate, but leave this a mere dogma. Only 
on Mr Russell’s theory will there be an intelligible difference 
between particular and universal, grounded on the necessity 
for there to be in each fact a copulating term or universal, 
corresponding to the need for every sentence to have a verb. 
So it is Mr Russell’s theory that we must first consider. 

The great difficulty with this theory lies in understanding 
how one sort of object can be specially incomplete. There is 
a sense in which any object is incomplete ; namely that it 
can only occur in a fact by connection with an object or 
objects of suitable type ; just as any name is incomplete, 
because to form a proposition we have to^in to it certain 
other names of suitable type. As Wittgenstein says: “The 
thing is independent, in so far as it can occur in all possible 
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circumstances, but this form of independence is a form of 
connection with the atomic fact, a form of dependence. (It 
is impossible for words to occur in two different ways, alone 
and in the proposition).’’^ And Johnson: " Ultimately a 
universal means an adjective that may characterize a particular, 
and a particular means a substantive that may be characterized 
by a universal.” 2 Thus we may admit that ‘wise’ involves 
the form of a proposition, but so does ‘ Socrates ’, and it is 
hard to see any ground for distinguishing between them. 
This is the substance of Mr Johnson’s criticism that Mr RusseU 
will not let the adjective stand alone, and in treating ‘ s is ^ ’ 
as a function of two variables takes the arguments to be not 
s and p, but s and ‘ iS is p ’. 

In reply to this criticism Mr Russell would, I imagine, use 
two lines of argument, whose validity we must examine. 
The first would dwell on the great convenience in mathe- 
matical logic of his functional symbolism, of which he might 
say there was no explanation except that this symbolism 
corresponded to reality more closely than any other. His 
second line of argument would be that everyone can feel a 
difference between particulars and universals ; that the 
prevalence of nominalism showed that the reality of universals 
was always suspected, and that this was probably because they 
did in fact differ from particulars by being less independent, 
less self-contained. Also that this was the only account of 
the difference between particulars and universals which 
made them really different kinds of objects, as they evidently 
were, and not merely differently related to us or to our 
language. For instance, Mr Johnson describes the particular 
as presented to thought for its character to be determined in 
thought, and others might say a particular was what was 
meant by the graKimatical subject of a sentence ; and on these 

* Tractatus Logico-Philosophicus , 2’0122. 

* Logic Pari I. p. 11. 
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views what was peirticular, what universal would depend on 
unessential characteristics of our psychology or our language. 

Let us take these lines of argument in reverse order, 
beginning with the felt difference between particular and 
universal, and postponing the peculiar symbolic convenience 
of propositional functions. Anyone, it may be said, sees a 
difference between Socrates and wisdom. Socrates is a real 
independent entity, wisdom a quality and so essentially a 
quality of something else. The first thing to remark about 
this argument is. that it is not really about objects at all. 
' Socrates is wise ' is not an atomic proposition, and the 
symbols ' Socrates ’ and ' wise ’ are not the names of objects 
but incomplete symbols. And according to Wittgenstein, 
with whom I agree, this will be the case with any other 
instance that may be suggested, since we are not acquainted 
with any genuine objects or atomic propositions, but merely 
infer them as presupposed by other propositions. Hence the 
distinction we feel is one between two sorts of incomplete 
symbols, or logical constructions, and we cannot infer without 
further investigation that there is any corresponding distinc- 
tion between two sorts of names or objects. 

We can, I think, easily obtain a clearer idea of the difference 
between these two sorts of incomplete symbols (Wittgenstein 
calls them ‘ expressions ’) typified by ‘ Socrates ’ and ‘ wise 
Let us consider when and why an expression occurs, as it 
were, as an isolated unit. For instance ' aRb ' does not 
naturally divide into ' a ’ and ‘ Rb ', and we want to know 
why anyone should so divide it and isolate the expression 
' Rb‘. The answer is that if it were a matter of this pro- 
position alone, there would be no point in dividing it in this 
way, but that the importance of expressions arises, as 
Wittgenstein points out, just in connection \^h generalization. 
It is not ' aRb ’ but ‘ {x) . xRb ’ which makes Rb prominent. 
In writing {x) . xRb we use the expression Rb to collect 
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together the set of propositions xRb which we want to assert 
to be true ; and it is here that the expression Rb is really 
essential because it is this which is common to this set of 
propositions. If now we realize that this is the essential use 
of expressions, we can see at once what is the difference 
between Socrates and wise. By means of the expression 
‘ Socrates ’ we collect together all the propositions in which it 
occurs, that is, all the propositions which we should ordinarily 
say were about Socrates, such as ‘ Socrates is wise ’, ‘ Socrates 
is just ’, ‘ Socrates is neither wise nor just ’. These propositions 
are collected together as the values of ' <f) Socrates ’, where 

is a variable. 

Now consider the expression ‘ wise ’ ; this we use to 
collect together the propositions ‘ Socrates is wise ’, ‘ Plato 
is wise ’, and so on, which are values of ‘ x is wise ’. But 
this is not the only collection we can use ' wise ’ to form ; 
just as we used ‘ Socrates ’ to collect all the propositions in 
which it occurred, we can use ‘ wise ’ to collect all those in 
which it occurs, including not only ones like ' Socrates is 
wise ’ but also ones like ‘ Neither Socrates nor Plato is wise 
which are not values of ‘ x is wise ’ but only of the different 
function ‘ <f> wise ’, where <f> is variable. Thus whereas 
Socrates gives only one collection of propositions, wise gives 
two : one analogous to that given by Socrates, namely the 
collection of all propositions in which wise occurs ; and the 
other a narrower collection of propositions of the form ‘ x 
is wise '. 

This is obviously the explanation of the difference we feel 
between Socrates and wise which Mr Russell expresses by 
saying that with wise you have to bring in the form of a 
proposition. Since all expressions must be completed to 
form a propositidR, it was previously hard to understand how 
wise could be more incomplete than Socrates. Now we can 
see that the reason for this is that whereas with ' Socrates ’ 
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we only have the idea of completing it in any manner into a 
proposition, with ‘ wise ’ we have not only this but also an 
idea of completing it in a special way, giving us not merely 
any proposition in which wise occurs but also one in which it 
occms in a particular way, which we may call its occurrence 
as predicate, as in ' Socrates is wise 

What is this difference due to, and is it a real difference 
at all ? That is to say, can we not do with ' Socrates ’ what 
we do with 'wise’, and use it to collect a set of propositions 
narrower than the whole set in which it occurs ? Is this 
impossible, or is it merely that we never in fact do it ? 
These are the questions we must now try to answer. The 
way to do it would seem to be the following. Suppose we 
can distinguish among the properties of Socrates a certain 
subset which we can call qualities, the idea being roughly 
that only a simple property is a quality. Then we could 
form in connection with ‘ Socrates ’ two sets of propositions 
just as we can in connection with ' wise There would be 
the wide set of propositions in which ' Socrates ’ occurs at 
all, which we say assert properties of Socrates, but also there 
would be the narrower set which assert qualities of Socrates. 
Thus supposing justice and wisdom to be qualities, ' Socrates 
is wise ’, ' Socrates is just ’ would belong to the narrower set 
and be values of a function ‘ Socrates is y ’. But ' Socrates 
is neither wise nor just ’ would not assert a quality of Socrates 
but only a compound characteristic or property, and would 
only be a value of the function ‘ (f> Socrates ’, not of 
‘ Socrates is q’. 

But although such a distinction between qualities and 
properties may be logically possible, we do not seem ever to 
carry it out systematically. Some light may be thrown on 
this fact by a paragraph in Mr Johnson’s Hogic in which he 
argues that, whereas “we may properly construct a compound 
adjective out of simple adjectives, yet the nature of any term 
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functioning as a substantive is such that it is impossible to 
construct a genuine compound substantive Thus from 
the two propositions ' Socrates is wise ‘ Socrates is just ’ 
we can form the proposition ‘ Neither is Socrates wise nor 
is Socrates just or, for short, ‘ Socrates is neither wise nor 
just ’ ; which still, according to Mr Johnson, predicates an 
adjective of Socrates, is a value of ‘ <f> Socrates ’ and would 
justify * (3^) . (f> Socrates ', or ‘ Socrates has some property 
If, on the other hand, we take the two propositions ‘ Socrates 
is wise ’, ‘ Plato is wise ’ and form from them ' Neither 
Socrates is wise nor Plato is wise ’ ; this is not a value of ' x 
is wise ’ and would not justify ‘ (32;) . x is wise ’, or ‘ Some- 
one is wise So inasmuch as ‘ Socrates is neither wise nor 
just ’ justifies ' Socrates has some adjective ’ we can say that 
‘ neither wise nor just ’ is a compound adjective ; but since 
' Neither Socrates nor Plato is wise ’ does not justify ' some- 
thing is wise ’, ' neither Socrates nor Plato ’ cannot be a 
compound substantive any more than nobody is a com- 
pound man. 

If, however, we could form a range of qualities as opposed 
to properties, ‘ Socrates is neither wise nor just ’ would not 
justify ‘ Socrates has some quality ’ and ‘ neither wise nor 
just ’ would not be a quality. Against this Mr Johnson 
says that there is no universally valid criterion by which we 
can distinguish qualities from other properties ; and this is 
certainly a very plausible contention when we are talking, 
as we are now, of qualities and properties of logical construc- 
tions such as Socrates. For the distinction is only really 
clear in connection with genuine objects ; then we can say 
that <!> represents a quality when (f>a is a two-termed atomic 
proposition, and this would distinguish qualities from other 
propositional functions or properties. But when the subject 
« is a logical construction and <f>a a compound proposition of 
» Part II. p. 61 . 
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which we do not know the analysis, it is hard to know what 
would be meant by asking if ^ were simple, and calling it, if 
siinple, a quality. It would clearly have to be a matter not 
of absolute but of relative simplicity. 

Yet it is easy to see that, in theory, an analogous distinction 
can certainly be made for incomplete symbols also. Take 
any incomplete symbol 'a' ; this will be defined not in 
isolation but in conjunction with any symbol of a certain sort 
X. Thus we might define ax to mean aRx. Then this incom- 
plete symbol ‘a’ will give us two ranges of propositions: the 
range ax obtained by completing it in the way indicated in 
its definition ; and the general range of propositions in which a 
occurs at all, that is to say, all truth-functions of the proposi- 
tions of the preceding range and constant propositions not 
containing a. Thus in the two famous cases of descriptions 
and classes, as treated in Principia Mathematica, the narrower 
range will be that in which the description or class has primary 
occurrence, the wider range that in which it has any sort of 
occurrence primary or secondary, where the terms ‘ primary ’ 
and ‘ secondary ’ occurrence have the meanings explained in 
Principia. In brief with regard to any incomplete s5nnbol 
we can distinguish its primary and secondary occurrences, 
and this is fundamentally the same distinction which we 
found to be characteristic of the adjective. So that any 
incomplete symbol is really an adjective, and those which 
appear substantives only do so in virtue of our failing whether 
through inability or neglect to distinguish their primary and 
secondary occurrences. As a practical instance let us take 
the case of material objects ; these we are accustomed to 
regard as substantives, that is to say we use them to define 
ranges of propositions in one way only, and make no 
distinction between their primary and secomiary occurrences. 
At least no one made such a distinction until Dr Whitehead 
declared that material objects are adjectives of the events in 
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which they are situated, so that the primary occurrence of a 
material object 4 is in a proposition ‘ A is situated in £ 
From such propositions as this we can construct all other 
propositions in which A occurs. Thus ' A is red ' will be 
' For all £, /I is situated in E implies redness is situated in 
£ ’, in which A has secondary occurrence. So the distinction 
between primary and secondary occurrence is not merely 
demonstrated as logically necessary, but for this case effected 
practically. 

The conclusion is that, as regards incomplete symbols, the 
fundamental distinction is not between substantive and 
adjective but between primary and secondary occurrence ; 
and that a substantive is simply a logical construction between 
whose primary and secondary occurrences we fail to 
distinguish. So that to be a substantive is not an objective 
but a subjective property in the sense that it depends not 
indeed on any one mind but on the common elements in all 
men’s minds and purposes. 

This is my first conclusion, which is I think of some 
importance in the philosophy of nature and of mind; but it 
is not the conclusion which I most want to stress, and it does 
not answer the question with which I began my paper. For 
it is a conclusion about the method and possibility of dividing 
certain logical constructions into substantives and adjectives, 
it being in connection with these logical constructions that 
the idea of substantive and adjective traditionally originated. 
But the real question at issue is the possibility of dividing 
not logical constructions but genuine objects into particulars 
and universals, and to answer this we must go back and pick 
up the thread of the argument, where we abandoned it for 
this lengthy digression about logical constructions. 

We saw above* that the distinction between particular and 
universal was derived from that between subject and predicate 
which we found only to occur in atomic propositions. We 
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then examined the three theories of atomic propositions 
or rather of atomic facts, Mr Johnson’s theory of a tie, 
Mr Russell’s that the copulation is performed by universals, 
of which there must be one and only one in each atomic fact, 
and Mr Wittgenstein’s that the objects hang in one another 
like the links of a chain. We observed that of these theories 
only Mr Russell’s really assigned a different function to 
subject and predicate and so gave meaning to the distinction 
between them, and we proceeded to discuss this theory. We 
found that to Mr Johnson’s criticisms Mr Russell had two 
possible answers ; one being to argue that his theory alone 
took account of the difference we feel there to be between 
Socrates and wisdom, the other that his notation was far 
more convenient than any other and must therefore corre- 
spond more closely to the facts. We then took the first of 
these arguments, and examined the difference between 
Socrates and wisdom. This we found to consist in the fact 
that whereas Socrates determined only one range of proposi- 
tions in which it occurred, wise determined two such ranges, 
the complete range ‘ / wise ’, and the narrower range ‘ x is 
wise ’. We then examined the reason for this difference 
between the two incomplete symbols Socrates and wise, and 
decided that it was of a subjective character and depended 
on human interests and needs. 

What we have now to consider is whether the difference 
between Socrates and wise has any such bearing on the 
composition of atomic facts as Mr Russell alleges it to 
have. This we can usefully combine with the consideration 
of Mr Russell’s other possible argument from the superior 
convenience of his symbolism. The essence of this symbolism, 
as Mr Johnson has observed, consists in not letting the 
adjective stand alone, but making it a propositional function 
by attaching it to a variable x. A possible advantage of this 
procedure at once suggests itself in terms of our previous 
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treatment of the difference between substantive and adjective ; 
namely, that attaching the variable x helps us to make the 
distinction we require to make in the case of the adjective, but 
not in the case of the substantive, between the values of <f>x 
and those of / where / is variable. Only so, it might be 
said, can we distinguish (*) . <l>x from (/) But very 

little consideration is required to see that this advantage is 
very slight and of no fundamental importance. We could 
easily make the distinction in other ways ; for instance by 
determining that if the variable came after the <f> it should 
mean what we now express by <f>x, but if before the tf> what 
we express by ; or simply by deciding to use the letters 
‘ x‘,' y’,‘ 2 ’.in one case, ‘ f’,‘ g’,‘ h’, in the other. 

But, although this supposed advantage in the functional 
symbolism is imaginary, there is a reason which renders it 
absolutely indispensable. Take such a property as ‘ either 
having R to a, or having S to 6 ’ ; it would be absolutely 
impossible to represent this by a simple symbol ' (f>'. For how 
then could we define (f> ? We could not put tj> — Ra .y . Sb 
because we should not know whether the blanks were to be 
filled with the same or different arguments, and so whether 
<f> was to be a property or relation. Instead we must put 
(f)X . = . xRa . V . xSb ; which explains not what is meant 
by <j) by itself but that followed by any symbol x it is short 
for xRa . v . xSb. And this is the reason which makes 
inevitable the introduction of propositional functions. It 
simply means that in such a case ‘ <!>’ is not a name but an 
incomplete symbol and cannot be defined in isolation or 
allowed to stand by itself. 

But this conclusion about xRa . v . xSb will not apply to all 
propositional functions. If is a two-termed atomic pro- 
position, ‘ (j>’ is M name of the term other than a, and can 
perfectly well stand by itself ; so, it will be asked, why do we 
write ‘ <f)X ’ instead of ‘(f)’ in this case also ? The reason 
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for this lies iii a fundamental characteristic of mathematical 
logic, its extensionality, by which I mean its primary interest 
in classes and relations in extension. Now if in any proposi- 
tion whatever we change any individual name into a variable, 
the resulting propositional function defines a class ; and the 
class may be the same for two functions of quite different 
' forms, in one of which ‘ ^ ’ is an incomplete symbol, in the 
other a name. So mathematical logic, being only interested 
in functions as a means to classes, sees no need to distinguish 
these two sorts of functions, because the difference between 
them, though all-important to philosophy, will not correspond 
to any difference between the classes they define. So 
because some ^’s are incomplete and cannot stand alone, and 
all (f)’s are to be treated alike in order to avoid useless com- 
plication, the only solution is to allow none to stand alone. 

Such is the justification of Mr Russell’s practice ; but it is 
also the refutation of his theory, which fails to appreciate the 
distinction between those functions which are names and 
those which are incomplete symbols, a distinction which, as 
remarked above, though immaterial for mathematics is 
essential for philosophy. I do not mean that Mr RusseU 
would now den}' this distinction ; on the contrary it is clear 
from the Second Edition of Principia that he would accept it ; 
but I think that his present theory of universals is the relic 
of his previous failure to appreciate it. 

It will be remembered that we found two possible arguments 
for his theory of universals. One was from the efficiency 
of the functional notation ; this clearly lapses because, 
as we have seen, the functional notation merely overlooks 
an essential distinction which happens not to interest 
the mathematician, and the fact that some functions 
cannot stand alone is no argument that'aU cannot. The 
other argument was from the difference we feel between 
Socrates and wise, which corresponds to a difference in his 
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logical system between individuals and functions. Just as 
Socrates determines one range of propositions, but wise two, 
so a determines the one range ^a, but the two ranges 
and But what is this difference between individuals 

and functions due to ? Again simply to the fact that 
certain things do not interest the mathematician. Anyone 
who was interested not only in classes of things, but 
also in their qualities, would want to distinguish from among 
the others those functions which were names ; and if we called 
the objects of which they are names qualities, and denoted a 
variable quality by q, we should have not only the range jta 
but also the narrower range qa, and the difference analogous 
to that between ‘ Socrates ’ and ‘ wisdom ’ would have 
disappeared. We should have complete symmetry between 
qualities and individuals ; each could have names which 
could stand alone, each would determine two ranges of 
propositions, for a would determine the ranges qa and (j>a, 
where q and ^ are variables, and q would determine the 
ranges qx and fq, where x and / are variables. 

So were it not for the mathematician’s biassed interest he 
would invent a symbolism which was completely symmetrical 
as regards individuals and qualities ; and it becomes clear 
that there is no sense in the words individual and quality ; 
all we are talking about is two different types of objects, such 
that two objects, one of each type, could be sole constituents 
of an atomic fact. The two types being in every way sym- 
metrically related, nothing can be meant by calling one type 
the t}q)e of individuals and the other that of qualities, and 
these two words are devoid of connotation. 

To this, however, various objections might be made which 
must be briefly dealt with. First it might be said that the 
two terms of such an atomic fact must be connected by the 
characterizing tie and/or the relation of characterization, which 
are asymmetrical, and distinguish their relata into individuals 
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and qiialities. Against this I would say that the relation of 
characterization is simply a verbal fiction. ‘ q characterizes 
a ’ means no more and no less than ‘ a is ^ it is merely a 
lengthened verbal form ; and since the relation of characteriza- 
tion is admittedly not a constituent of ‘ a is y ’ it cannot be 
anything at all. As regards the tie, I cannot understand what 
sort of a thing it could be, and prefer Wittgenstein’s view that 
in the atomic fact the objects are connected together without 
the help of any mediator. This does not mean that the fact 
is simply the collection of its constituents but that it consists 
in their union without any mediating tie. There is one more 
objection suggested by Mr Russell’s treatment in the new 
edition of Principia. He there says that all atomic proposi- 
tions are of the forms Ri(x), R^{x, y) , R^{x, y , z) , etc., and so 
can define individuals as terms which can occur in propositions 
with any number of terms ; whereas of course an «-termed 
relation could only occur in a proposition with « -f 1 terms. 
But this assumes his theory as to the constitution of atomic 
facts, that each must contain a term of a special kind, called 
a universal ; a theory we found to be utterly groundless. 
The truth is that we know and can know nothing whatever 
about the forms of atomic propositions ; we do not know 
whether some or all objects can occur in more than one form 
of atomic proposition ; and there is obviously no way of 
deciding any such question. We cannot even tell that there 
are not atomic facts consisting of two terms of the same type. 
It might be thought that this would involve us in a vicious 
circle contradiction, but a little reflection will show that it 
does not, for the contradictions due to letting a function be 
its own argument only arise when we take for argument a 
function containing a negation which is therefore an incom- 
plete symbol not the name of an object. 

In conclusion let us describe from this new point of view 
the procedure of the mathematical logician. He takes any 
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type of objects whatever as the subject of his reasoning, and 
calls them individuals, meaning by that simply that he has 
chosen this type to reason about, though he might equally 
well have chosen any other type and called them individuals. 
The results of replacing names of these individuals in 
propositions by variables he then calls functions, irrespective 
of whether the constant part of the function is a name or an 
incomplete symbol, because this does not make any difference 
to the class which the function defines. The failure to make 
this distinction has led to these functional symbols, some of 
which are names and some incomplete, being treated all alike 
as names of incomplete objects or properties, and is responsible 
for that great muddle the theory of universals. Of all 
philosophers Wittgenstein alone has seen through this muddle 
and declared that about the forms of atomic propositions we 
can know nothing whatever. 



V 


NOTE ON THE PRECEDING PAPER (1926) 

. . . When I wrote my article I was sure that it was 
impossible to discover atomic propositions by actual analysis. 
Of this I am now very doubtful, and I cannot therefore be 
sure that they may not be discovered to be all of one or other 
of a series of forms which can be expressed by R^ix), R^{x, y), 
i ?3 (x, y, z), etc., in which case we could, as Mr Russell has 
suggested, define individuals as terms which can occur in 
propositions of any of these forms, universals as terms which 
can only occur in one form. This I admit may be found to be 
the case, but as no one can as yet be certain what sort of 
atomic propositions there are, it cannot be positively asserted ; 
and there is no strong presumption in its favour, for I think 
that the argument of my article establishes that nothing of the 
sort can be known a priori. 

And this is a matter of some importance, for philosophers 
such as Mr Russell have thought that, although they did not 
know into what ultimate terms propositions are anadysable, 
these terms must nevertheless be divisible into universads 
and particulars, categories which are used in philosophical 
investigations as if it were certain a priori that they would 
be applicable. This certainly seems to be derived primarily 
from the supposition that there must be a difference between 
ultimate objects analogous to one felt to subsist between 
such terms as Socrates and wise ; and to see if this 
can reasonably be maintained, we must discover what 
difference there is between Socrates dhd wise analogous 
to the distinction made in Mr Russell’s system between 
particulars and universals. 


135 



136 NOTE ON PRECEDING PAPER 

If we consider the development of Mr Russell’s system of 
logic, as expounded in the Introduction to the Second Edition 
of Principia Mathematica, we can see what difference there is 
in his treatment of particulars and universals. We find that 
universals always occur as propositional functions, which 
serve to determine ranges of propositions, especially the range 
of values of the function px, and the range of functions of the 
function f{px) (where / is variable). Individuals also serve 
to determine ranges of propositions, but in this case there is 
only one principal range, the range of functions of the 
individual pa {p variable). We could make a narrower range, 
as Mr Russell points out, by using a variable quality, but we 
have no need to do so. Now this is the only difference between 
the way individuals and imiversals function in his system, 
and as we find that there is a precisely similar difference 
between Socrates and wise, it is probable that we have here 
the essence of the matter. Wise, like a in Mr Russell’s 
system, determines the narrower range of propositions ' x is 
wise ’ and the wider one '/ wise ’, where the last range includes 
all propositions whatever in which wise occurs. Socrates, on 
the other hand, is only used to determine the wider range of 
propositions in which it occurs in any manner ; we have no 
precise way of singling out any narrower range. We cannot 
do it by limiting it to propositions in which Socrates occurs 
as subject, because in any proposition in which he occurs he 
can be regarded as the subject : we can always regard the 
proposition as saying ‘ It is true of Socrates that — ’. The 
point is that with Socrates the narrower range is missing. . . . 

Nevertheless this difference between Socrates and wise is 
illusory, because it can be shown to be theoretically possible 
to make a similar narrower range for Socrates, though we 
have never needed to do this. Nevertheless, once this 
fact is observed, the difference between Socrates and wise 
lapses, and we begin, like Dr Whitehead, to call Socrates an 
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adjective. If you think all or nearly all propositions about 
material objects are truth-functions of propositions about their 
location in events, then, on my view, you will regard material 
objects as adjectives of events. For that is the real meaning 
of the distinction between adjective and substantive. I do 
not say that the distinction has arisen from explicit reflection 
about the difference in regard to ranges of propositions, but 
that this difference obscurely felt is the source of the 
distinction. My view is strikingly confirmed by the case of 
Dr Whitehead, who, having made material objects analogous 
to wise in the way in question, then declared that they were 
adjectives. 



VI 

FACTS AND PROPOSITIONS (1927) 

The problem with which I propose to deal is the logical 
analysis of what may be called by any of the terms judgment, 
belief, or assertion. Suppose I am at this moment judging 
that Caesar was murdered : then it is natural to distinguish 
in this fact on the one side either my mind, or my present 
mental state, or words or images in my mind, which we will 
call the mental factor or factors, and on the other side either 
Caesar, Or Caesar’s murder, or Caesar and murder, or the 
proposition Caesar was murdered, or the fact that Caesar was 
murdered, which we will cadi the objective factor or factors ; 
and to suppose that the fact that I am judging that Caesar 
was murdered consists in the holding of some relation or 
relations between these mental and objective factors. The 
questions that arise are in regard to the nature of the two 
sets of factors and of the relations between them, the 
fundamental distinction between these elements being hardly 
open to question. 

Let us begin with the objective factor or factors ; the 
simplest view is that there is one such factor only, a 
proposition, which may be either true or false, truth and falsity 
being unanalysable attributes. This was at one time the view 
of Mr Russell, and in his essay " On the Nature of Truth and 
Falsehood ” ^ he explains the reasons which led him to 
abandon it. These were, in brief, the incredibility of the 
existence of such objects as ‘ that Caesar died in his bed 
which could be described as objective falsehoods, and the 
mysterious nature of the difference, on this theory, between 
truth and falsehood. He therefore concluded, in my opinion 

' In Philosophical Essays, 1910. 
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rightly, that a judgment has no single object, but is a^ 
multiple relation of the mind or mental factors to many 
objects, those, namely, which we should ordinarily call 
constituents of the proposition judged. 

There is, however, an alternative way of holding that a 
judgment has a single object, which it would be well to consider 
before we pass on. In the above-mentioned essay Mr Russell 
asserts that a perception, which unlike a judgment he regards 
as infallible, has a single object, for instance, the complex 
object ' knife- to-left-of-book ’. This complex object can, I 
think, be identified with what many people (and Mr Russell 
now) would call the fact that the knife is to the left of the book ; 
we could, for instance, say that we perceived this fact. And 
just as if we take any true proposition such as that Caesar 
did not die in his bed, we can form a corresponding phrase 
beginning with ' the fact that ’ and talk about the fact that 
he did not die in his bed, so Mr Russell supposed that to any 
true proposition there corresponded a complex object. 

Mr Russell, then, held that the object of a perception was 
a fact, but that in the case of a judgment the possibility of 
error made such a view untenable, since the object of a judg- 
ment that Cassar died in his bed could not be the fact that he 
died in his bed, as there was no such fact. It is, however, 
evident that this difficulty about error could be removed 
by postulating for the case of judgment two different relations 
between the mental factors and the fact, one occurring in 
true judgments, the other in false. Thus, a judgment that 
Caesar was murdered and a judgment that Caesar was not 
murdered would have the same object, the fact that Caesar 
was murdered, but differ in respect of the relations between 
the menteil factor and this object. Thus, in The Analysis 
of Mind ^ Mr Russell speaks of beliefs as either pointing 

* p. 272. It should be observed that in The Analysts of Mind a 
' belief ' is what we call a mental factor, not the whole complex of mental 
factors and relations and objective factors. 
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towards or pointing away from facts. It seems to me, however, 
that any such view either of judgment or of perception would 
be inadequate for a reason which, if valid, is of great 
importance. Let us for simplicity take the case of perception 
and, assuming for the sake of argument that it is infallible, 
consider whether ' He perceives that the knife is to the left 
of the book ’ can really assert a dual relation between a person 
and a fact. Suppose that I who make the assertion cannot 
myself see the knife and book, that the knife is really to the 
right of the book, but that through some mistake I suppose 
that it is on the left and that he perceives it to be on the left, 
so that I assert falsely ‘ He perceives that the knife is to the 
left of the book Then my statement, though false, is 
significant, and has the same meaning as it would have if it 
were true ; this meaning cannot therefore be that there is a 
dual relation between the person and something (a fact) of 
which ‘ that the knife is to the left of the book ' is the name, 
because there is no such thing. The situation is the same as 
that with descriptions ; ' The King of France is wise ’ is 
not nonsense, and so ‘ the King of France ’, as Mr Russell 
has shown, is not a name but an incomplete symbol, and the 
same must be true of ‘ the King of Italy ’. So also ' that the 
knife is to the left of the book ’, whether it is true or feilse, 
cannot be the name of a fact. 

But, it will be asked, why should it not be a description of 
a fact ? If I say ‘ He perceives that the knife is to the left 
of the book ’, I mean that he perceives a fact which is not 
named but described as of a certain sort, and the difficulty 
will disappear when my assertion is analysed according to 
Mr Russell’s theory of descriptions. Similarly, it will be said, 

‘ the death of Caesar ’ is a description of an event, and ‘ the 
fact that Caesar died ’ is only an alternative expression for 
‘ the death of Caesar ’. 

Such an objection is plausible but not, in my opinion, valid. 
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The truth is that a phrsise like ' the death of Caesar ’ can be 
used in two different ways ; ordinarily, we use it as the 
description of an event, and we could say that ' the death of 
Caesar ’ and ' the murder of Caesar ’ were two different 
descriptions of the same event. But we can also use ‘ the death 
of Caesar ’ in a context like ‘ He was aware of the death of 
Caesar ’ meaning ' He was awaire that Caesar had died ’ ; here 
(and this is the sort of case which occurs in the discussion of 
cognition) we cannot regard ‘ the death of Caesar ’ as the 
description of an event ; if it were, the whole proposition would 
be * There is an event £ of a certain sort such that he is 
aware of E ’, and would be still true if w^ubstituted another 
description of the same event, e.g. ‘ the murder of Caesar 
That is, if his awareness has for its object an event described 
by ‘ the death of Caesar ’, then, if he is aware of the death of 
Caesar, he must also be aware of the murder of Caesar, for they 
are identical. But, in fact, he could quite well be aware that 
Caesar had died without knowing that he had been murdered, 
so that his awareness must have for its object not merely an 
event but an event and a character also. 

The connection between the event which was the death of 
Caesar and the fact that Caesar died is, in my opinion, this ; 

‘ That Caesar died ' is really an existential proposition, asserting 
the existence of an event of a certain sort, thus resembling 
‘ Italy has a King ’, which asserts the existence of a man of 
a certain sort. The event which is of that sort is called the 
death of Caesar, and should no more be confused with the fact 
that Caesar died than the King of Italy should be confused 
with the fact that Italy has a King. 

We have seen, then, that a phrase beginning ‘ the fact that ’ 
is not a name, and also not a description ; it is, therefore, 
neither a name nor a description of any genuine constituent 
of a proposition, and so a proposition about ‘ the fact that 
oRh ' must be analysed into (1) the proposition aRb, (2) some 
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further proposition about a, R, b, and other things ; aqd an 
analysis of cognition in terms of relations to facts cannot be 
accepted as ultimate. We are driven, therefore, to Mr Russell’s 
conclusion that a judgment ^ has not one object but many, 
to which the mental factor is multiply related ; but to leave 
it at that, as he did, cannot be regarded as satisfactory. There 
is no reason to suppose the multiple relation simple ; it may, 
for instance, result from the combination of dual relations 
between parts of the mental factor and the separate objects ; 
and it is desirable that we should try to find out more about 
it, and how it varies when the form of proposition believed 
is varied. Similarly, a theory of descriptions which contented 
itself with observing that ‘ The King of France is wise ’ could 
be regarded as asserting a possibly complex multiple relation 
between kingship, France, and wisdom, would be miserably 
inferior to Mr Russell’s theory, which explains exactly what 
relation it is. 

But before we proceed further with the analysis of judgment, 
it is necessary to say something about truth and falsehood, in 
order to show that there is really no separate problem of truth 
but merely a linguistic muddle. Truth and falsity are ascribed 
primarily to propositions. The proposition to which they are 
ascribed may be either explicitly given or described. Suppose 
first that it is explicitly given ; then it is evident that ‘ It is 
true that Caesar was murdered ’ means no more than that 
Caesar was murdered, and ‘ It is false that Caesar was murdered ’ 
means that Caesar was not murdered. They are phrases which 
we sometimes use for emphasis or for stylistic reasons, or to 
indicate the position occupied by the statement in our 
argument. So also we can say ‘It is a fact that he was 
murdered ’ or ‘ That he was murdered is contrary to fact ’. 

In the second ca5>e in which the proposition is described and 

* And, in our view, any other form of knowledge or opinion that 
something is the case. 



FACTS AND PROPOSITIONS 143 

not given explicitly we have perhaps more of a problem, for 
we get statements from which we cannot in ordinary language 
eliminate the words ' true ’ and ‘ false Thus if I say ‘ He is 
always right I mean that the propositions he asserts are 
always true, and there does not seem to be any way 
of expressing this without using the word ‘ true But 
suppose we put it thus ‘ For all p, if he asserts p, p is true ’, 
then we see that the propositional function p is true is simply 
the same as p, as e.g. its value ' Caesar was murdered is true ' 
is the same as ' Caesar was murdered We have in English 
to add ' is true ’ to give the sentence a verb, forgetting that 
' p ’ already contains a (variable) verb. This may perhaps 
be made clearer by supposing for a moment that only one 
form of proposition is in question, say the relational form 
aRb ; then ‘ He is always right ’ could be expressed by ‘ For 
all a, R, b, if he asserts aRb, then aRb to which ‘ is true ’ 
would be an obviously superfluous addition. When all forms 
of proposition are included the analysis is more complicated 
but not essentially different ; and it is clear that the problem 
is not as to the nature of truth and falsehood, but as to the 
nature of judgment or assertion, for what is difficult to analyse 
in the above formulation is ‘ He asserts aRb 

It is, perhaps, also immediately obvious that if we have 
analysed judgment we have solved the problem of truth ; 
for taking the mental factor in a judgment (which is often 
itself called a judgment), the truth or falsify of this depends 
only on what proposition it is that is judged, and what we 
have to explain is the meaning of saying that the judgment 
is a judgment that a has R to b, i.e. is true if aRb, false if 
not. We can, if we like, say that it is true if there exists a 
corresponding fact that a has R to b, but this is essentially 
not an analysis but a periphrasis, for ‘ The fact that a has R 
to b exists ’ is no different from ‘ a has R to b 
In order to proceed further, we must now consider the 
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mental factors in a belief. Their nature will depend on the 
sense in which we are using the ambiguous term belief : it 
is, for instance, possible to say that a chicken believes a 
certain sort of caterpillar to be poisonous, and mean by that 
merely that it abstains from eating such caterpillars on account 
of unpleasant experiences connected with them. The mental 
factors in such a belief would be parts of the chicken’s 
behaviour, which are somehow related to the objective 
factors, viz. the kind of caterpillar and poisonousness. An 
exact analysis of this relation would be very difficult, but it 
might well be held that in regard to this kind of belief the 
pragmatist view was correct, i.e. that the relation between 
the chicken’s behaviour and the objective factors was that 
the actions were such as to be useful if, and only if, the cater- 
pillars were actually poisonous. Thus any set of actions 
for whose utility ^ is a necessary and sufficient condition 
might be called a belief that p, and so would be true if p, 
i.e. if they are useful.^ 

But without wishing to depreciate the importance of this 
kind of belief, it is not what I wish to discuss here. I prefer 
to deal with those beliefs which are expressed in words, or 
possibly images or other symbols, consciously asserted or 
denied ; for these beliefs, in my view, are the most proper 
subject for logical criciticm. 

The mental factors of such a belief I take to be words, 
spoken aloud or to oneself or merely imagined, connected 
together and accompanied by a feeling or feelings of belief 
or disbelief, related to them in a way I do not propose to 
discuss.® I shall suppose for simplicity that the thinker with 

• It is useful to believe aRb would mean that it is useful to do things 

which are useful if, and only if, aRb ; which is evidently equivalent 
to aRb. I. 

• I speak throughout as if the differences between belief, disbelief, 
and mere consideration lay in the presence or absence of ‘ feelings ’ ; 
but any other word may be substituted for ' feeling ’ which the reader 
prefers, e.g. ‘ specific quality ' or ' act of assertion ' and ' act of denial ’. 
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whom we are concerned uses a systematic language without 
irregularities and with an exact logical notation like that of 
Principia Mathematica. The primitive signs in such a language 
can be divided into names, logical constants, and variables. 
Let us begin with names ; each name means an object, 
meaning being a dual relation between them. Evidently 
name, meaning, relation, and object may be really all complex, 
so that the fact that the name means the object is not 
ultimately of the dual relational form but far more com- 
plicated.^ Nevertheless, just as in the study of chess nothing 
is gained by discussing the atoms of which the chessmen are 
composed, so in the study of logic nothing is gained by 
entering into the ultimate analysis of names and the objects 
they signify. These form the elements of the thinker’s beliefs 
in terms of which the various logical relations of one belief 
to another can all be stated, and their internal constitution 
is immaterial. 

By means of names alone the thinker can form what we 
may call atomic sentences, which from our formal standpoint 
offer no very serious problem. If «, R, and b are things which 
are simple in relation to his language, i.e. of the types of 
instances of which he has names, he will believe that aRb 
by having names for a, R, and b connected in his mind and 
accompanied by a feeling of belief. This statement is, however, 
too simple, since the names must be united in a way appropriate 
to aRb rather than to bRa ; this can be explained by saying 
that the name of R is not the word ‘ R ’, but the relation we 
make between ' a ’ and ‘ 6 ’ by writing ‘ aRb The sense in 
which this relation unites ‘ a ’ and ‘ b ’ then determines 
whether it is a belief that aRb or that bRa. There are various 
other difficulties of the same sort, but I propose to pass on 
to the more interesting problems which arise’when we consider 

* This is most obvious in the case of names, which generally consist 
of letters, so that their complexity is evident. 

I, 
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more complicated beliefs which require for their expression 
not only names but logical constants as well, so that we have 
to explain the mode of significance of such words as ‘ not ' 
and ‘ or 

One possible explanation * is that they, or some of them, 
e.g. ‘ not ’ and ‘ and ' in terms of which the others can be 
defined, are the names of relations, so that the sentences in 
which they occur are similar to atomic ones except that the 
relations they assert are logical instead of material. On this 
view every proposition is ultimately affirmative, asserting a 
simple relation between simple terms, or a simple quality of 
a simple term. Thus, ' This is not-red ’ asserts a relation of 
negation between this and redness, and ‘ This is not not-red ’ 
another relation of negation between this, redness and the 
first relation of negation. 

This view requires such a different attitude to logic from 
mine that it is difficult for me to find a common basis from 
which to discuss it. There are, however, one or two things 
I should like to say in criticism : first, that I find it very 
unsatisfactory to be left with no explanation of formal logic 
except that it is a collection of ‘ necessary facts ’. The con- 
clusion of a formal inference must, I feel, be in some sense 
contained in the premisses and not something new ; I cannot 
believe that from one fact, e.g. that a thing is red, it should 
be possible to infer an infinite number of different facts, such 
as that it is not not-red, and that it is both red and not not- 
red. These, I should say, are simply the same fact expressed 
by other words ; nor is it inevitable that there should be all 
these different ways of saying the same thing. We might, 
for instance, express negation not by inserting a word ‘ not ’, 
but by writing what we negate upside down. Such a symbolism 
is only inconvenient because we are not trained to perceive 
complicated symmetry about a horizontal axis, but if we 

* See, especially, J. A. Chadwick, '' Logical Constants,” Mind, 1927. 
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adopted it we should be rid of the redundant ‘ not-not 
for the result of negating the sentence ‘ p ’ twice would be 
simply the sentence ‘ p ’ itself. 

It seems to me, therefore, that ‘ not ’ cannot be a name (for 
if it were, ‘ not-not-p ’ would have to be about the object 
not and so different in meaning from ' p'), but must function 
in a radically different fashion. It follows that we must allow 
negations and disjunctions to be ultimately different from 
positive assertions and not merely the assertions of different 
but equally positive relationships. We must, therefore, 
abandon the idea that every proposition asserts a relation 
between terms, an idea that seems as difficult to discard as the 
older one that a proposition always asserts a predicate of 
a subject. 

Suppose our thinker is considering a single atomic sentence, 
and that the progress of his meditation leads either to his 
believing it or his disbelieving it. These may be supposed to 
consist originally in two different feelings related to the atomic 
sentence, and in such a relation mutually exclusive ; the 
difference between assertion and denial thus consisting in a 
difference of feeling and not in the absence or presence of a 
word like ‘ not ’. Such a word will, however, be almost 
indispensable for purposes of communication, belief in the 
atomic sentence being communicated by uttering it aloud, 
disbelief by uttering it together with the word ‘ not '. By a 
sort of association this word will become part of the internal 
language of our thinker, and instead of feeling disbelief 
towards ‘ p ’ he will sometimes feel belief towards ‘ not-^ ’. 

If this happens we can say that disbelieving ‘ p ' and 
believing ‘ not-^ ’ are equivedent occurrences, but to determine 
what we mean by this ‘ equivalent ’ is, to my mind, the 
central difficulty of the subject. The difficulty exists on any 
theory, but is particularly important on mine, which holds 
that the significance of ‘ not ’ consists not in a meaning relation 



148 FACTS AND PROPOSITIONS 

to an object, but in this equivalence between disbelieving 
‘ p ’ and believing ' not-/) 

It seems to me that the equivalence between believing 
‘ not-/) ’ and disbelieving ‘ /> ’ is to be defined in terms of 
causation, the two occurrences having in common many 
of their causes and many of their effects. There would be 
many occasions on which we should expect one or other to 
occur, but not know which, and whichever occurred we should 
expect the same kind of behaviour in consequence. To be 
equivalent, we may say, is to have in common certain causal 
properties, which I wish I could define more precisely. Clearly 
they are not at all simple ; there is no uniform action which 
believing ' p ' will always produce. It may lead to no action 
at all, except in particular circumstances, so that its causal 
properties will only express what effects result from it when 
certain other conditions are fulfilled. And, again, only certain 
sorts of causes and effects must be admitted ; for instance, 
we are not concerned with the factors determining, and the 
results determined by, the rhythm of the words. 

Feeling belief towards the words ‘ not-/) ' and feeling 
disbelief towards the words ' p ’ have then in common certain 
causal properties. I propose to express this fact by saying that 
the two occurrences express the same attitude, the attitude 
of disbelieving p or believing noi-p. On the other hand, feeling 
belief towards ‘ p ’ has different causal properties, and so 
expresses a different attitude, the attitude of believing p. 
It is evident that the importance of beliefs and disbeliefs 
lies not in their intrinsic nature, but in their causal properties, 
i.e. their causes and more especially their effects. For why 
should I want to have a feeling of belief towards names 

'a', ' R', and ‘ b when aRb, and of disbelief when not-aRb, 

< 

except because the effects of these feelings are more often 
satisfactory than those of the alternative ones. 

If then I say about someone whose language I do not 
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know ‘ He is believing that not-aRb I mean that there is 
occurring in his mind such a combination of a feeling and words 
as expresses the attitude of believing not-aZ?6, i.e. has certain 
causal properties, which can in this simple case} be specified 
as those belonging to the combination of a feeling of disbelief 
and names for a, R, and b, or, in the case of one who uses the 
English language, to the combination of a feeling of belief, 
names for a, R, and b, and an odd number of ‘ not ’ 's. Besides 
this, we can say that the causal properties are connected with 
a, R, and b in such a way that the only things which can have 
them must be composed of names of a, R, and b. (This is 
the doctrine that the meaning of a sentence must result from 
the meaning of the words in it.) 

When we are dealing with one atomic proposition only, 
we are accustomed to leave to the theory of probability the 
intermediate attitudes of partial belief, and consider only the 
extremes of full belief and full disbelief. But when our thinker 
is concerned with several atomic propositions at once, the 
matter is more complicated, for we have to deal not only with 
completely definite attitudes, such as believing p and dis- 
believing q, but also with relatively indefinite attitudes, 
such as believing that either p ot q is true but not knowing 
which. Any such attitude can, however, be defined in terms 
of the truth-possibilities of atomic propositions with which it 
agrees and disagrees. Thus, if we have n atomic propositions, 
with regard to their truth and falsity there are 2" mutually 
exclusive possibilities, and a possible attitude is given by 
taking any set of these and saying that it is one of this set 
which is, in fact, realized, not one of the remainder. Thus, to 
believe ^ or j is to express agreement with the possibilities 

p true and q true, p false and q true, p true and q false, cind 

» 

* In the more complicated cases treated below a similar specification 
seems to me impossible except by reference to a particular language. 
There are ways in which it Ccm apparently be done, but I think they 
are illusory. 
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disagreement with the remaining possibility p false and q 
false. To say that feeling belief towards a sentence expresses 
such an attitude is to say that it has certain causal properties 
which vary with the attitude, i.e. with which possibilities are 
knocked out and which, so to speak, are still left in. Very 
roughly the thinker will act in disregard of the possibilities 
rejected, but how to explain this accurately I do not know. 

In any ordinary language such an attitude can be expressed 
by a feeling of belief towards a complicated sentence formed 
out of the atomic sentences by logical conjunctions ; which 
attitude it is, depending not on the feeling but on the form of 
the sentence. We can therefore say elliptically that the 
sentence expresses the attitude, and that the meaning of a 
sentence is agreement and disagreement with such and such 
truth-possibilities, meaning by that that one who asserts or 
believes the sentence so agrees and disagrees. 

In most logical notations the meaning of the sentence is 
determined by logical operation signs that occur in it, such as 
‘ not ' and ‘ and ’. These mean in the following way : ‘ not-/) 
whether ‘ p ’ be atomic or not, expresses agreement with the 
possibilities with which ‘ p ’ expresses disagreement and 
vice versa. ‘ p and q ’ expresses agreement with such 
possibilities as both ' p ’ and ‘ q ’ express agreement with, 
and disagreement with all others. By these rules the meaning 
of any sentence constructed from atomic sentences by means 
of ‘ not ’ and ‘ and ’ is completely determined, the meaning 
of ‘ not ’ being thus a law determining the attitude expressed 
by ' not-/) ' in terms of that expressed by ‘ /> ’. 

This could, of course, only be used as a definition of ‘ not ’ 
in a symbolism based directly on the truth-possibilities. Thus 
in the notation explained on page 95 of Mr Wittgenstein’s 
Tractatus Logico-Philosophicus, we could define ‘ not-f* ’ 
as the symbol obtained by interchanging the T’s and blanks 
in the last column of ' p Ordinarily, however, we alwa 3 rs 
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use a different sort of s37mbolism in which ' not ’ is a primitive 
sign which cannot be defined without circularity ; but even 
in this symbolism we can ask how ' " nicht ” means not ’ 
is to be analysed, and it is this question which the above 
remarks are intended to answer. In our ordinary symboUsm 
the truth-possibilities are most conveniently expressed as 
conjunctions of atomic propositions and their negatives, and 
any proposition will be expressible as a disjunction of the truth- 
possibilities with which it agrees. 

If we apply the logical operations to atomic sentences in 
an indiscriminate manner, we shall sometimes obtain 
composite sentences which express no attitude of belief. Thus 
' p or not-p ’ excludes no possibility and so expresses no 
attitude of belief at all. It should be regarded not as a 
significant sentence, but a sort of degenerate case,* and is 
called by Mr Wittgenstein a tautology. It can be added to 
any other sentence without altering its meaning, for ‘ 9 : p 
or not-p ' agrees with just the same possibilities as ‘ 9 The 
propositions of formal logic and pure mathematics are in 
this sense tautologies, and that is what is meant by calling 
them ‘ necessary truths 

Similarly ‘ p and not-p ' excludes every possibility and 
expresses no possible attitude ; it is called a contradiction. 

In terms of these ideas we can explain what is meant by 
logical, mathematical, or formal inference or implication. The 
inference from ‘ p ' to ' q’ is formally guaranteed when ‘ If 
p, then q ’ is a. tautology, or when the truth-possibilities with 
which ‘ p ’ agrees are contained among those with which 
' q ’ agrees. When this happens, it is always possible to express 
‘ p ’ in the form ‘ q and r ’, so that the conclusion ‘ q ’ can be 
said to be already contained in the premiss. 

Before passing on to the question of*general propositions 

‘ In the mathematical sense in which two lines or two points form 
a degenerate conic. 
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I must say something about an obvious difficulty. We 
supposed above that the meanings of the names in our thinker's 
language might be really complex, so that what was to him an 
atomic sentence might after translation into a more refined 
language appear as nothing of the sort. If this were so it 
might happen that some of the combinations of truth and 
falsity of his atomic propositions were really self-contradictory. 
This has actually been supposed to be the case with ' blue ’ 
and ‘ red and Leibniz and Wittgenstein have regarded 
' This is both blue and red ’ as being self-contradictory, the 
contradiction being concealed by defective analysis. What- 
ever may be thought of this hypothesis, it seems to me that 
formal logic is not concerned with it, but presupposes that all 
the truth-possibilities of atomic sentences are really possible, 
or at least treats them as being so. No one could say that the 
inference from ‘ This is red ’ to ‘ This is not blue ’ was formally 
guaranteed like the syllogism. If I may revert to the analogy 
of chess, this assumption might perhaps be compared to the 
assumption that the chessmen are not so strongly magnetized 
as to render some positions on the board mechanically 
impossible, so that we need only consider the restrictions 
imposed by the rules of the game, and can disregard any others 
which might conceivably arise from the physical constitution 
of the men. 

We have so far confined ourselves to atomic propositions 
and those derived from them by any finite number of truth- 
operations, and unless our account is to be hopelessly incom- 
plete we must now say something about general propositions 
such as are expressed in English by means of the words ‘ all ’ 
and ‘ some ’, or in the notation of Principia Mathematica by 
apparent variables. About these I adopt the view of 
Mr Wittgenstein ^ that ‘ For all x, fx ’ is to be regarded as 
equivalent to the logical product of all the values of ' jx 

* And also, apparently, of Mr Johnson. See his Logic Part II, p. 59. 
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i.e. to the combination fx^ and fx^ and fx^ and . . and that 
' There is an * such that fx ' is similarly their logical sum. 
In connection with such symbols we can distinguish first the 
element of generality, which comes in in specifying the truth- 
arguments, which are not, as before, enumerated, but 
determined as all values of a certain propositional function ; 
and secondly the truth-function element which is the logical 
product in the first case and the logical sum in the second. 

What is novel about general propositions is simply the 
specification of the truth-arguments by a propositional 
function instead of by enumeration. Thus general propositions, 
just like molecular ones, express agreement and disagreement 
with the truth-possibilities of atomic propositions, but they 
do this in a different and more complicated way. Feeling 
belief towards ‘ For all x, fx ’ has certain causal properties 
which we call its expressing agreement only with the 
possibility that all the values of fx are true. For a symbol 
to have these casual properties it is not necessary, as it was 
before, for it to contain names for all the objects involved 
combined into the appropriate atomic sentences, but by a 
peculiar law of psychology it is sufficient for it to be 
constructed in the above way by means of a propositional 
function. 

As before, this must not be regarded as an attempt to define 
‘ all ’ and ‘ some ’, but only as a contribution to the analysis 
of ' I believe that all (or some) 

This view of general propositions has the great advantage 
that it enables us to extend to them Mr Wittgenstein’s accoimt 
of logical inference, and his view that formal logic consists of 
tautologies. It is also the only view which explains how ‘fa ’ 
can be inferred from ‘ For all x,fx and ‘ There is an x such that 
fx ' from ‘fa The alternative theory that’ ‘ There is an a; such 
that fx ’ should be regarded as an atomic proposition of the 
form ' F (f) ' (/ has application) leaves this entirely obscure ; 
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it gives no intelligible connection between a being red and red 
having application, but abandoning any hope of explaining this 
relation is content merely to label it ' necessary.’ 

Nevertheless, I anticipate that objection will be made on 
the following lines ; firstly, it will be said that a cannot enter 
into the meaning of 'For all x,fx’, because I can assert this 
without ever having heard of a. To this I answer that this is 
an essential part of the utility of the symbolism of generality, 
that it enables us to make assertions about things we have 
never heard of and so have no names for. Besides, that a is 
involved in the meaning of ‘ For all x.fx ’ can be seen from the 
fact that if I say " For all x,fx,' and someone replies ‘ not-fa \ 
then, even though I had not before heard of a, he would 
undoubtedly be contradicting me. 

The second objection that will be made is more serious ; it 
will be said that this view of general propositions makes what 
things there are in the world not, as it really is. a contingent 
fact, but something presupposed by logic or at best a proposi- 
tion of logic. Thus it will be urged that even if I could have a 
list of everything in the world ‘ a’,' h’, . . . ' z’, ' ¥or a\l x, fx’ 
would still not be equivalent to ' fa. fb . . .fz’ , but rather to 
‘ fa. fh . . . .fz and a, b...z are everything’. To this 
Mr Wittgenstein would reply that ‘a, b ... z are every- 
thing ’ is nonsense, and could not be written at all in his 
improved symbolism for identity. A proper discussion of this 
answer would involve the whole of his philosophy, and is, 
therefore, out of the question here ; all that I propose to do is 
to retort with a tu quoque ! The objection would evidently 
have no force if ' a, 6 ... r are everything ’ were, as with suit- 
able definitions I think it can be made to be, a tautology ; for 
then it could be left out without altering the meaning. The 
objectors will therefore claim that it is not a tautology, or in 
their terminology not a necessary proposition ; and this they 
will presumably hold with regard to any proposition of the sort. 
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i.e. they will say that to assert of a set of things that they are or 
are not everything cannot be either necessarily true or 
necessarily false. But they will, I conceive, admit that 
numerical identity and difference are necessary relations, that 
‘ There is an x such that fx ’ necessarily follows from ‘fa ’, and 
that whatever follows necessarily from a necessary truth is 
itself necessary. If so, their position cannot be maintained ; 
for suppose a, b, c are in fact not everything, but that there is 
another thing d. Then that d is not identical with a, b, or c is a 
necessary fact ; therefore it is necessary that there is an a; such 
that X is not identical with a, b, or c, or that a, b, c are not the 
only things in the world. This is therefore, even on the 
objector’s view, a necessary and not a contingent truth. 

In conclusion, I must emphasise my indebtedness to 
Mr Wittgenstein, from whom my view of logic is derived. 
Everything that I have said is due to him, except the parts 
which have a pragmatist tendency,^ which seem to me to be 
needed in order to fill up a gap in his system. But what- 
ever may be thought of these additions of mine, and however 
this gap should be filled in, his conception of formal logic 
seems to me indubitably an enormous advance on that of 
any previous thinker. 

My pragmatism is derived from Mr Russell ; and is, of 
course, very vague and undeveloped. The essence of prag- 
matism I take to be this, that the meaning of a sentence is to be 
defined by reference to the actions to which asserting it would 
lead, or, more vaguely still, by its possible causes and effects. 
Of this I feel certain, but of nothing more definite. 

* And the suggestion that the notion of an atomic proposition may 
be relative to a language. 
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TRUTH AND PROBABILITY (1926) 

To say of what is that it is not. or of what is not that it is, is false, 
while to say of what is that it is and of what is not that it is not is 
true. — Aristotle. 

When several hypotheses are presented to our mind which we believe 
to be mutually exclusive and exhaustive, but about which we know 
nothing further, we distribute our belief equally among them . . . . 
This being admitted as an account of the way in which we actually do 
distribute our belief in simple cases, the whole of the subsequent 
theory follows as a deduction of the way in which we must distribute 
it in complex cases 1/ we would be consistent. — W. F. Donkin. 

The object of reasoning is to find out, from the consideration of what 
we already know, something else which we do not know. Consequently, 
reasoning is good if it be such as to ’give a true conclusion from true 
premises, and not otherwise. — C. S. Peirce. 

Truth can never be told so as to be understood, and not be believed. — 
W. Blake. 
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FOREWORD 


In this essay the Theory of Probability is taken as a branch 
of logic, the logic of partial belief and inconclusive .argu- 
ment; but there is no intention of implying that this is 
the only or even the most important aspect of the subject. 
Probability is of fundamental importance not only in logic 
but also in statistical and physical science, and we cannot 
be sure beforehand that the most useful interpretation of it 
in logic will be appropriate in physics also. Indeed the 
general difference of opinion between statisticians who for 
the most part adopt the frequency theory of probability and 
logicians who mostly reject it renders it likely that the two 
schools are really discussing different things, and that the 
word ‘ probability ’ is used by logicians in one sense and by 
statisticians in another. The conclusions we shall come to 
as to the meaning of probability in logic must not, therefore, 
be taken as prejudging its meaning in physics.^ 

* [A final chapter, on probability in science, was designed but not 
written. — E d.] 
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(1) The Frequency Theory 

In the hope of avoiding some purely verbal controversies, 
I propose to begin by making some admissions in favour of the 
frequency theory. In the first place this theory must be 
conceded to have a firm basis in ordinary language, which 
often uses ‘ probability ’ practically as a synonym for pro- 
portion ; for example, if we say that the probability of 
recovery from smallpox is three-quarters, we mean, I think, 
simply that that is the proportion of smallpox cases which 
recover. Secondly, if we stmt with what is called the 
calculus of probabilities, regarding it first as a branch 
of pure mathematics, and then looking round for some inter- 
pretation of the formulae which shall show that our axioms 
are consistent and our subject not entirely useless, then 
much the simplest mid least controversial interpretation of 
the calculus is one in terms of frequencies. This is true not 
only of the ordinary mathematics of probability, but also of 
the s3mibolic calculus developed by Mr. Keynes ; for if in his 
alh, a and h are taken to be not propositions but proposi- 
tional fimctions or class-concepts which define finite classes, 
and a/h is taken to mean the proportion of members of h 
which are also members of a, then all his propositions 
become mithmetical truisms. 
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Besides these two inevitable admissions, there is a third 
and more important one, which I am prepared to make 
temporarily although it does not express my real opinion. It is 
this. Suppose we start with the mathematical calculus, and 
ask, not as before what interpretation of it is most convenient 
to the pure mathematicism, but what interpretation gives 
results of greatest value to science in general, then it may be 
that the answer is again an interpretation in terms of 
frequency ; that probability as it is used in statistical theories, 
especially in statistical mechanics — the kind of probability 
whose logarithm is the entropy — is really a ratio between the 
numbers of two classes, or the limit of such a ratio. I do\ 

f 

not myself believe this, but I am willing for the presenti 
to concede to the frequency theory that probability as used; 
in modem science is really the same as frequency. 

But, supposing all this admitted, it still remains the case 
that we have the authority both of ordinary language and 
of many great thinkers for discussing under the heading of 
probability what appears to be quite a different subject, 
the logic of partial belief. It may be that, as some sup- 
porters of the frequency theory have maintained, the logic 
of partial belief will be found in the end to be merely the 
study of frequencies, either because partial belief is defin- 
able as, or by reference to, some sort of frequency, 
or because it can o^y be the subject of logical treatnaept 
when it is grounded on experienced frequencies. Whether these 
contentions are valid can, however, only be decided as a 
result of our investigation into partial belief, so that I pro- 
pose to ignore the frequency theory for the present and 
begin an inquiry into the logic of partial belief. In this, 
I think, it will be most convenient if, instead of straight 
away developing my own theory,)^ bbgin by examining 
the views of Mr Keynes, which are so well known and in 
essentials so widely accepted that readers probably feel 



l6o 


TRUTH AND PROBABILITY 


that there is no ground for re-opening the subject it novo 
until they have been disposed of. 

(2) Mr Keynes’ Theory 

Mr Keynes^ starts from the supposition that we make 
probable inferences for which we claim objective validity ; 
we proceed from full belief in one proposition to partial 
bdief in another, and we claim that this procedure is 
objectively right, so that if another man in similar circum- 
stances entertained a different degree of belief, he would 
be wrong in doing so. Mr Keynes accounts for this by suppos- 
ing that between any two propositions, taken as premiss and 
conclusion, there holds one and only one relation of a certain 
sort called probability relations ; and that if, in any given 
case, the relation is that of degree a, from full belief in the 
premiss, we should, if we were rational, proceed to a belief 
of degree o in the conclusion. 

Before criticising this view, I may perhaps be allowed 
to point out an obvious and easily corrected defect in the 
statement of it. When it is said that the degree of the pro- 
bability relation is the same as the degree of belief 
which it justifies, it seems to be presupposed that both pro- 
bability relations, on the one hand, and degrees of belief 
on the other can be naturally expressed in terms of numbers, 
and then that the number expressing or measuring the pro- 
bability relation is the same as that expressing the appropriate 
degree of belief. But if, as Mr. Keynes holds, these things 
are not always expressible by numbers, then we cannot give 
his statement that the degree of the one is the same as the 
degree of the other such a simple interpretation, but must sup- 
pose him to mean only that there is a one-one correspondence 
between probability relations and the degrees of belief which 
* J. M. Keynes, A Treatise on Probability (1921). 
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they justify. This correspondence must clearly preserve the 
relations of greater Jind less, and so make the manifold of 
probability relations and that of degrees of belief similar 
in Mr Russell’s sense. I think it is a pity that Mr Keynes 
did not see this clearly, because the exactitude of this 
correspondence would have provided quite as worthy material 
for his scepticism as did the numerical measurement of pro- 
bability relations. Indeed some of his arguments against 
their numerical measurement appear to apply quite equally 
well against their exact correspondence with degrees of belief ; 
for instance, he argues that if rates of insurance correspond 
to subjective, i.e. actual, degrees of belief, these are not 
rationally determined, and we cannot infer that probability 
relations can be similarly measured. It might be argued that 
the true conclusion in such a case was not that, as Mr Keynes 
thinks, to the non-numerical probability relation corresponds 
a non-numerical degree of rational belief, but that degrees of 
belief, which were always numerical, did not correspond one to 
one with the probability relations justifying them. For it 
is, I suppose, conceivable that degrees of belief could be 
measured by a p^chogalvanpmeter or some such instrument, 
and Mr Keynes would hardly wish it to follow that probability 
relations could all be derivatively measured with the measures 
of the beliefs which they justify. 

But let us now return to a more fundamental criticism of 
Mr. Ke5mes’ views, which is the obvious one that there really 
dc>_not seem to be any such things as the probability, relatians 
he describes. He supposes that, at any rate in certain cases, 
they can be perceived ; but speaking for myself I feel con- 
fident that this is not true. I do not perceive them, and if I 
am to be persuaded that they exist it must be by argument 
moreover I shrewdly suspect that others do ftot perceive them 
either, because they are able to come to so very little agree- 
ment as to which of them relates any two given propositions. 


M 
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AU we appear to know about them are certain general proposi- 
tions, the laws of addition and multiplication ; it is as if 
everyone knew the laws of geometry but no one could tell 
whether any given object were round or square ; and I find 
it hard to imagine how so large a body of general knowledge 
can be combined with so slender a stock of particular facts. 
It is true that about some particular cases there is agreement, 
but these somehow paradoxically are always immensely com- 
plicated ; we all agree that the probability of a coin coming 
' down heads is but we can none of us say exactly what is 
the evidence which forms the other term for the probability 
relation about which we are then judging. If, on the other 
hand, we take the simplest possible pairs of propositions such 
as ' This is red ’ and ‘ That is blue ’ or ' This is red ’ and 
‘ That is red whose logical relations should surely be 
easiest to see, no one, I think, pretends to be sure what is the 
probability relation which connects them. Or, perhaps, they 
may claim to see the relation but they will not be able to say 
anything about it with certainty, to state if it is more or 
less than or so on. They may, of course, say that it is 
incomparable with any numerical relation, but a relation 
about which so little can be truly said will be of little scientific 
use and it will be hard to convince a sceptic of its 
existence. Besides this view is really rather paradoxical ; 
for any believer in induction must admit that between ‘ This is 
red ' as conclusion and ‘ This is round ’, together with a billion 
propositions of the form ‘ a is round and red ’ as evidence, 
there is a finite probability relation ; and it is hard to suppose 
that as we accumulate instances there is suddenly a point, 
say after 233 instances, at which the probability relation 
becomes finite and so comparable with some numerical rela- 
tions. 

It seems to me that if we take the two propositions ‘ a 
is red b is red ’, we cannot really discern more than four 
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, simple logical relations between them ; namely identity of 
form, identity of predicate, diversity of subject, and logical 
independence of import. If anyone were to ask me what 
probability one gave to the other, I should not try to 
answer by contemplating the propositions and trying to discern 
a logical relation between them, I should, rather, try to 
imagine that one of them was all that I knew, and to guess 
what degree of confidence I should then have in the other. 
If I were able to do this, I might no doubt still not be con- 
tent with it but might say ‘ This is what I should think, 
but, of course, I am only a fool ’ and proceed to consider 
what a wise man would think and call that the degree of 
probability. This kind of self-criticism I shall discuss later 
when developing my own theory ; all that I want to 
remark here is that no one estimating a degree of probability 
simply contemplates the two propositions supposed to be 
related by it ; he always considers inter alia his own actual 
or hypothetical degree of belief. This remark seems to me 
to be borne out by observation of my own behaviour ; and to 
be the only way of accounting for the fact that we can all 
give estimates of probability in cases taken from actual 
life, but are quite unable to do so in the logically simplest 
cases in which, were probability a logical relation, it would 
be easiest to discern. 

Another argument against Mr Keynes' theory can, I think, 
be drawn from his inability to adhere to it consistently even 
in discussing first principles. There is a passage in his chapter 
on the measurement of probabilities which reads as follows : — 

“ Probability is, vide Chapter 11 (§ 12), relative in a sense 
to the principles of human reason. The degree of pro- 
bability, which it is rational for us to entertain, does not 
presume perfect logical insight, and is relative in part 
to the secondary propositions which we in fact know ; and it 
is not dependent upon whether more perfect logical insight 
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is or is not conceivable. It is the degree of probability to 
which those logical processes lead, of which our mindsj 
are capable ; or, in the language of Chapter II, which those 
secondary propositions justify, which we in fact know. If 
we do not take this view of probability, if we do not limit 
it in this way and make it, to this extent, relative to human 
powers, we are altogether adrift in the unknown ; for we 
cannot ever know what degree of probability would be justified 
by the perception of logical relations which we are, and must 
always be, incapable of comprehending.” ^ 

This passage seems to me quite unreconcilable with the 
view which Mr Keynes adopts everywhere except in this and 
another similar passage. For he generally holds that the 
degree of belief which we are justified in placing in the con- 
clusion of an argument is determined by what relation pf 
probability unites that conclusion to our premisses. There 
is only one such relation and consequently only one relevant 
true secondary proposition, which, of course, we may or may 
not know, but which is necessarily independent of the Ijuman 
mind. If we do not know it, we do not know it and cannot 
tell how far we ought to believe the conclusion. But often, 
he supposes, we do know it ; probability relations are not 
ones which we are incapable of comprehending. But on 'this 
view of the matter the passage quoted above has no mean- 
ing : the relations which justify probable beliefs are pro- 
bability relations, and it is nonsense to speak of them being 
justified by logical relations which we are, and must always 
be, incapable of comprehending. 

The significance of the passage for our present purpose 
lies in the fact that it seems to presuppose a different view 
of probability, in which indefinable probability relations 
play no part, but in which the degree of rational belief depends 
on a variety of logical relations. For instance, there 
might be between the premiss and conclusion the relation 
* p. 32, his italics. 
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that the preiniss was the logical product of a 
thousand instances of a generalization of which the conclusion 
was one other instance, and this relation, which is not an 
indefinable probability relation but definable in terms of 
ordinary logic and so easily recognizable, might justify a 
certain degree of belief in the conclusion on the part of one 
who believed the premiss. We should thus have a variety of 
ordinary logical relations justifying the same or different 
degrees of belief. To say that the probability of a given h 
was such-and-such would mean that between a and h was some 
relation justifying such-and-such a degree of belief. And 
on this view it would be a real point that the relation in 
question must not be one which the human mind is incapable 
of comprehending. 

This second view of probability as depending on logical 
relations but not itself a new logical relation seems to me 
more plausible than Mr Keynes’ usual theory ; but this does 
not Aean that I feel at all inclined to agree with it. It 
requires the somewhat obscure idea of a logical relation 
justifying a degree of belief, which I should not like to accept 
as indefinable because it does not seem to be at all a clear 
or simple notion. Also it is hard to say what logical rela- 
tions justify what degrees of belief, and why ; any decision 
as to this would be arbitrary, and would lead to a logic of 
probability consisting of a host of so-called ‘ necessary ’ 
facts, like formal logic on Mr Chadwick’s view of logical 
constants.^ Whereas I think it far better to seek an 
explanation of this ‘ necessity ’ after the model of the work 
of Mr Wittgenstein, which enables us to see clearly in what 
precise sense and why logical propositions are necessary, 
and in a general way why the system of formal logic consists 
of the propositions it does consist of, and what is their common 
characteristic. Just as natural science tries to explain and 
* J. A. Chadwick, " Logical Constants," Mind, 1927. 
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Account for the facts of nature, so philosophy should 
try, in a sense, to explain and account for the facts 
of logic ; a task ignored by the philosophy which dismisses 
these facts as being unaccountably and in an indefinable 
sense ‘ necessary 

Here I propose to conclude this criticism of Mr Ke5mes’ 
theory, not because there are not other respects in which it 
seems open to objection, but because I hope that what I have 
already said is enough to show that it is not so completely 
satisfactory as to render futile any attempt to treat the 
subject from a rather different point of view. 


(3) Degrees of Belief 

The subject of our inquiry is the logic of partial belief, 
and I do not think we can carry it far unless we have 
at least an approximate notion of what partial belief is, and 
how, if at all, it can be measured. It will not be very 
enlightening to be told that in such circumstances it would 
be rational to believe a proposition to the extent of 
f, unless we know what sort of a belief in it that means. 
We must therefore try to develop a purely psychological 
method of measuring belief. It is not enough to measure 
probability ; in order to apportion correctly our belief to the 
probability wc must also be able to measure our belief. 

It is a common view that belief and other psychological 
variables arc not measurable, and if this is true our inquiry 
will be vain ; and so will the whole theory of probability 
conceived as a logic of partial belief ; for if the phrase ‘ a 
belief two-thirds of certainty ’ is meaningless, a calculus 
whose sole object is to enjoin such beliefs will be meaningless 
also. Therefore unless we are prepared to give up the whole 
thing as a bad job we are bound to hold that beliefs can to 
some extent be measured. If we were to follow the analogy 
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of Mr Keynes’ treatment of probabilities we shoul^i say.^t 
some beliefs were measurable and some not ; but this does 
not seem to me likely to be a correct account of the matter : 
I do not see how we can sharply divide beliefs into 
those which have a position in the numerical scale and those 
which have not. But I think beliefs do differ in measur- 
ability in the following two ways. First, some beliefs 
can be measured more accurately than others ; and, secondly, 
the measurement of beliefs is almost certainly an ambiguous 
process leading to a variable answer depending on how exactly 
the measurement is conducted. The degree of a belief is in 
this respect like the time interval between two events ; 
before Einstein it was supposed that all the ordinary ways 
of measuring a time interval would lead to the same result 
if properly performed. Einstein showed that this was not the 
case ; and time interval can no longer be regarded as an exact 
notion, but must be discarded in all precise investigations. 
Nevertheless, time interval and the Newtonian system are 
sufficiently accurate for many purposes and easier to apply. 

I shall try to argue later that the degree of a belief is just 
like a time interval ; it has no precise meaning unless we 
specify more exactly how it is to be measured. But 
for many purposes we can assume that the alternative 
ways of measuring it lead to the same result, although this 
is only approximately true. The resulting discrepancies 
are more glaring in connection with some beliefs than with 
others, and these therefore appear less measurable. Both these 
types of deficiency in measurability, due respectively to the 
difficulty in getting an exact enough measurement and to an 
important ambiguity in the definition of the measurement 
process, occur also in physics and so are not difficulties 
peculiar to our problem ; what is peculiar is that it is 
difficult to form any idea of how the measurement is to be 
conducted, how a unit is to be obtained, and so on. 
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(let US then consider what is implied in the measurement 
of beliefs. A satisfactory system must in the first place 
assign to any belief a magnitude or degree having a definite 
position in an order of magnitudes ; beliefs which are of the 
same degree as the same belief must be of the same degree as 
one another, and so on. Of course this cannot be accomplished 
without introducing a certain amount of hypothesis or fiction. 
Even in physics we cannot maintain that things that are equal 
to the same thing are equal to one another unless we take 
‘ equal ’ not as meaning ‘ sensibly equal ’ but a fictitious 
or hypothetical relation. I do not want to discuss the 
metaphysics or epistemology of this process, but merely to 
remark that if it is allowable in physics it is allowable in 
psychology also. The logical simplicity characteristic 
of the relations dealt with in a science is never attained 
by nature alone without any admixture of fiction. 

But to construct such an ordered series of degrees is not 
the whole of our task ; we have also to assign numbers 
to these degrees in some intelligible manner. We can of course 
easily explain that we denote full belief by 1, full belief 
in the contradictory by 0, and equal beliefs in the proposi- 
tion and its contradictory by But it is not so easy to 
say what is meant by a belief f of certainty, or a belief in 
the proposition being twice as strong as that in its con- 
tradictory. This is the harder part of the task, but it is 
absolutely necessary ; for we do calculate numerical pro- 
babilities, and if they are to correspond to degrees of belief we 
must discover some definite way of attaching numbers to 
degrees of belief. In physics we often attach numbers by 
discovering a physical process of addition ^ : the measure- 
numbers of lengths are not assigned arbitrarily subject only 
to the proviso that the greater length shall have the greater 
measure ; we determine them further by deciding on a 
* See N. Campbell, Physics The Elements (1920), p. 277. 
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ph3rsical meaning for addition ; the length got by putting 
together two given lengths must have for its measure the sum 
of their measures. A system of measurement in which 
there is nothing corresponding to this is immediately 
recognized as arbitrary, for instance Mohs’ scale of hard- 
ness^ in which 10 is arbitrarily assigned to diamond, the 
hardest known material, 9 to the next hardest, and so on. 
We have therefore to find a process of addition for degrees 
of belief, or some substitute for this which will be equally 
adequate to determine a numerical scale. 

Such is our problem ; how are we to solve it ? There 
are, I think, two ways in which we can begin. We can, in the 
first place, suppose that the degree of a belief is something 
perceptible by its owner ; for instance that beliefs differ 
in the intensity of a feeling by which they are accompanied, 
which might be called a belief-feeling or feeling of conviction! 
and that by the degree of belief we mean the intensity oj 
this feeling. This view would be very inconvenient, for it 
is not easy to ascribe numbers to the intensities fo feelings ; 
but apart from this it seems to me observably false, for the 
beliefs which wc hold most strongly are often accompanied by 
practically no feeling at all ; no one feels strongly about 
things he takes for granted. 

We are driven therefore to the second supposition that 
the degree of a belief is a causal property of it, which we 
can express vaguely as the extent to which we are prepared to 
act on it. This is a generalization of the well-known view, 
that the differentia of belief lies in its caused efficacy, which 
is discussed by Mr Russell in his Analysis of Mind. 
He there dismisses it for two reasons, one of which seems 
entirely to miss the point. He argues that in the course of’, 
trains of thought we believe many things which do not lead , 
to action. This objection is however beside the mark, because 
» Ibid., p. 271. 
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it is not asserted that a belief is an idea which does actually 
lead to action, but one which would lead to action in suitable 
circumstances ; just as a lump of arsenic is called poisonous 
not because it actually has killed or will kill anyone, but 
because it would kill anyone if he ate it. Mr Russell’s 
second argument is, however, more formidable. He points out 
that it is not possible to suppose that beliefs differ,. from 
other ideas only in their effects, for if they were otherwise 
identical their effects would be identical also. This is 

perfectly true, but it may still remain the case that the| 

( 

nature of the difference between the causes is entirely un-j 
known or very vaguely known, and that what we want to talk , 
about is the difference between the effects, which is readily ; 
observable and important. 

As soon as we regard belief quantatively, this seems to 
me the only view we can take of it. It could well be held 
that the difference between believing and not believing lies 
in the presence or absence of introspectible feelings. But 
when we seek to know what is the difference between believing 
more firmly and believing less firmly, we can no longer regard 
it as consisting in having more or less of certain observable 
feelings ; at least I personally cannot recognize any such 
feelings. The difference seems to me to lie in how far we 
should act on these beliefs : this may depend on the degree of 
some feeling or feelings, but I do not know exactly what 
feelings and I do not sec that it is indispensable that we 
should know. Just the same thing is found in physics ; men' 
found that a wire connecting plates of zinc and copper standing, 
in acid deflected a magnetic needle in its neighbourhood. *! 

t 

Accordingly as the needle was more or less deflected the wire j 
was said to carry a larger or a smaller current. The nature of * 

i, ^ 

this ‘ current ' could only be conjectured : what were observed ' 
and measured were simply its effects. 

It will no doubt be objected that we know how strongly 
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we believe thihgs, and that we can only know this if we can 
measure our belief by introspection. This does not seem to 
me necessarily true ; in many cases, I think, our judgment 
about the strength of our belief is really about how we 
should act in h);potheticaI circumstances. It will be answered 
that we can only tell how we should act by observing the 
present belief-feeling which determines how we should act ; 
but again I doubt the cogency of the argument. It is possible 
that what determines how we should act determines us also 
directly or indirectly to have a correct opinion as to how we 
should act, without its ever coming into consciousness. 

Suppose, however, I am wrong about this and that we can 
decide by introspection the nature of belief, and measure its 
degree ; still, I shall argue, the kind of measurement of belief 
with which probability is concerned is not this kind but is a 
measurement of belief qua basis of action. This can I think 
be shown in two ways. First, by considering the scale of 
probabilities between 0 and 1, and the sort of way we use it, 
we shall find that it is very appropriate to the measurement 
of belief as a basis of action, but in no way related to the 
measurement of an intro.spected feeling. For the units in terms 
of which such feelings or sensations arc measured are always, 
I think, differences which are just perceptible : there is no 
other way of obtaining units. But I see no ground for suppos- 
ing that the interval between a belief of degree ^ and one of 
degree | consists of as many just perceptible changes as does 
that between one of f and one of or that a scale based on 
just perceptible differences would have any simple relation to 
the theory of probability. On the other hand the probability of 
J is clearly related to the kind of belief which would lead to 
a bet of 2 to 1, and it will be shown below how to generalize 
this relation so as to apply to action in general. Secondly, 
the quantitative aspects of beliefs as the basis of action are 
evidently more important than the intensities of belief-feelings. 
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The latter are no doubt interesting, but may be very 
variable from individual to individual, a nd the ir practical 
interest is entirely due to their position as the hypothetical 
c auses of b e liefs g«fl..basfis. of action . 

It is possible that some one will say that the extent to] 
which we should act on a belief in suitable circumstances is aj 
hypothetical thing, and therefore not capable of measurement. ^ 
But to say this is merely to reveal ignorance of the physical 
sciences which constantly deal with and measure h_yp_ Qthet ical, 

; for instance, the electric intensity at a given] 
point is the force which would act on a unit c lmge if it were! 
placed at the point. 

Let us now try to find a method of measuring beliefs as 
bases of possible actions. It is clear that we are concerned 
with dispositional rather than with actualized beliefs ; that 
is to say, not with beliefs at the moment when we are thinking 
of them, but with beliefs like my belief that the earth is 
round, which I rarely think of, but which would guide my 
action in any case to which it was relevant. 

The old-established way of measuring a person’s belief! 
is to propose a bet, and see what are the lowest odds which! 
he will accept. This method I regard as fundamentally sound ; ' 
but it suffers from being insufficiently general, and from 
being necessarily inexact. It is inexact partly because of 
the diminishing marginal utility of money, partly because the 
person may have a special eagerness or reluctance to bet, 
because he either enjoys or dislikes excitement or for any 
other reason, e.g. to make a book. The difficulty is like that 
of separating two different co-operating forces. Besides, the 
proposal of a bet may inevitably alter his state of opinion 
just as we could not always measure electric intensity by 
actually introducing’ a charge and seeing what force it was 
subject to, because the introduction of the charge would change,' 
the distribution to be measured. 



TRUTH AM) PROBABILITY 173 

In order therefore to construct a theory of quantities Qf 
belief which shall be both general and more exact, I propose 
to take as a basis a general psychological theory, which is 
now universally discarded, but nevertheless comes, I think, 
fairly close to the truth in the sort of cases with which we 
are most concerned. I mean the theory that we act in the way 
we think most likely to realize the objects of our desires, 
so that a person’s actions are completely determined by his 
desires and opinions. This theory cannot be made adequate 
to all the facts, but it seems to me a useful approximation 
to the truth particularly in the case of our self-conscious 
or professional life, and it is presupposed in a great deal 
of our thought. It is a simple theory and one which many 
psychologists would obviously like to preserve by introducing 
unconscious desires and unconscious opinions in order to bring 
it more into harmony with the facts. How far such fictions can 
achieve the required result I do not attempt to judge : I 
only claim for what follows approximate truth, or truth in 
relation to this artificial system of psychology, which like 
Newtonian mechanics can, I think, still be profitably used even 
though it is known to be false. 

It must be observed that this theory is not to be identified 
with the psychology of the Utilitarians, in which pleasure 
had a dominating position. The theory I propose to adopt is 
that we seek things which we want, which may be our own or 
other people’s pleasure, or anything else whatever, and our 
actions are such as we think most likely to realize these goods. 
But this is not a precise statement, for a precise statement 
of the theory can only be made after we have introduced 
the notion of quantity of belief. 

Let us call the things a person ultimately desires ‘ goods ’, 
and let us at first assume that they are nufnerically measurable 
and additive. That is to say that if he prefers for its own 
sake an hour’s swimming to an hour’s reading, he will prefer 
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two hours’ swimming to one hour’s swimming and one hour’s 
reading. This is of course absurd in the given case but this 
may only be because swimming and reading are not ultimate 
goods, and because we cannot imagine a second hour's 
swimming precisely similar to the first, owing to fatigue, etc. 

Let us begin by supposing that our subject has no doubts 
about anything, but certain opinions about all propositions. 
Then we can say that he will always choose the course of action 
which will lead in his opinion to the greatest sum of good. 

It should be empliasized that in this essay good and bad 
are never to be understood in any ethical sense but simply as 
denoting that to which a given person feels desire and aversion. 

The question then arises how we are to modify this simple 
system to take account of varying degrees of certainty in his 
beliefs. I suggest that we introduce as a law of psychology 
that his behaviour is governed by what is called the mathe- 
matical expectation ; that is to say that, if /> is a proposition 
about which he is doubtful, any goods or bads for whose 
realization p is in his view a necessary and sufficient con- 
dition enter into his calculations multiplied by the same 
fraction, which is called the ‘ degree of his belief in p ’. We 
thus define degree of belief in a way which presupposes the 
use of the mathematical expectation. 

We can put this in a different way. Suppose his degree 

ffl 

of belief in p is ; then his action is such as he would choose 
n 

it to be if he had to repeat it exactly n times, in m of which 
p was true, and in the others false. [Here it may be 
necessary to suppose that in each of the n times he had no 
memory of the previous ones.] 

This can also be taken as a definition of the degree of belief, 
and can easily be seen to be equivalent to the previous defini- 
tion. Let us give an instance of the sort of case which might 
occur. I am at a cross-roads and do not know the way ; but I 
rather think one of the two ways is right. I propose therefore 
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to go that way but keep my eyes open for someone to ask : if 
now I see someone half a mile away over the fields, whether 
I turn aside to ask him will depend on the relative 
inconvenience of going out of my way to cross the fields or 
of continuing on the wrong road if it is the wrong road. But 
it will also depend on how confident I am that I am right ; 
and clearly the more confident I am of this the less distance 
I should be willing to go from the road to check my opinion. 
I propose therefore to use the distance I would be prepared 
to go to ask, as a measure of the confidence of my opinion ; 
and what I have said above explains how this is to be done. 
We can set it out as follows : suppose the disadvantage of 
going X yards to ask is f(x), the advantage of arriving at the 
right destination is r, that of arriving at the wrong one w. 
Then if I should just be willing to go a distance d to ask, the 
degree of my belief that 1 am on the right road is given by 

r — w 

For such an action is one it would just pay me to take, 
if I had to act in the same way n times, innp ol which I was 
on the right way but in the others not. 

For the total good resulting from not asking each time 

= npr -|- «(1 — p)w 
— nw np(r — w), 

that resulting from asking at distance x each time 

= nr~nf{x). [I now always go right.] 

This is greater than the preceding expression, provided 
/{x) <{r~w) (1 — p), 

the critical distance d is connected with p, the degree of 
belief, by the relation f(d) = (r — w) (1 p) 

orp=l--M 


r — w 


as asserted above. 
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It is easy to see that this way of measuring beliefs gives 
results agreeing with ordinary ideas ; at any rate to the 
extent that full belief is denoted by 1, full belief in the contra- 
dictory by 0, and equal belief in the two by Further, it 
allows validity to betting as means of measuring beliefs. 
By proposing a bet on p we give the subject a possible course 
of action from which so much extra good will result to him 
if p is true and so much extra bad if p is false. Supposing 
the bet to be in goods and bads instead of in money, he will 
take a bet at any better odds than those corresponding to 
his state of belief ; in fact his state of belief is measured by 
the odds he will just take ; but this is vitiated, as already 
explained, by love or hatred of excitement, and by the fact 
that the bet is in money and not in goods and bads. Since 
it is universally agreed that money has a diminishing marginal 
utility, if money bets are to be used, it is evident that they 
should be for as small stakes as possible. But then again the 
measurement is spoiled by introducing the new factor of 
reluctance to bother about trifles. 

Let us now discard the assumption that goods are additive 
and immediately measurable, and try to work out a system 
with as few asumptions as possible. To begin with we shall 
suppose, as before, that our subject has certain beliefs about 
everything ; then he will act so that what he believes to be 
the total consequences of his action will be the best possible. 
If then we had the power of the Almighty, and could persuade 
our subject of our power, we could, by offering him options, 
discover how he placed in order of merit all possible courses 
of the world. In this way all possible worlds would be put 
in an order of value, but we should have no definite way of 
representing them by numbers. There would be no meaning 
in the assertion that the difference in value between a and )3 
was equal to that between y and S. [Here and elsewhere we 
use Greek letters to represent the different possible totalities 
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of events between which our subject chooses — the ultimate 
organic unities.] 

Suppose next that the subject is capable of doubt ; then 
we could test his degree of belief in different propositions 
by making him offers of the following kind. Would you 
rather have world a in any event ; or world ^iipis true, and 
world y if ^ is false ? If. then, he were certain that p was true, 
he would simply compare a and ^ and choose between them 
as if no conditions were attached ; but if he were doubtful 
his choice would not be decided so simply. I propose to 
lay down axioms and definitions concerning the principles 
governing choices of this kind. This is, of course, a very 
schematic version of the situation in real life, but it is, I think, 
easier to consider it in this form. 

There is first a difficulty which must be dealt with ; the 
propositions like p in the above case which are used as con- 
ditions in the options offered may be such that their truth 
or falsity is an object of desire to the subject. This will be 
found to complicate the problem, and we have to assume that 
there are propositions for which this is not the case, which 
we shall call ethically neutral. More precisely an atomic 
proposition p is called ethically neutral if two possible worlds 
differing only in regard to the truth of p are always of equal 
value ; and a non-atomic proposition p is called ethically 
neutral if all its atomic truth-arguments ^ are ethically neutral. 

We begin by defining belief of degree ^ in an ethically 
neutral proposition. The subject is said to have belief of 
degree ^ in such a proposition p if he has no preference 
between the options (1) a if /> is true, ^ if is false, and (2) o 
if p is false, yS if ^ is true, but has a preference between a and 
^ simply. We suppose by an axiom that if this is true of any 

^ I assume here Wittgenstein’s theory of propositions ; it would 
probably be possible to give an equivalent dehnition in terms of any 
other theory. 

N 
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one pair a, it is true of all such pairs> This comes roughly 
to defining belief of degree J as such a degree of belief as leads 
to indifference between betting one way and betting the 
other for the same stakes. 

Belief of degree ^ as thus defined can be used to measure 
values numerically in the following way. We have to explain 
what is meant by the difference in value between a and ^ 
being equal to that between y and 8 ; and we define this to mean 
that, if p is an ethically neutral proposition beUeved to degree 

the subject has no preference between the options (1) a 
if p is true, 8 if ^ is false, and (2) j3 if ^ is true, y if p is false. 

This definition can form the basis of a system of measuring 
values in the following way : — 

Let us call any set of all worlds equally preferable to a 
given world a value ; we suppose that if world a is preferable 
to /3 any world with the same value as o is preferable to any 
world with the same value as ^ and shall say that the value 
of a is greater than that of jS. This relation ' greater than ’ 
orders values in a series. We shall use a henceforth both 
for the world and its value. 

Axioms. 

(1) There is an ethically neutral proposition p believed 
to degree |. 

(2) p, q arc such propositions and the option 
aiip, 8 if not-^ is equivalent to ^ if p, y if not-^ 

then a if 8 if not-^ is equivalent to ^ if q, y if not-^. 

Def. In the above case we say oyS — yS. 

Theorems. If a/3 = yS, 

then /3a = 8y, ay = ^8, ya = 8^. 

' a and p must be supposed so far undefined as to be compatible with 
both p and not-^. 
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(2a) If ajS = yS, then a> ^ is equivalent to y > 8 
and a = /3 is equivalent to y = 8. 

(3) If option A is equivalent to option B and B to C then 
A to C. 

Theorem. If — yS and — Cy, 
then arj = ^8. 

(4) If a)3 = yS, y8 = ri^, then ajS = 

(5) (a. )3, y). E ! (U) (ax = fiy). 

(6) (a, )3). E ! (ix) (ax — x^). 

(7) Axiom of continuity ; — Any progression has a limit 
(ordinal). 

(8) Axiom of Archimedes. 

These axioms enable the values to be correlated one-one 
with real numbers so that if a* corresponds to a, etc. 

= yS . = .a* — — y^ — 8*. 

Henceforth we use a for the correlated real number a* 
also. 

Having thus defined a way of measuring value we can now 
derive a way of measuring belief in general. If the option of 
a for certain is indifferent with that ot ^ if p is true and y if 
p is false/ we can define the subject’s degree of belief in p 
as the ratio of the difference between a and y to that between 
P and y ; which we must suppose the same for all a’s, jS’s 
and y’s that satisfy the conditions. This amounts roughly 

* Here ^ must include the truth of p, y its falsity ; p need no longer 
be ethically neutral. But we have to assume that there is a world with 
any assigned value in which p is true, and one in which p is false. 
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to defining the degree of belief in p by the odds at which the 
subject would bet on p, the bet being conducted in terras of 
differences of value as defined. The definition only applies 
to partial belief and does not include certain beliefs ; for 
belief of degree 1 in a for certain is indifferent with a if ^ 
and any /3 if not-p. 

We are also able to define a very useful new idea — ‘ the 
degree of belief in p given q This does not mean the degree 
of belief in ' If ^ then q or that in ‘ p entails q or that 
which the subject would have in p if he knew q, or that which 
he ought to have. It roughly expresses the odds at which he 
would now bet on p, the bet only to be valid if q is true. 
Such conditional bets were often made in the eighteenth 
century. 

The degree of belief in p given q is measured thus. Suppose 
the subject indifferent between the options (1) a it q true, 
jS if 9 false, (2) y if ^ true and q true, 8 if ^ false and q true, 
^it q false. Then the degree of his belief in p given q is the 
ratio of the difference between a and 8 to that between y and 
8, which we must suppose the same for any a, jS, y, 8 which 
satisfy the given conditions. This is not the same as the degree 
to which he would believe p, if he believed q for certain ; 
for knowledge of q might for psychological reasons profoundly 
alter his whole system of beliefs. 

Each of our definitions has been accompanied by an axiom 
of consistency, and in so far as this is false, the notion of the 
corresponding degree of belief becomes invalid. This bears 
some analogy to the situation in regard to simultaneity 
discussed above. 

I have not worked out the mathematical logic of this in 
detail, because this would, I think, be rather like working out 
to seven places of decimals a result only valid to two. My 
logic cannot be regarded as giving more than the sort of way 
it might work. 
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From these definitions and axioms it is possible to prove 
the fundamental laws of probable belief (degrees of belief 
lie between 0 and 1) : 

(1) Degree of belief in ^ + degree of belief in ^ = 1. 

(2) Degree of belief in p given q + degree of belief in 
p given q = 1. 

(3) Degree of belief in (/> and q) = degree of belief in p 
X degree of belief in q given p. 

(4) Degree of belief in (p and q) + degree of belief in 
{p and q) = degree of belief in p. 

The first two are immediate. (3) is proved as follows. 

Let degree of belief va. p — x, that in q given p =■ y. 

Then ^ for certain s | + ('i. — x)t\ip true, ^ — xt\ip false, 
for any t. 

I + (1 — *) i if ^ true s 
( ^ x) t —y) uii' p and q ’ true, 

[ ^ + {1 — x) t~yuilp true q false ; for any u. 

Choose u so that ^ + (1 — x) t — yu — ^ — xt, 
i.e. let u — tjy {y 0) 

Then f for certain = 

' ^ + (1 — x) < + (1 —y) t/y if p and q true 
$ — xt otherwise, 

xt • 

degree of belief in ‘ p and q ‘ = = xy. it ^ 0) 

Ify = 0, take t — 0. 
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Then ^ for certain = ^ if p true, i ifp false 

= ^ + u Up true, q true ; i if p false, q 
false ; i if p false 

= i+u,pq true ; f , pq false 

degree of belief in pq = 0. 

(4) follows from (2), (3) as follows : — 

Degree of belief in pq = that inpx that in q given p, by (3). 
Similarly degree of belief in pq = that in ^ X that in q given p 
sum = degree of belief in p, by (2). 

These are the laws of probability, which we have proved 
to be necessarilj/ true of any consistent set of degrees of belief. 
Any definite set of degrees of belief which broke them would 
be inconsistent in the sense that it violated the laws of 
preference between options, such as that preferability is a 
transitive asymmetrical relation, and that if a is preferable 
to jS, jS for certain cannot be preferable to a if p, ^ if not-/i. 
If anyone’s mental condition violated these laws, his choice 
would depend on the precise form in which the options were 
offered him, which would be absurd. He could have a book 
made against him by a cunning better and would then stand 
to lose in any event. 

We find, therefore, that a precise account of the nature 
of partial belief reveals that the laws of probability are laws 
of consistency, an extension to partial beliefs of formal 
logic, the logic of consistency. They do not depend for their 
meaning on any degree of belief in a proposition being uniquely 
determined as the rational one ; they merely distinguish 
those sets of beliefs which obey them as consistent ones. 

Having any definite degree of belief implies a certain measure 
of consistency, namely willingness to bet on a given proposition 
at the same odds for any stake, the stakes being measured 
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in terms of ultimate values. Having degrees of belief obeying 
the laws of probability implies a further measure of con- 
sistency, namely such a consistency between the odds 
acceptable on different propositions as shall prevent a book 
being made against you. 

Some concluding remarks on this section may not be out 
of place. First, it is based fundamentally on betting, but this 
will not seem unreasonable when it is seen that all our lives 
we are in a sense betting. Whenever we go to the station we 
are betting that a train will really run, and if we had not a 
sufficient degree of belief in this we should decline the bet 
and stay at home. The options God gives us are always 
conditional on our guessing whether a certain proposition is 
true. Secondly, it is based throughout on the idea of mathe- 
matical expectation ; the dissatisfaction often felt with this 
idea is due mainly to the inaccurate measurement of goods. 
Clearly mathematical expectations in terms of money are not 
proper guides to conduct. It should be remembered, in judging 
my system, that in it value is actually defined by means of 
mathematical expectation in the case of beliefs of degree , 
and so may be e.xpccted to be scaled suitably for the valid 
application of the mathematical expectation in the case of 
other degrees of belief also. 

Thirdly, nothing has been said about degrees of belief when 
the number of alternatives is infinite. About this I have 
nothing useful to say, except that I doubt if the mind is 
capable of contemplating more than a finite number of 
alternatives. It can consider questions to which an infinite 
number of answers are possible, but in order to consider the 
answers it must lump them into a finite number of groups. 
The difficulty becomes practically relevant when discussing 
induction, but even then there seems ’ to me no need to 
introduce it. We can discuss whether past experience gives 
a high probability to the sun’s rising to-morrow without 
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bothering about what probabUity it gives to the sun’s rising 
each morning for evermore. For this reason I cannot but feel 
that Mr Ritchie’s discussion of the problem ^ is unsatisfactory ; 
it is true that we can agree that inductive generalizations 
need have no finite probability, but particular expectations 
entertained on inductive grounds undoubtedly do have a 
high numerical probability in the minds of all of us. We all 
are more certain that the sun will rise to-morrow than that 
I shall not throw 12 with two dice first time, i.e. we have a 
belief of higher degree than in it. If induction ever needs 
a logical justification it is in connection with the probability 
of an event like this. 


(4) The Logic of Consistency 

We may agree that in some sense it is the business of logic 
to tell us what we ought to think ; but the interpretation of 
this statement raises considerable difficulties. It may be 
said that we ought to think what is true, but in that sense we 
are told what to think by the whole of science and not merely 
by logic. Nor, in this sense, can any justification be found 
for partial belief ; the ideally best thing is that we should 
have beliefs of degree 1 in all true propositions and beliefs 
of degree 0 in all false propositions. But this is too high a 
standard to expect of mortal men, and we must agree that 
some degree of doubt or even of error may be humanly 
speaking justified. 


* A. D. Ritchie, " Induction and Probability," At ind, 1926, p. 318. 
‘ The conclusion of the foregoing discussion may be simply put. If 
the problem of induction be stated to be " How can inductive 
generalizations acquire a large numerical probability ? ” then this is 
a pseudo-problem, because the answer is " They cannot ”. This answer 
is not, however, a denial of the validity of induction but is a direct 
consequence of the nature of probability. It still leaves untouched the 
real problem of induction which is " How can the probability of an 
induction be increased ? ” and it leaves standing the whole of Keynes' 
discussion on this point.' 
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Many logicians^ I suppose, would accept as an account of 
their science the opening words of Mr Keynes’ Treatise on 
Probability : " Part of our knowledge we obtain direct ; and 
part by argument. The Theory of Probability is concerned 
with that part which we obtain by argument, and it treats 
of the different degrees in which the results so obtained are 
conclusive or inconclusive.” Where Mr Ke}mes says ‘ the 
Theory of Probability others would say Logic. It is held, 
that is to say, that our opinions can be divided into those 
we hold immediately as a result of perception or memory, 
and those which we derive from the former by argument. 
It is the business of Logic to accept the former class 
and criticize merely the derivation of the second class 
from them. 

Logic as the science of argument and inference is traditionally 
and rightly divided into deductive and inductive ; but the 
difference and relation between these two divisions of the 
subject can be conceived in extremely different ways. 
According to Mr Ke5mes valid deductive and inductive argu- 
ments are fundamentally alike ; both are justified by logical 
relations between premiss and conclusion which differ 
only in degree. This position, as I have already explained, 
I cannot accept. I do not see what these inconclusive logical 
relations c^m be or how they can justify partial beliefs. 
In the case of conclusive logical arguments I can accept 
the account of their validity which has been given by many 
authorities, and can be found substantially the same in Kant, 
De Morgan, Peirce and Wittgenstein. AU these authors 
agree that the conclusion of a formally valid argument is 
contained in its premisses ; that to deny the conclusion while 
accepting the premisses would be self-contradictory ; that 
a formal deduction does not increase our’knowledge, but only 
brings out clearly what we already know in another form ; 
and that we are bound to accept its validity on pain of being 
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inconsistent with ourselves. The logical relation which 
justifies the inference is that the sense or import of the 
conclusion is contained in that of the premisses. 

But in the case of an inductive argument this does not 
happen in the least ; it is impossible to represent it as 
resembling a deductive argument and merely weaker in degree ; 
it is absurd to say that the sense of the conclusion is partially 
contained in that of the premisses. We could accept the 
premisses and utterly reject the conclusion without any 
sort of inconsistency or contradiction. 

It seems to me, therefore, that we can divide arguments 
into two radically different kinds, which we can distinguish 
in the words of Peirce as (1) ‘ explicative, analytic, or deduc- 
tive ’ and (2) ' amplifiative, synthetic, or (loosely speaking) 
inductive Arguments of the second type are from an 
important point of view much closer to memories and percep- 
tions than to deductive arguments. We can regard percep- 
tion, memory and induction as the three fundamental ways of 
acquiring knowledge ; deduction on the other hand is merely 
a method of arranging our knowledge and eliminating 
inconsistencies or contradictions. 

Logic must then fall very definitely into two parts : 
(excluding analytic logic, the theory of terms and propositions) 
we have the lesser logic, which is the logic of consistency, 
or formal logic ; and the larger logic, which is the logic of 
discovery, or inductive logic. 

What we have now to observe is that this distinction in 
no way coincides with the distinction between certain and 
partial beliefs ; we have seen that there is a theory of con- 
sistency in partial beliefs just as much as of consistency in 
certain beliefs, although for various reasons the former is 
not so important as the latter. The theory of probability 
is in fact a generalization of formal logic ; but in the process 
* C. S. Peirce, Chance Love and Logic, p. 92. 
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of generalization one of the most important aspects of formal 
logic is destroyed. If p and q are inconsistent so that q 
follows logically from p, that p implies q is what is called by 
Wittgenstein a ' tautology ’ and can be regarded as a degenerate 
case of a true proposition not involving the idea of consistency. 
This enables us to regard (not altogether correctly) formal 
logic including mathematics as an objective science consisting 
of objectively necessary propositions. It thus gives us not 
merely the avdyKij Xeyeiv, that if we assert p we are bound in 
consistency to assert q also, but also the avdyicq elvai, that 
if p is true, so must q be. But when we extend formal logic 
to include partial beliefs this direct objective interpetation 
is lost ; if we believe pq to the extent of jj, and pq to the 
extent of we are bound in consistency to believe p also to 
the extent of This is the avdyK-q Xeyeiv ; but we cannot 
say that if pq is ^ true and pq ^ true, p also must be i true, 
for such a statement would be sheer nonsense. There is no 
corresponding dvdyKT] elvai. Hence, unlike the calculus of 
consistent full belief, the calculus of objective partial belief 
cannot be immediately interpreted as a body of objective 
tautology. 

This is, however, possible in a roundabout way ; we saw 
at the beginning of this essay that the calculus of probabilities 
could be interpreted in terms of class-ratios ; we have now 
found that it can also be interpreted as a calculus of consistent 
partial belief. It is natural, therefore, that we should expect 
some intimate connection between these two interpretations, 
some explanation of the possibility of applying the same 
mathematical calculus to two such different sets of phenomena. 
Nor is an explanation difficult to find ; there are many 
connections between partial beliefs and frequencies. For 
instance, experienced frequencies often lead to corresponding 
partial beliefs, and partial beliefs lead to the expectation 
of corresponding frequencies in accordance with Bemouilli’s 
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Theorem. But neither of these is exactly the connection we 
want ; a partial belief cannot in general be connected uniquely 
with any actual frequency, for the connection is always made 
by taking the proposition in question as an instance of a 
propositional function. What propositional function we 
choose is to some extent arbitrary and the corresponding 
frequency will vary considerably with our choice. The 
pretensions of some exponents of the frequency theory that 
partial belief means full belief in a frequency proposition 
cannot be sustained. But we found that the very idea 
of partial belief involves reference to a hypothetical or ideal 
frequency ; supposing goods to be additive, belief of degree 
fK 

— is the sort of belief which leads to the action which would 
n 

be best if repeated n times in m of which the proposition is 
true ; or we can say more briefly that it is the kind of belief 
most appropriate to a number of hypothetical occasions 

fft 

otherwise identical in a proportion — of which the proposition 

n 

in question is true. It is this connection between partial 
belief and frequency which enables us to use the calculus 
of frequencies as a calculus of consistent partial belief. And 
in a sense we may say that the two interpretations are 
the objective and subjective aspects of the same inner 
meaning, just as formal logic can be interpreted objectively 
as a body of tautology and subjectively as the laws of 
consistent thought. 

We shall, I think, find that this view of the calculus of 
probability removes various difficulties that have hitherto 
been found perplexing. In the first place it gives us a clear 
Justification for the axioms of the calculus, which on such a 
system as Mr Ke3m5s’ is entirely wanting. For now it is 
easily seen that if partial beliefs are consistent they will 
obey these axioms, but it is utterly obscure why Mr Keynes’ 
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mysterious logical relations should obey them.* We should 
be so curiously ignorant of the instances of these relations, 
and so curiously knowledgeable about their general laws. 

Secondly, the Principle of Indifference can now be altogether 
dispensed with ; we do not regard it as belonging to formal 
logic to say what should be a man’s expectation of drawing 
a white or a black ball from an um ; his original expectations 
may within the limits of consistency be any he likes ; aU 
we have to point out is that if he has certain expectations 
he is bound in consistency to have certain others. This is 
simply bringing probability into line with ordinary formal 
logic, which does not criticize premisses but merely declares 
that certain conclusions are the only ones consistent with 
them. To be able to turn the Principle of Indifference out 
of formal logic is a great advantage ; for it is fairly clearly 
impossible to lay down purely logical conditions for its 
validity, as is attempted by Mr Keynes. I do not want to 
discuss this question in detail, because it leads to hair-splitting 
and arbitrary distinctions which could be discussed for ever. 
But anyone who tries to decide by Mr Keynes’ methods what 
are the proper alternatives to regard as equally probable 
in molecular mechanics, e.g. in Gibbs’ phase-space, will soon 
be convinced that it is a matter of physics rather than pure 
logic. By using the multiplication formula, as it is used in 
inverse probability, we can on Mr Keynes’ theory reduce all 
probabilities to quotients of a priori probabilities ; it is 
therefore in regard to these latter that the Principle of 
Indifference is of primary importance ; but here the question 
is obviously not one of formal logic. How can we on merely 

^ It appears in Mr Keynes’ system as if the principal axioms — the 
laws of addition and multiplication — were nothing but definitions. 
This is merely a logical mistake ; his definitions are formally invalid 
unless corresponding axioms are presupposed.* Thus his definition of 
multiplication presupposes the law that if the probability of a given 
bh is equal to that of c given dk, and the probability of b given h is 
equal to that of d given k, then will the probabilities of ab given h 
and of cd given k be equal. 
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logical grounds divide the spectrum into equally probable 
bands ? 

A third difficulty which is removed by our theory is the 
one which is presented to Mr Keynes’ theory by the following 
case. I think I perceive or remember something but am not 
sure ; this would seem to give me some ground for believing 
it, contrary to Mr Keynes’ theory, by which the degree of 
belief in it which it would be rational for me to have is that 
given by the probability relation between the proposition in 
question and the things I know for certain. He cannot justify 
a probable belief founded not on argument but on direct 
inspection. In our view there would be nothing contrary to 
formal logic in such a belief ; whether it would be reasonable 
would depend on what I have called the larger logic which will 
be the subject of the next section ; we shall there see that there 
is no objection to such a possibility, with which Mr Keynes' 
method of justifying probable belief solely by relation to 
certain knowledge is quite unable to cope. 


(5) The Logic of Truth 

The validity of the distinction between the logic of con- 
sistency and the logic of truth has been often disputed ; it 
has been contended on the one hand that logical consistency 
is only a kind of factual consistency ; that if a belief in p 
is inconsistent with one in q, that simply means that p and q 
are not both true, and that this is a necessary or logical fact. 
I believe myself that this difficulty can be met by Wittgen- 
stein’s theory of tautology, according to which if a belief 
in ^ is inconsistent with one in q, that p and q are not both 
true is not a fact but a tautology. But I do not propose 
to discuss this question further here. 

From the other side it is contended that formal logic or 
the logic of consistency is the whole of logic, and inductive 
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logic either nonsense or part of natural science. This conten- 
tion, which would I suppose be made by Wittgenstein, 
I feel more difficulty in meeting. But I think it would be a 
pity, out of deference to authority, to give up trying to say 
anjdhing useful about induction. 

Let us therefore go back to the general conception of logic 
as the science of rational thought. We found that the most 
generally accepted parts of logic, namely, formal logic, 
mathematics and the calculus of probabilities, are all concerned 
simply to ensure that our beliefs are not self-contradictory. 
We put before ourselves the standard of consistency and 
construct these elaborate rules to ensure its observance. But 
this is obviously not enough ; we want our beliefs to be con- 
sistent not merely with one another but also with the facts ^ : 
nor is it even clear that consistency is always advantageous ; 
it may well be better to be sometimes right than never right. 
Nor when we wish to be consistent arc we always able to be : 
there are mathematical propositions whose truth or falsity 
cannot as yet be decided. Yet it may humanly speaking 
be right to entertain a certain degree of belief in them on 
inductive or other grounds ; a logic which proposes to justify 
such a degree of belief must be prepared actually to go against 
formal logic ; for to a formal truth formal logic can only 
assign a belief of degree 1. We could prove in Mr Ke3mes’ 
system that its probability is 1 on any evidence. This point 
seems to me to show particularly clearly that human logic 
or the logic of truth, which tells men how they should think, 
is not merely independent of but sometimes actually incom- 
patible with formal logic. 

In spite of this nearly all philosophical thought about human 
logic and especially induction has tried to reduce it in some way 

t 

* Cf. Kant : ‘ Denn obgleich eine Erkenntnis der logischen Form 
vdllig gemass sein mochte, dass ist sich selbst nicht widersprache, so 
kann sie doch noch immer dem Gegonstande widersprechen.’ Kritik 
der reinen Vernunft, First Edition, p. 59. 
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to formal logic. Not that it is supposed, except by a very few, 
that consistency will of itself lead to truth ; but consistency 
combined with observation and memory is frequently 
credited with this power. 

Since an observation changes (in degree at least) my opinion 
about the fact observed, some of my degrees of belief after the 
observation are necessarily inconsistent with those I had 
before. We have therefore to explain how exactly the 
observation should modify my degrees of belief; obviously 
if p is the fact observed, my degree of belief in j after 
the observation should be equal to my degree of belief 
in q given p before, or by the multiplication law to the 
quotient of my degree of belief in pq by my degree of 
belief in p. When my degrees of belief change in this way 
we can say that they have been changed consistently by 
my observation. 

By using this definition, or on Mr Keynes’ system simply 
by using the multiplication law, we can take my present 
degrees of belief, and by considering the totality of my 
observations, discover from what initial degrees of belief my 
present ones would have arisen by this process of consistent 
change. My present degrees of belief can then be considered 
logically justified if the corresponding initial degrees of belief 
are logically justified. But to ask what initial degrees of 
belief are justified, or in Mr Keynes' system what are the 
absolutely a priori probabilities, seems to me a meaningless 
question ; and even if it had a meaning I do not see how it 
could be answered. 

If we actually applied this process to a human being, 
found out, that is to say, on what a priori probabilities his 
present opinions could be based, we should obviously find them 
to be ones determined by natmal selection, with a general 
tendency to give a higher probability to the simpler alterna- 
tives. But, as I say, I cannot see what could be meant by 
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asking whether these degrees of belief were logically justified. 
Obviously the best thing would be to know for certain in 
advance what was true and what false, and therefore if any 
one system of initial beliefs is to receive the philosopher’s 
approbation it should be this one. But clearly this would not 
be accepted by thinkers of the school I am criticising. Another 
alternative is to apportion initial probabilities on the purely 
formal system expounded by Wittgenstein, but as this gives 
no justification for induction it cannot give us the human 
logic which we are looking for. 

Let us therefore try to get an idea of a human logic which 
shall not attempt to be reducible to formal logic. Logic, we 
may agree, is concerned not with what men actually believe, 
but what they ought to believe, or what it would be 
reasonable to believe. What then, we must ask, is meant 
by saying that it is reasonable for a man to have such and 
such a degree of belief in a proposition ? Let us consider 
possible alternatives. 

First, it sometimes means something explicable in terms of 
formal logic : this possibility for reasons already explained 
we may dismiss. Secondly, it sometimes means simply that 
were I in his place (and not e.g. drunk) I should have such a 
degree of belief. Thirdly, it sometimes means that if his 
mind worked according to certain rules, which we may 
roughly call ‘ scientific method ’, he would have such a 
degree of belief. But fourthly it need mean none of these 
things ; for men have not always believed in scientific 
method, and just as we ask ‘ But am I necessarily reason- 
able ’, we can also ask ‘ But is the scientist necessarily 
reasonable ? ' In this ultimate meaning it seems to me that 
we can identify reasonable opinion with the opinion of an 
ideal person in similar circumstances, Whfit, however, would 
this ideal person’s opinion be ? As has previously been 
remarked, the highest ideal would be always to have a true 
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opinion and be certain of it ; but this ideal is more suited to 
God than to man.^ 

We have therefore to consider the human mind and what 
is the most we can ask of it.* The human mind works 
essentially according to general rules or habits ; a process 
of thought not proceeding according to some rule would 
simply be a random sequence of ideas ; whenever we infer 
A from B we do so in virtue of some relation between them. 
We can therefore state the problem of the ideal as " What 
habits in a general sense would it be best for the human mind 
to have ? ” This is a large and vague question which could 
hardly be answered unless the possibilities were first limited 
by a fairly definite conception of human nature. We could 
imagine some very useful habits unlike those possessed by 
any men. [It must be explained that I use habit in the most 
general possible sense to mean simply rule or law of behaviour, 
indudmg instinct : I do not wish to distinguish acquired 

' [Earlier draft of matter of preceding paragraph in some ways 
better. — F.P.R. 

What is meant by saying that a degree of belief is reasonable ? 
First and often that it is what 1 should entertain if I had the opinions 
of the person in question at the time but was otherwise as I am now, 
e g. not drunk. But sometimes we go beyond this and ask ; ' Am I 
reasonable ? ' This may mean, do I conform to certain enumerable 
standards which we call scientific method, and which we value on 
account of those who practise them and the success they achieve. In 
this sense to be reasonable means to think like a scientist, or to be 
guided only be ratiocination and induction or something of the sort 
(i.e. reasonable means reflective). Thirdly, we may go to the root of 
why we admire the scientist and criticize not primarily an individual 
opinion but a mental habit as being conducive or otherwise to the 
discovery of truth or to entertaining such degrees of belief as will be 
most useful. (To include habits of doubt or partial belief.) Then we 
can criticize an opinion according to the habit which produced it. 
This IS clearly right becau.se it all depends on this habit ; it would not 
be reasonable to get the right conclusion to a syllogism by remembering 
vaguely that you leave out a term which is common to both premisses. 

We use reasonable in sense 1 when we say of an argument of a scientist 
this does not seem to me reasonable ; in sense 2 when we contrast 
reason and superstition or instinct ; in sense 3 when we estimate the 
value of new methods of thought such as soothsaying.] 

* What follows to the end of the section is almost entirely based on 
the writings of C, S. Peirce. [Especially his ''Illustrations of the 
Logic of Science ", Popular Science Monthly, 1877 and 1878, reprinted 
in Chance Love and Logic (1923).] 
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rules or habits in the narrow sense from innate rules or 
instincts, but propose to call them all habits alike.] A com- 
pletely general criticism of the human mind is therefore 
bound to be vague and futile, but something useful can be 
said if we limit the subject in the following way. 

Let us take a habit of forming opinion in a certain way ; 
e.g. the habit of proceeding from the opinion that a toadstool 
is yellow to the opinion that it is unwholesome. Then we 
can accept the fact that the person has a habit of this sort, 
and ask merely what degree of opinion that the toadstool is 
unwholesome it would be best for him to entertain when he 
sees it ; i.e. granting that he is going to think always in the 
same way about all yellow toadstools, we can ask what degree 
of confidence it would be best for him to have that they are 
unwholesome. And the answer is that it will in general be 
best for his degree of belief that a yellow toadstool is unwhole- 
some to be equal to the proportion of yellow toadstools 
which are in fact unwholesome. (This follows from the meaning 
of degree of belief.) This conclusion is necessarily vague 
in regard to the spatio-temporal r^lnge of toadstools which 
it includes, but hardly vaguer than the question which it 
answers. (Cf . density at a point of gas composed of molecules.) 

Let us put it in another way : whenever I make an inference, 
I do so according to some rule or habit. An inference is not 
completely given when we are given the premiss and conclusion ; 
we require also to be given the relation between them in 
virtue of which the inference is made. The mind works by 
general laws ; therefore if it infers q from p, this will generally 
be because $ is an instance of a function <f>x and p the corre- 
sponding instance of a function px such that the mind wotild 
always infer (px from ^x. When therefore we criticize not 
opinions but the processes by which they are formed, the rule 
of the inference determines for us a range to which the 
frequency theory can be applied. The rule of the inference 
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may be narrow, as when seeing lightning I expect thunder, 
or wide, as when considering 99 instances of a generalization 
which I have observed to be true I conclude that the 100th 
is true also. In the first case the habit which determines the 
process is ‘ After lightning expect thunder ’ ; the degree of 
expectation which it would be best for this habit to produce 
is equal to the proportion of cases of lightning which are 
actually followed by thunder. In the second case the habit 
is the more general one of inferring from 99 observed instances 
of a certain sort of generalization that the 100th instance 
is true also ; the degree of belief it would be best for this habit 
to produce is equal to the proportion of all cases of 99 instances 
of a generalization being true, in which the 100th is true also. 

Thus given a single opinion, we can only praise or blame 
it on the ground of truth or falsity ; given a habit of a certain 
form, we can praise or blame it accordingly as the degree 
of belief it produces is near or far from the actual proportion 
in which the habit leads to truth. We can then praise or 
blame opinions derivatively from our praise or blame of the 
habits that produce them. 

This account can be applied not only to habits of inference 
but also to habits of observation and memory ; when we 
have a certain feeling in connection with an image we think 
the image represents something which actually happened to 
us, but we may not be sure about it ; the degree of direct 
confidence in our memory varies. If we ask what is the best 
degree of confidence to place in a certain specific memory 
feeling, the answer must depend on how often when that 
feeling occurs the event whose image it attaches to has 
actually taken place. 

Among the habits of the humcin mind a position of peculiar 
importance is occupied by induction. Since the time of 
Hume a great deal has been written about the justification 
for inductive inference. Hume showed that it could not 
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be reduced to deductive inference or justified by formal 
logic. So far as it goes his demonstration seems to me final ; 
and the suggestion of Mr Ke3mes that it can be got round 
by regarding induction as a form of probable inference cannot 
in my view be maintained. But to suppose that the situation 
which results from this is a scandal to philosophy is, I think, 
a mistake. 

We are all convinced by inductive arguments, and our 
conviction is reasonable because the world is so constituted 
that inductive arguments lead on the whole to true opinions. 
We are not, therefore, able to help trusting induction, nor 
if we could help it do we see any reason why we should, 
because we believe it to be a reliable process. It is true that 
if any one has not the habit of induction, we cannot prove 
to him that he is wrong ; but there is nothing peculiar in 
that. If a man doubts his memory or his perception we 
cannot prove to him that they are trustworthy ; to ask for 
such a thing to be proved is to cry for the moon, and the 
same is true of induction. It is one of the ultimate sources 
of knowledge just as memory is ; no one regards it as a 
scandal to philosophy that there is no proof that the world 
did not begin two minutes ago and that all our memories 
are not illusory. 

We all agree that a man who did not make inductions 
would be unreasonable ; the question is only what this means. 
In m3’ view it does not mean that the man would in any way 
sin against formal logic or formal probability ; but that 
he had not got a very useful habit, without which he would 
be very much worse off, in the sense of being much less likely * 
to have true opinions. 

This is a kind of pragmatism : we jpdge mental habits 
by whether they work, i.e. whether the opinions they lead 

> ' Likely ' here simply means that I am not sure of this, but only 
have a certain degree of belief in it. 
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to are for the most part true, or more often true than those 
which alternative habits would lead to. 

Induction is such a useful habit, auid so to adopt it is 
reasonable. AU that philosophy can do is to anal}^e it, 
determine the degree of its utility, and find on what character- 
istics of nature this depends. An indispensable means for 
investigating these problems is induction itself, without which 
we should be helpless. In this circle lies nothing vicious. 
It is only through memory that we can determine the degree 
of accuracy of memory ; for if we make experiments to deter- 
mine this effect, they will be useless unless we remember them. 

Let us consider in the light of the preceding discussion 
what sort of subject is inductive or human logic — the logic 
of truth. Its business is to consider methods of thought, 
and discover what degree of confidence should be placed in 
them, i.e. in what proportion of cases they lead to truth. 
In this investigation it can only be distinguished from the 
natural sciences by the greater generality of its problems. 
It has to consider the relative validity of different types of 
scientific procedure, such as the search for a causal law 
by Mill’s Methods, and the modern mathematical methods 
like the a priori arguments used in discovering the Theory 
of Relativity. The proper plan of such a subject is to be 
found in Mill ^ ; I do not mean the details of his Methods 
or even his use of the Law of Causality. But his way of 
treating the subject as a body of inductions about inductions, 
the Law of Causality governing lesser laws and being itself 
proved by induction by simple enumeration. The different 
scientific methods that can be used are in the last resort 
judged by induction by simple enumeration ; we choose 
the simplest law th?it fits the facts, but unless we found that 
laws so obtained also fitted facts other than those they were 
made to fit, we should discard this procedure for some other. 

* Cf. also the account of ‘ general rules ' in the Chapter ‘ Of Un- 
philosophical Probability ' m Hume’s Treatise. 



VIII 

FURTHER CONSIDERATIONS (1928) 

A. REASONABLE DEGREE OF BELIEF 

When we pass beyond reasonable = my, or = scientific, 
to define it precisely is quite impossible. Following Peirce 
we predicate it of a habit not of an individual judgment. 
Roughly, reasonable degree of behef = proportion of cases 
in which habit leads to truth. But in trying to be more exact 
we encounter the following difficulties : — 

(1) We cannot always take the actual habit ; this may 
be correctly derived from some previous accidentally mis- 
leading experience. We then look to wider habit of forming 
such a habit. 

(2) We cannot take proportion of actual cases ; e.g. in a 
card game very rarely played, so that of the particular 
combination in question there are very few actual instances. 

(3) We sometimes really assume a theory of the world with 
laws and chances, and mean not the proportion of actual 
cases but what is chance on our theory. 

(4) But it might be argued that this complication was not 
necessary on account of (1) by which we only consider very 
general habits of which there are so many instances that, 
if chance on our theory differed from the actual proportion, 
our theory would have to be wrong. 

(5) Also in an ultimate case like induction, there could be 
no chance for it : it is not the sort of thing that has a chance. 

Fortunately there is no point in fixing on a precise sense of 
‘ reasonable ’ ; this could only be required for one of two 
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reasons : either because the reasonable was the subject-mattCT 
of a science (which is not the case) ; or because it helped us 
to be reasonable to know what reasonableness is (which it 
does not, though some false notions might hinder us). To 
make clear that it is not needed for either of these purposes 
we must consider (1) the content of logic 

and (2) the utility of logic. 


The Content of Logic 

(1) Preliminary philosophico-psychological investigation 
into nature of thought, truth and reasonableness. 

(2) Formulae for formal inference = mathematics. 

(3) Hints for avoiding confusion (belongs to medical 
psychology). 

(4) Outline of most general propositions known or used as 
habits of inference from an abstract point of view ; either 
crudely inductive, as ‘ Mathematical method has solved all 
these other problems, therefore . . .’, or else systematic, 
when it is called metaphysics. All this might anyhow be 
Ccilled metaphysics ; but it is regarded as logic when adduced 
as bearing on an unsolved problem, not simply as information 
interesting for its own sake. 

The only one of these which is a distinct science is 
evidently (2). 


The Utility of Logic 

That of (1) above and of (3) are evident : the interesting 
ones are (2) and (4). (2) = mathematics is indispensable 

for manipulating and systematizing our knowledge. Besides 
this (2) and (4) help us in some way in coming to conclusions 
in judgment. 
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Logic as Self-Control (Cf. Peirce) 

Self-control in general means either 

(1) not acting on the temporarily uppermost desire, but 
stopping to think it out ; i.e. pay regard to all desires and see 
which is really stronger ; its value is to eliminate inconsistency 
in action ; 

or (2) forming as a result of a decision habits of acting 
not in response to temporary desire or stimulus but in a 
definite way adjusted to permanent desire. 

The difference is that in (1) we stop to think it out but in 
(2) we’ve thought it out before and only stop to do what 
we had previously decided to do. 

So also logic enables us 

(1) Not to form a judgment on the evidence immediately 

before us, but to stop and think of all else that we know in any 
way relevant. It enables us not to be inconsistent, and also 
to pay regard to very general facts, e.g. all crows I’ve seen 
are black, so this one will be — No ; colour is in such and such 
other species a variable quality. Also e.g. not merely to argue 
from (f>a . . . . to (x) . <f>x probable, but to consider 

the bearing ol a, b . . . are the class I’ve seen (and visible 
ones are specially likely or unlikely to be ^). This difference 
between biassed and random selection. ^ 

(2) To form certain fixed habits of procedure or inter- 
pretation only revised at intervals when we think things out. 
In this it is the same as any general judgment ; we should 
only regard the process as ' logic ’ when it is very general, 
not e.g. to expect a woman to be unfaithful, but e.g. to 
disregard correlation coefficients with a probable error 
greater than themselves. 

With regard to forming a judgment or a partial judgment 


* Vide infra ‘ Chance ’. 
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(which is a decision to have a belief of such a degree, i.e, to 
act in a certain way) we must note : — 

(a) What we ask is ‘ ^ ’ not ‘ Would it be true to think 
p ? ’ nor ‘ Would it be reasonable to think p ? ’ (But these 
might be useful first steps.) 

but (6) ' Would it be true to think p ? ’ can never be settled 
without settling p to which it is equivalent. 

(c) ' Would it be reasonable to think p ? ’ means simply 
' Is p what usually happens in such a case ? ’ and is as vague 
as ‘ usually ’. To put this question may help us, but it will 
often seem no easier to answer than p itself. 

(d) Nor can the precise sense in which ‘ reasonable ’ or 
' usually ’ can usefully be taken be laid down, nor weight 
assigned on any principle to different considerations of such 
a sort. E.g. the death-rate for men of 60 is but all the 
20 red-haired 60-year-old men I’ve known have lived till 70. 
What should I expect of a new red-haired man of 60 ? I can 
but put the evidence before me, and let it act on my mind. 
There is a conflict of two ‘ usually’s ’ which must work itself 
out in my mind ; one is not the really reasonable, the other 
the reaUy unreasonable. 

(e) When, however, the evidence is very complicated, 
statistics are introduced to simplify it. They are to be chosen 
in such a way as to influence me as nearly as possible in the 
same way as would the whole facts they represent if I could 
apprehend them clearly. But this cannot altogether be reduced 
to a formula ; the rest of my knowledge may affect the matter ; 
thus p may be equivalent in influence to q, but not ph to qh. 

(/) There are exceptioned cases in which ‘ It would be 
reasonable to think p ’ absolutely settles the matter. Thus 
if we are told that one of these people’s names begins with 
A and that there are 8 of them, it is reasonable to believe to 
degree ^th that any particular one’s name begins with A, 
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and this is what we should all do (unless we felt there was 
something else relevant). 

(g) Nevertheless* to introduce the idea of ‘ reasonable ’ 
is really a mistake ; it is better to say ‘ usually which 
makes clear the vagueness of the range : what is reason^abIe 
depends on what is taken as relevant ; if we take enough as 
relevant, whether it is reasonable to think p becomes at least 
as difficult a question as p. If we take everything as 
relevant, they are the same. 

(A) What ought we to take as relevant ? Those sorts of 
things which it is useful to take as relevant ; if we could 
rely on being reasonable in regard to what we do take as 
relevant, this would mean everything. Otherwise it is 
impossible to say ; but the question is one asked by a spectator 
not by the thinker himself : if the thinker feels a thing 
relevant he can’t dismiss it ; and if he feels it irrelevant 
he can’t use it. 

(1) Only then if we in fact feel very little to be relevant, 
do or can we answer the question by an appeal to what 
is reasonable, this being then equivalent to what we know 
and consider relevant. 

{j) What are or are not taken as relevant are not only 
propositions but formal facts, e.g. a = a', we may react 
differently to pa than to any other px not because of anything 
we know about a but e.g. for emotional reasons. 



B. STATISTICS 


The science of statistics is concerned with abbreviating facts 
about numerous individuals which are interpreted as a random 
selection from an infinite ‘ population If the qualities con- 
cerned are discrete, this means simply that we consider the 
proportions of the observed individuals which have the 
qualities, and ascribe these proportions to the hypothetical 
poptilation. If the qualities are continuous, we take the 
population to be of a convenient simple form containing 
various parameters which are then chosen to give the highest 
probability to the instances observed. In either case the 
probable error is calculated for such a sample from such a 
population. (For all this see Fisher.) ^ 

The significance of this procedure is that we record in a 
convenient simple form 

(1) The approximate proportions having the given qualities 

in different degrees, 

(2) The number of instances which we have observed (the 
weight of our induction) (probable error). 

For the use of the figures to give a degree of belief with 
regard to a new instance no rule can be given. 

The introduction of an infinite population is a stupid 
fiction, which cannot be defended except by some reference to 
proceeding to a limit, which destroys its sense. The procedure 
of calculating parameters by maximum likelihood and 
probable error can be defined as a process in pure mathe- 
matics ; its significance is in suggesting a theory or set 

* R. A. Fisher,” Theory of statistical estimation,” Proc. Camb. Phil. 
Soc., 22, pp. 700-725 (1925), and Statistical Methods for Research 
Workers. 
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of chances. Proportion of infinite population should be 
replaced by chance. 

Of course the purpose is not always simple induction but 
causal analysis : we find the chances are not what we expect, 
therefore the die is biassed or people are more careful 
nowadays etc. 



C. CHANCE 


(1) There are no such things as objective chances in the 
sense in which some people imagine there are, e.g. N. Campbell, 
Nisbet.^ 

There is, for instance, no established fact of the form ' In 
n consecutive throws the number of heads lies between 

“ ± £(«) ’■ On the contrary we have good reason to believe 
2 

that any such law would be broken if we took enough 
instances of it. 

Nor is there any fact established empirically about infinite 
series of throws ; this formulation is only adopted to avoid 
contradiction by experience ; and what no experience can 
contradict, none can confirm, let alone establish. 

(N. Campbell makes a simple mistake about this.) 

A crude frequency theory is ruled out because it justifies 
the ‘ maturity of odds ’ argument, e.g. in regard to 
sex of offspring. 

(2) Hence chances must be defined by degrees of belief ; 
but they do not correspond to anyone’s actual degrees of 
belief ; the chances of 1 ,000 heads, and of 999 heads followed 
by a tail, are equal, but everyone expects the former more 
than the latter. 

(3) Chances are degrees of belief within a certain system of 
beliefs and degrees of belief ; not those of any actual person, 
but in a simplified system to which those of actual people, 
especially the speaker, in part approximate. 

(4) This system of beliefs consists, firstly, of natural laws. 


* R. H. Nisbet, "The Foundatious of Probability,” Mind, 1926. 
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which are in it believed for certain, although, of course, people 
are not really quite certain of them. 

(5) Besides these the system contains various things of this 
sort : when knowing ipx and nothing else relevant, always 
expect <f>x with degree of belief p (what is or is not relevant 
is also specified in the system) ; which is also written the chance 
of <f) given p is p (if ^ = 1 it is the same as a law). These 
chances together with the laws form a deductive system 
according to the rules of probability, and the actual beliefs 
of a user of the system should approximate to those deduced 
from a combination of the system and the particular knowledge 
of fact possessed by the user, this last being (inexactly) taken 
as certain. 

(6) The chances in such a system must not be confounded 
with frequencies ; the chance of px given px might be 
different even from the known frequency of p's which are 
p's. E.g. the chance of a coin falling heads yesterday is ^ 
since ' yesterday ’ is irrelevant, but the proportion that 
actually fell heads yesterday might be 1. 

(7) It is, however, obvious that we are not armed with 
systems giving us a degree of belief in every possible proposition 
for any basis of factual knowledge. Our systems only cover 
part of the field ; and where we have no system we say we do 
not know the chances. 

(8) The phenomena for which we have systematic chances 
are games of chance, births, deaths, and all sorts of correlation 
coefficients. 

(9) What we mean by objective chance is not merely our 

having in our system a chance ZU, but our having no hope 

P{x) 

of modifying our system into a pair of ‘laws ax.px .^^.px : 
^x . px .D, . px, etc., where ax, Px are disjunctions of 
readily observable properties (previous in time to px). This 
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occurs, as Poincar^ points out,^ when small causes produce 
large effects. 

Chances are in another sense objective, in that everyone 
agrees about them, as opposed e.g. to odds on horses. 

(10) What we mean by an event not being a coincidence, 
or not being due to chance, is that if we came to know it, it 
would make us no longer regard our system as satisfactory, 
although on our system the event may be no more improbable 
than any alternative. Thus 1,000 heads running would not 
be due to chance ; i.e. if we observed it we should change 
our system of chances for that penny. If it is called h, the 
chances in our system with h as hypothesis are markedly 
different from our actual degrees of belief in things given h. 

By saying a thing is not due to chance, we only mean that 
our system of chances must be changed, not that it must 
become a system of laws. Thus for a biassed coin to come 
down heads is not due to chance even though it doesn’t 
always do so ; e.g. chance may = f say, not 

If we say ‘ Our meeting was not due to chance ’, i.e. 
designed, design is simply a factor modifying the chances ; 
it might also be e.g. that we walk in the same road. 

(11) This is why N. Campbell thinks coincidences cannot be 
allowed to occur ; i.e. coincidences . O . system wrong, .’. 
system . D . no coincidences. Apparently formally conclusive ; 
but this is a mistake because the system is not a proposition 
which is true or false, but an imperfect approximation to a 
state of mind where imperfections can in certain circumstances 
become particularly glaring. 

(12) By things being ultimately due to chance, we mean that 
there is no law (here generalization of nomore than manageable 
complexity), known qr unknown, which determines the future 
from the past. If we suppose further that they have ultimate 

^ See Science el Hypothise and Science et Mithode. 
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chances, this means a sort of best possible system in which 
they have these chances. 

(13) In choosing a system we have to compromise between 
two principles : subject always to the proviso that the system 
must not contradict any facts we know, we choose (other things 
being equal) the simplest system, and (other things being equal) 
we choose the system which gives the highest chance to the 
facts we have observed. This last is Fisher’s ‘ Principle of 
Maximum Likelihood and gives the only method of verifying 
a system of chances. 

(14) Probability in Physics means chance as here explained, 
with possibly some added complexity because we are concerned 
with a ‘ theory ’ in Campbell’s sense, not merely an ordinary 
system which is a generalization of Campbell’s ‘ law. ’ What 
chance in a theory is can hardly be explained until we 
know more about the nature of theories.^ 

(15) Statistical science must be briefly dealt with from 
our point of view ; it has three parts : — 

(а) Collection and arrangement of selections from 
multitudinous data. 

(б) Induction = forming a system of chances from the 
data by means of the Principle of Maximum Likelihood. 

(c) Causal analysis ; e.g. this die falls so often this way 
up, therefore its centre of gravity must be displaced towards 
the opposite face. 

(16) The only difficulty presented is in connection with 

(c) causal analysis, in which we seem to take a statement of 
chances as a fact, and to argue ’ Its falling so often six is not 
due to chance ’ ‘ chance > | ‘ c.g. displaced ’. Reasoning 

which seems incompatible with our solution of the paradox 
that chance = ^ is inconsistent with thiS coincidence, which 
was that ‘ chance = i ' chance > i’, were not propositions 

‘ [See next section. — Ed.] 
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and so could not serve as premisses or conclusions of argu- 
ments. 

(17) The difficulty is removed by the reflection that the 
system we are ultimately using not only gives us degree of 
belief or chance of x falling six given x is tossed = but also 
that that of x falling six given x is tossed and biassed > 
Consequently by transposition x is biassed / x falls six. x is 
tossed > X is biassed j x is tossed. If a/bh > a/h, then 
h/ah > h/h, and this is how we are arguing. The chance of a 
X falling six is p seems to be treated as a genuine proposition, 
but what is really meant is an unexpressed condition, which on 
our system when added to the hypothesis makes the chance p. 

(18) We can state it this way : statistical causal analysis 
presupposes a fundamental system within which it moves 
and which it leaves unchanged ; this neither is nor appears 
to be treated like a proposition. What appears to be so treated 
is a narrower system derived or derivable from the fundamental 
system by the addition of an empirical premiss, and what is 
really treated as a proposition and modified or rejected is 
not the narrower system but the empirical premiss on which 
it is based. 

Of course this empirical premiss may be unknown or very 
vaguely known ; e.g. I conclude from the fact that more 
boys are born than girls to some superiority in the number, 
mobility or capacity for fertilization of male-bearing sperma- 
tazoa or one of a thousand other possible causes, because by 
the Principle of Indifference, which is part of my fundamental 
system, the observed inequality would be so unlikely if there 
were no such difference. But there seems no fundamental 
difference between this case and the biassed coin. 

(19) Note on Poincare’s problem ' Why are chance events 
subject to law ? ’ The fundamental answer to this is that they 
are not, taking the whole field of chance events no generaliza- 
tions about them are possible (consider e.g. infectious diseeises. 
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dactyls in hexameters, deaths from horse kicks, births of 
great men). 

Poincar4 says it is paradoxical that the actuary can from 
ignorance derive so easily such useful conclusions whereas 
if he knew the laws of health he would have to go through 
endless calculations. In fact it is not from ignorance that he 
works, but from experience of frequencies. 

(20) Note on ‘ random ’. 

Keynes ^ gives a sub.stantially correct account of this. But 

(а) It is essential to bring in the notion of a description. 
What we want is not a is a random member of £{Sx) for 
the purpose of (l>x, but the description {‘)x){ij)x) is a random 
description when x = (tx)(^x) is irrelevant to (jtxfSx . h. 

(б) It is essential to extend the term to cover not merely 
a selection of one term but of many ; thus, tf/x gives a 
random selection of n S’s "with regard to <f>x means 
a = £{^x) is irrelevant to probabilities of the form : Pro- 
portion of a which is = A/aen . aC.£{Sx) . h. 

The idea of random selection is useful in induction, where the 
value of the argument ‘ A proportion A of ^S’s are ^’s ’ .•. 

‘ A proportion A of S’s are <}>'s ’ depends on whether ^ is a 
random selector. If A = 1 of course the value of the argument 
is strengthened if i/i is biassed against 0, weakened if ^ is 
biassed in favour of it. 


‘ Treatise on Probability, p. 291. 
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A. THEORIES 

Let us try to describe a theory simply as a language for 
discussing the facts the theory is said to explain. This need 
not conunit us on the philosophical question of whether 
a theory is only a language, but rather if we knew what sort 
of language it would be if it were one at all, we might be 
further towards discovering if it is one. We must try to make 
our account as general as possible, but we cannot be sure that 
we have in fact reached the most general type of theory, 
since the possible complication is infinite. 

First, let us consider the facts to be explained. These occur 
in a universe of discourse which we will call the primary 
system, this system being composed of all the terms ^ and 
propositions (true or false) in the universe in question. We 
must suppose the primary system in some way given to us 
so that we have a notation capable of expressing every 
proposition in it. Of what sort must this notation be ? 

It might in the first case consist of names of different 
t}q3es any two or more of which conjoined together gave 
an atomic proposition ; for instance, the names a, b . . . z, 
‘ red ’, ‘ before ’. But I think the systems we try to explain 
are rarely of this kind ; if for instance we are concerned with 
a series of experiences, we do not try to explain their time 
order (which we could not explain by anything simpler) or 
« 

* The ‘ universe ’ of the primary system might contain ' blue or 
red ‘ but not ‘ blue ' or ' red ' ; i.e. we might be out to explain when a 
thing was ‘ blue or red ’ as opposed to ' green or yellow but not which 
it was, blue or red. ' Blue-or-red ' would then be a term : ' blue ', ' red ' 
nonsense for our present purpose. 
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even, assuming an order, whether it is a or 6 that comes first ; 
we take for granted that they are in order and that a comes 
before b, etc., and try to explain which is red, which blue, etc. 
a is essentially one before b, and ‘ a', ‘ b’, etc., are not really 
names but descriptions except in the case of the present. We 
take it for granted that these descriptions describe xmiquely, 
and instead of ‘ a was red ’ we have e.g. ‘ The 3rd one ago was 
red The symbols we want are not names but numbers : 
the 0th (i.e. the present), 1st, -1th, etc., in general the «th, 
and we can use red («) to mean the wth is red counting 
forward or backward from a particular place. If the series 
terminates at say 100, we could write Ar(lOl), and generally 
N{fn) if tn >100, meaning ‘ There is no wth ' ; or else simply 
regard e.g. red (w) as nonsense if w > 100, whereas if we wrote 
N{m) we should say red (w) was false. I am not sure this is 
necessary, but it seems to me always so in practice ; i.e. the 
terms of our primary system have a structure, and any 
structure can be represented by numbers (or pairs or other 
combinations of numbers). 

It may be possible to go further than this, for of the terms 
in our primary system not merely some but even all may 
be best symbolized by numbers. For instance, colours have 
a structure, in which any given colour may be assigned a 
place by three numbers, and so on. Even smells may be so 
treated : the presence of the smell being denoted by 1, the 
absence by 0 (or all total smell qualities may be given niunbers) . 
Of course, we cannot make a proposition out of numbers 
without some link. Moment 3 has colour 1 and smell 2 must 
be written x(3) = 1 and <^(3) — 2, x and ^ corresponding to 
the general forms of colour and smell, and possibly being 
functions with a limited number of values, so that e.g. ^(3) = 55 
might be nonsense, since there was no 5'5th smell. 

Whether or no this is possible, it is not so advan&geous 
where we have relatively few terms (e.g. a few smells) to 
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deal with. Where we have a multitude as e.g. with times, 
we cannot name them, and our theory will not explain a 
primary system in which they have names, for it will take no 
accoimt of their individuality but only of their position. 
In general nothing is gained and clarity may be lost by using 
numbers when the order, etc., of the numbers corresponds 
to nothing in the nature of the terms. 

If all terms were represented by numbers, the propositions 
of the primary system would all take the form of assertions 
about the values taken by certain one-valued numerical 
functions. These would not be mathematical functions in the 
ordinary sense ; for that such a function had such-and-such 
a value would always be a matter of fact, not a matter of 
mathematics. 

We have spoken as if the numbers involved were always 
integers, and if the finitists are right this must indeed be 
so in the ultimate primary system, though the integers may, of 
course, take the form of rationals. This means we may be 
concerned with pairs {m, n) with (Aw, Xn) always identical to 
(w, n). If. however, our primary system is already a secondary 
system from some other theory, real numbers may well occur. 

So much for the primary system ; now for the theoretical 
construction. 

We will begin by taking a typical form of theory, and consider 
later whether or not this form is the most general. Suppose 
the atomic propositions of our primary system are such as 
A(n),B(m,n) . . . where w, «, etc., take positive or negative 
integral Vcdues subject to any restrictions, e.g. that in B(m, n) 
m may only take the values 1, 2. 

Then we introduce new propositional functions a{n), jS(n), 
y(w, «), etc., and by propositions of the secondary system 
we shall mean any truth-functions of the values of a, ^8, y, etc. 
We shall also lay down propositions about these values, e.g. 
(n). a(n). )3(n) which we shall call axioms, and whatever 
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propositions of the secondary S 3 retein can be deduced from the 
axioms we shall call theorems. 

Besides this we shall make a dictionary which takes the form 
of a series of definitions of the functions of the primary 
system . . . in terms of those of the secondary system 

a, y, e.g. A{n) — a{n) .v .y(0, »®). By taking these 
‘ definitions ' as equivalences and adding them to the axioms 
we may be able to deduce propositions in the primary system 
which we shall call laws if they are general propositions, 
consequences if they are singular. The totality of laws and 
consequences will be the eliminant when a, y . etc., are 
eliminated from the dictionary and axioms, and it is this 
totality of laws and consequences which our theory asserts 
to be true. 

We may make this clearer by an example ^ ; let us 
interpret numbers n, n^, Mj, etc., as instants of time 
and suppose the primary system to contain the following 
functions : — 


.4 (n) = I see blue at n. 

B(n) = I see red at n. 

[A{n) . B(«) = I see nothing at »]. 

C (n) = Between m- 1 and n I feel my eyes open. 


D{n) = Between n-1 and n I feel my eyes shut. 
£■(«) = I move forweird a step at n. 

F(n) = I move backward a step at n. 

and that we construct a theory in the following way : 

' [The example seems futile, therefore try io invent a better ; but it 
in fact brings out several good points, which it would be difihcult 
otherwise to bring out. It may however miss some points which we 
will consider later. A defect in all Nicod’s examples is that they do 
not give an external world in which anything happens. — F. P. R.] 
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First m will be understood to take only the values 1, 2, 3, 

f/(l) = 2 

and / (m) is defined by f (2) = 3 

1/(3) = 1 

Then we introduce 

a(n, tn) = At time n I am at place m. 
j9(«, m) = At time n place m is blue. 
y{n) = At time n my eyes are open. 

And the axioms 

{n, m, m') : a{n, tn) . a{n, m') . D . = tn'. 

(m). (3>m)- a(«. »«)• 

(«). j3(«. 1). 

(h): j3(M, 2) . s , j3(n + 1, 2). 

And the dictionary 

= ( 3 ^) • • i3(w, >m) . y(w). 

^(”) = (3”*) • »”) • y(”)- 

C(«) = y(n - 1) . y(n). 

Z)(«) = y(n — 1) . y{n). 

-^(”) = (3^) • “(n — 1, tn) . a{n,f{m)}. 

F(n) = ( 3 w) . a{n — l,/(w)} . a(n, tn). 

This theory can be said to represent me as moving among 
3 places, ‘ forwards ’ being in the sense ABC A, ‘ backwards ' 
ACBA. Place A is afways blue, place B alternately blue and 
red, place C blue or red according to a law I have not dis- 
covered. If my eyes are open I see the colour of the place 
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I am in, if they axe shut I see no colour. The laws resulting 
from the theory can be expressed as follows ; . 

(1) (n) . {A(n) V B(n)} . {C(n) v D(n)} . {£(») v F(n)} 

(2) (»i, nj) {mj > «, . C(Mi) . C(nj) . D . (gw,) . Wj > w, > 

(2^) (2) with the C's and D’s interchanged 

Let us define 0 (w^, w,) to mean 
1 
2 

Nc’ V {Wj < l< < M, . £(v)} 

—Nc’ V {n^ < V < w, . F(v)} = 0 (mod 3) 

1 

2 

(3) [(gwj) . C(wi) . < n . n > V > til . Dy . D(i>)] D „ : 

^(w) vB(w) 

( 4 ) [(3^1) • ■l^(^i) ' til ^ ti . ti V Wj . ^1; . L(v)] ! 

A{ti) . B(n). 

(5) (w) : . (gm) ; m = 0, 1, or 2 : tn{v, n) Dy B{v) 

: (w + 1) {vi, w) . (w + 1) (v„ n) . vj 5^ (mod 2) 

‘m 

• r, . ^(i-i) V ^(v,) . B(v^ V £(1^2). 

[Where 2 + 1 = 0 for this purpose.] 

These can then be compared with the axioms and dictionary, 
and there is no doubt that to the normal mind the axioms and 
dictionary give the laws in a more manageable form. 

Let us now put it all into mathematics by writing 

% 

A (n) as (f)(ti) = 1 
B(w) as <l>(n) = — 1 
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A (n) . B{n) as ^{«) == 0 
C{m) as x{n) = 1 
D{n) as x(«) == - 1 
C(n) . D(n) as ;^(n) = 0 
E(n) as ifi{n) — 1 
F(n) as ^(») = -1 

E{n) F(n) as i/((m) = 0. 

Instead of a{», m) have a(«) a function taking values 1, 2, 3 
/S(«, w) ^{n, m) „ „ 1,-1 

y{n) y{n) 1, 0 

Our axioms are just 

(1) (») . a{n) = 1 V 2 V 3 

(2) («) , ^{n, 1) = 1 

(3) (n) . /3 (m, 2)^/S(«H- 1, 2) 

(4) («, w) . ^(n, w) = 1 V — 1 

(5) (n) . y{n) = 0 V 1 

Of these (1) (4) (5) hardly count since they merely say what 
values the functions are capable of taking. 

Our definitions become. 

(i) (^(«) = y(n) X ^{n, a(n)} 

(ii) x(«) =y(»)-y(n-l) 

(iii) i(;(n) = Remainder mod 3 of a{n) — a(n — 1) 

Our laws are of course that x- ^iriust be such that a, P, y 
can be found to satisfy 1-5, i-iii. Going through the old laws 
we have instead of • 

(1) <f>(n) = — 1 vO V 1, x{n) = — l vO V 1, ^{n) = — 1 vO v 1 

[understood]. 
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( 2 ) («, m) . 


^ X(«') 


< 1 . 


(3) (am) . S jf(r) = l:D..,^(n)7tO. 


(4) (am) . Z xi') = - 1 : . <f>{n) = 0. 

f s m 

I 

(5) (n) ( 3 m) : i7 ip{r) = m (mod 3) . D»' . ^(«') — 1 

f = » 

: ^(f) s S tf/{r) = m + 1 (mod 3) . s «" -f 1 (mod 2) 

f a » f =s n 

. D„',^.^(«')^(«") = 0v - 1. 

So far we have only shown the genesis of laws ; consequences 
arise when we add to the axioms a proposition involving e.g, 
a particular value of n, from which we can deduce propositions 
in the primary system not of the form (n) . . . These we call 
the consequences. 

If we take it in its mathematical form we can explain the 
idea of a theory as follows : Instead of saying simply what 
we know about the Vcilues of the functions with which we are 
concerned, we say that they can be constructed in a definite 
way given by the dictionary out of functions satisfying 
certain conditions given by the axioms. 

Such then is an example of a theory ; before we go on to 
discuss systematically the different features of the example 
and whether they occur in any theory, let us take some 
questions that might be asked about theories and see how 
they would be answered in the present case. 

1. Can we say anything in the language of this theory 
that we could not say without it ? 

Obviously not ; for we can easily eliminate the fimctions 
of the second system and so say in the primary system all 
that the theory gives us. 
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2. Can we reprcxiuce the structure of our theory by means 
of explicit definitions within the primary system ? 

[This question is important because Russell, Whitehead, 
Nicod and Carnap all seem to suppose that we can and must 
do this.^] 

Here there are some distinctions to make. We might, for 
instance, argue as follows. Supposing the laws and conse- 
quences to be true, the facts of the primary system must 
be such as to allow functions to be defined with all the properties 
of those of the secondary system, and these give the solution 
of our problem. But the trouble is that the laws and con- 
sequences can be made true by a number of different sets of 
facts, corresponding to each of which we might have 
different definitions. So that our problem of finding a single 
set of definitions which will make the dictionary and axioms 
true whenever the laws and consequences are true, is still 
unsolved. We can, however, at once solve it formally, by 
disjoining the sets of definitions previously obtained; i.e. if the 
different sets of facts satisfying the laws and consequences are 
Pj, Pj- ^ 3 ’ ^■nd the corresponding definitions of a(n, m) are 

a(n, m) = {A, B, C . . n, m} 

Lj {A, B,C, . . ., n, m) etc. 

we make the definition 

a(«, m) = P I Li{A , B , C . . . n, m}. 

P, 13 Lj {A, B,C ... n, m). 
etc. 

Such a definition is formally valid and evidently fulfils 
our requirements. 

‘ Jean Nicod, La Gdomitrie dans It Monde Sensible (1924), translated 
in his Problems of Geometry and Induction (1930) : Rudolf Carnap, 
Der Logische Aufbau der Welt (1928). 
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What can be objected to it is complexity and arbitrari- 
ness, since Zj . . . can probably be chosen each in 
many ways. 

Also it explicitly assumes that our primary system is finite 
and contains a definite number of assignable atomic 
propositions. 

Let us therefore see what other ways there are of proceeding. 

We might at first sight suppose that the key lay simply 
in the dictionary; this gives definitions of A, C ... in 
terms of a, /3, y . . . Can we not invert it to get definitions of 
a. jS, y . . . in terms of A, B, C . . . ? Or, in the mathe- 
matical form, can we not solve the equations for a, /3, y . . . 
in terms >P ■ ■ -.at any rate if we add to the dictionary, 

as we legitimately can, those laws and axioms which merely 
state what values the functions are capable of taking ? 

When, however, we look at these equations (i), (ii), (iii) 
what we find is this : If we neglect the limitations on the values 
of the functions they possess an integral solution provided 
y{n) can be found from (ii) so as always to be a factor of 
4>{n), i.e. in general always to be + 1 or 0 and never to vanish 
unless <f){n) vanishes. This is, of course, only true in virtue 
of the conditions laid on <f> and x by the laws ; assuming these 
laws and the limitation on values, we get the solution 

a(n) = U ijj{n) + Cj (mod 3) 

O 

y(«) = 27 x(w) + C 2 

O 

for a and y. 

And for j3(n, m) no definite solution but e.g. the trivial 
one j3(«, m) = (assuming y(n) = l*or 0). 

Here C* must be chosen so as to make y(n) always 1 or 0 ; 
and the value necessary for this purpose depends on the facts 
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of the primary system and cannot be deduced simply from the 
laws. It must in fact be one or nought : 

(a) If there is a least positive or zero n for which ;^(n) ^0, 
according as x(n) for that « is - 1 or + 1- 

(b) If there is a least negative n for which xM 0. according 
as x(f^) for that « is + 1 or — 1. 

(e) If for no n xM 9 ^ 0 it does not matter whether C, 
is + 1 or - 1. 

We thus have a disjunctive definition of and so of y(n). 
Again although any value of will satisfy the limitations on 
the value of a(n), probably only one such will satisfy the 
axioms, and this value will again have to be disjunctively 
defined. And, thirdly, /S(«, m) is not at all fixed by the equa- 
tions, and it will be a complicated matter in which we shall 
again have to distinguish cases, to say which of the many 
possible solutions for j3(«, m) will satisfy the axioms. 

We conclude, therefore, that there is neither in this case 
nor in general any simple way of inverting the dictionary 
so as to get either a unique or an obviously preeminent 
solution which will also satisfy the axioms, the reason for this 
lying partly in difficulties of detail in the solution of the 
equations, partly in the fact that the secondary system has a 
higher multiplicity, i.e. more degrees of freedom, than the 
primary. In our case the primary system contains three one 
valued functions, the secondary virtually five [/3(w, 1), j3(«, 2), 
)8(», 3), a(n), y{n)] each taking 2 or 3 values, and such an 
increase of multiplicity is, I think, a universal characteristic 
of useful theories. 

Since, therefore, the dictionary alone does not suffice, 
the next hopeful method is to use both dictionary and axioms 
in a way which is referred to in many popular discussions 
of theories when it is said that the meaning of a proposition 
about the external world is what we should ordinarily regard 
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as the criterion 01 test of its truth. This suggests that we should 
define propositions in the secondary system by their criteria 
in the primary. 

In following this method we have first to distinguish the 
sufficient criterion of a proposition from its necessary criterion. 
If is a proposition of the secondary system, we shall mean 
by its sufficient criterion, a{p), the disjunction of all proposi- 
tions q of the primary system such that ^ is a logical consequence 
of q together with the dictionary and axioms, and such that 
~ j is not a consequence of the dictionary and axioms.^ 
On the other hand, by the necessary criterion of p, t[P) we 
shall mean the conjunction of all those propositions of the 
primary system which follow from p together with the 
dictionary and axioms. 

We can elucidate the connection of alj>) and t {j>) as follows. 
Consider all truth-possibilities of atomic propositions in 
the primary system which are compatible with the dictionary 
and axioms. Denote such a truth-possibility by r, the 
dictionary and axioms by a. Then a(p) is the disjunction 
of every r such that 

r ^ a is a contradiction, 

T (p) the disjunction of every r such that 
r p ais not a contradiction. 

If we denote by L the totality of laws and consequences, i.e. 
the disjunction of every r here in question, then we 
have evidently 


a{p) : ^ : L . r p), (i) 

‘ The laws and consequences need not be added, since they follow 
from the dictionary and axioms. It might be thought, however, that 
we should take them instead of the axioms, bftt it is easy to see that 
this would merely increase the divergence between sufficient and 
necessary criteria and in genercil the difficulties of the method. The 
last clause could be put as that q must not follow from or be a law 
or consequence. 



224 


LAST PAPERS 


(ii) 

(iii) 


r {p) i B :L . ct('^ P), 

alp) V T {'^) . s . L. 

We have also 

<riPi • Pi) • = : <^Pi) ■ o’(/’2)> (iv) 

for . p^ follows from q when and only when pi and p^ 
both follow. 

Whence, or similarly, we get the dual 

r(pi'>/pi) . ^ .r{pi)vripi). (v) 

We also have 

aip) D T p), (vi) 

(Consider the t’s above.) 

op) V a{'^P) . D . Z, . D . T (/>) V T ('^p), (vii) 

(from iii) 

and from (vi), (ii), (iii). 

ap) . D . <^[~P) • L, (vib) 

L . T (~/*) . D . T p). (ix) 

Lastly we have 

oPi) V ap^ . D . apT, V p^. (x) 

Since if q follows either from pi or from it follows from 
Pi^ Pi’, and the dual 

Tpi .pi).'D.r pi) . T Pi). (xi) 

On the other hand, and this is a very important point, the 
converses of (vi)-(xi)^are not in general true. Let us illustrate 
this by taking (x) and considering this ' r’ : 

B{0) . ri(0) : « ^ 0 . D„ . A{n) . B{n). 
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C{n) .=,.« = 0 : D{n) . =»,« = !. 

(«) . En . Fn, 

i.e. that the man’s eyes are only open once when he sees blue. 

From this we can deduce a(0, 2) v a(0, 3) 

This r D (r{a(0, 2) v a(0, 3)}. 

But we cannot deduce from it a(0, 2) or a(0, 3), since it is 
equally compatible with either. Hence neither <7{a(0, 2)} 
nor a{a(0, 3)} is true. Hence we do not have 

tr {a(0, 2) V a(0. 3)} 3 <r (a(0, 2)} V <7 {a(0, 3)}. 

It follows from this that we cannot give definitions such 
that, if p is any proposition of the secondary system, p will in 
virtue of the definitions mean a{p) [or alternatively t (^)], for 
if is defined to mean aip-^, p^ to mean o{p^, p-^ v p^ will 
mean v which is not, in general, the same as 

a{pi VP2). We can therefore only use a to define some of 
the propositions of the secondary systems, what we might call 
atomic secondary propositions, from which the meanings of 
the others would follow. 

For instance, taking our functions a, /3, y we could proceed 
as follows : 

y{n) is defined as A in) v B{n), where there is no difficulty 
as A(n) V B(n} = a{y(n)} = t {y(n)}. 

P{n, m) could be defined to mean a{^(n w)}, i.e. we should 
say place m was ‘ blue ’ at time «, only if there were proof that 
it was. Otherwise we should say it was not ' blue ’ (‘ red ’ in 
commpn parlance). 

j8(«, m) would then mean d{^{n, m)} not (t{)3(«, m)}. 

Alternatively we could use t , and define 
)?(», m) to be T {)3(n, m)}, 
and /3(», m) would be t {/S{n, m)} 
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In this tase we should say m was ‘ blue ’ whenever there was 
no proof that it was not ; this could, however, have been 
achieved by means of a if we had defined /3(ft, m) to be 
~ /3 '(m, m), and p'{n, m) to be <r{j3'(n, m)), i.e. applied a to /3 
instead of j8. 

In general it is clear that t always gives what could be got 
from appl3Tng a to the contradictory, and we may confine our 
attention to a. 

It makes, however, a real difference whether we define 
j8 or jS by means of a, especially in connection with place 3. 
For we have no law as to the values of )S(n, 3), nor any way 
of deducing one except when a[n, 3) is true and A{n) or 
B(n) is true. 

If we define ^(n, 3) to be a{P{n, 3)}, we shall say that 3 
is never blue except when we observe it to be ; if we define 
/9(«, 3) to be (t{/ 3(«, 3)} we shall say it is always blue except 
when we observe it not to be. 

Coming now to a(n, m) we could define 

a(«, 1) = CT{a(«, 1)}, 

a(«, 2) = o’{a(M, 1) V a(w, 2)} . a{a{n, 1)}, 
a{n, 3) = d{a{n, 1) v a{n, 2)} ; 

and we should for any « have one and only one of a(n, 1), 
a(n, 2), a{n, 3) true: whereas if we simply put 

a(n, m) = cr{a{n, m)}, 
this would not follow, since 

a{a{n, 1)}, u{a(n, 2)}, a{a{n, 3)} 
could quite well all be false. 

OE.g. if («).^(n) ..B(n)] 

Of course in all these definitions we must suppose o{a{n, m)} 
etc., replaced by what on calculation we find them to be. As 
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they stand the definitions look circular, but are not when 
interpreted in this way. 

For instance tr{a{n, 1)} is L, i.e. laws (l)-(5) together with 
«j) . 2{n^, n) . 2{n^, n) ttj (mod 2) . Bn^ . B«g ; 

V. (3»i. »i, Ws) • 2(»i, n) . 2(«g, n) . 2 (» 3 , ») . «i 56 (mod 2). 

Afii . An^ . Bng • 

V. (3«i, . l(«i, n) . 2(Mg, «) . Btii . BMg. 

Such then seem to be the definitions to which we are led 
by the popular phrase that the meaning of a statement in the 
second system is given by its criterion in the first. Are they 
such as we require ? 

What we want is that , using these definitions, the axioms and 
dictionary should be true whenever the theory is applicable, 
i.e. whenever the laws and consequences are true ; i.e. that 
interpreted by means of these definitions, the axioms and 
dictionary should follow from the laws and consequences. 

1 1 is easy to see that they do not so follow. T ake for inst ance 
the last axiom on p. 216 ; 

(n) : j3(n, 2) . = . ^(m + 1, 2), 

which means according to our definitions 

(«):(T{i3(«.2)}.^.d{i3(w + 1, 2)}, 

which is plainly false, since if, as is perfectly possible, the 
man has never opened his eyes at place 2, both o- {/S («, 2)} and 
o{^{n + 1, 2)} will be false. 

[The definition by t is no better, since t (n, 2)} and 
T (j3 (m + 1, 2)) would both be true.] 

This line of argument is, however, exposed to an objection 
of the following sort : If we adopt these*definitions it is true 
that the axioms will not follow from the laws and consequences, 
but it is not really necessary that they should. For the 
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laws and consequences cannot represent the whole empirical 
(i.e. primary system) basis of the theory. It is, for instance, 
compatible with the laws and consequences that the man 
should never have had his eyes open at place 2; but how could 
he then have ever formulated this theory with the peculiar 
law of alternation which he ascribes to place 2 ? What we 
want in order to construct our theory by means of explicit 
definitions is not that the axioms should follow from the laws 
and consequences alone, but from them together with certain 
existential propositions of the primary system representing 
experiences the man must have had in order to be able with 
any show of reason to formulate the theory. 

Reasonable though this objection is in the present case, 
it can be seen by taking a slightly more complicated theory 
to provide us with no general solution of the difficulty ; 
that is to say, such propositions as could in this way be added 
to the laws and consequences would not always provide a 
sufficient basis for the axioms. For instance, suppose the 
theory provided for a whole system of places identified by 
the movement sequences necessary to get from one to another, 
and it was found and embodied in the theory that the colour of 
each place followed a complicated cycle, the same for each 
place, but that the places differed from one another as to the 
phase of this cycle according to no ascertainable law. Clearly 
such a theory could be reasonably formed by a man who 
had not had his eyes open at each place, and had no grounds 
for thinking that he ever would open his eyes at edl the places 
or even visit them at all. Suppose then w is a place he never 
goes to, and that jS(«, m) is a fimction of the second system, 
signifying that m is blue at n ; then unless he knows the 
phase of m, we can never have m)}, but if e.g. the cycle 
gives a blue colour once in six, we must have from an axiom 
j3(0, w) V j3(l, w) V . . . V J3{6, m). We have, therefore, 
just the same difficulty as before. 
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If, therefore, our theory is to be constructed by explicit 
definitions, these cannot be simple definitions by means of 
a (or t), but must be more complicated. For instance, in 
regard to place 2 in our original example we can define 

^(0, 2) as t7{^(0, 2)}, 

)3(«, 2) as ^{^(O, 2)} if n is even, 

aO(0. 2)} if n is odd. 

I.e. if we do not know which phase it is, we assume it to be 
a certain one, including that ‘ assumption ’ in our definition. 
E.g. by saying the phase is blue-even, red-odd, we mean that 
we have reason to think it is ; by saying the phase is blue-odd, 
red-even, we mean not that we have reason to think it is 
but merely that we have no reason to think the contrary. 

But in general the definitions will have to be very com- 
plicated ; we shall have, in order to verify that they are com- 
plete, to go through all the cases that satisfy the laws and 
consequences (together with any other propositions of the 
primary system we think right to assume) and see that in each 
case the definitions satisfy the axioms, so that in the end we 
shall come to something very like the general disjunctive 
definitions with which we started this discussion (p. 220). 
At best we shall have disjunctions with fewer terms and 
more coherence and unity in their construction ; how much 
will depend on the particular case. 

We could see straight off that (in a finite scheme) such 
definitions were always possible, and by means of a and t we 
have reached no real simplification. 

3. We have seen that we can always reproduce the structure 
of our theory by means of explicit definitions. Our next 
question is ‘ Is this necessary for the legitimate use of the 
theory ? ’ 
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To this the answer seems clear that it cannot be necessary, 
or a theory would be no use at all. Rather than give all these 
definitions it would be simpler to leave the facts, laws and 
consequences in the language of the primary system. Also 
the arbitrariness of the definitions makes it impossible for them 
to be adequate to the theory as something in process of growth. 
For instance, our theory does not give any law for the colour 
of place 3 ; we should, therefore, in embodying our theory 
in explicit definition, define place 3 to be red unless it was 
observed to be blue (or else vice versa). Further observation 
might now lead us to add to our theory a new axiom about 
the colour of place 3 giving say a cycle which it followed ; 
this would appear simply as an addition to the axioms, the 
other axioms and the dictionary being unaltered. 

But if our theory had been constructed by explicit defini- 
tions, this new axiom would not be true unless we changed 
the definitions, for it would depend on quite a different 
assignment of colours to place 3 at times when it was 
unobserved from our old one (which always made it red at 
such times), or indeed from any old one, except exactly that 
prescribed by our new axiom, which we should never have hit 
on to use in our definitions unless we knew the new axiom 
already. That is to say, if we proceed by explicit definition 
we cannot add to our theory without changing the definitions, 
and so the meaning of the whole. 

[But though the use of explicit definitions cannot be 
necessary, it is, I think, instructive to consider (as we have done) 
how such definitions could be constructed, and upon what 
the possibility of giving them simply depends. Indeed 
I think this is essential to a complete understanding of the 
subject.] 

4. Taking it then that explicit definitions are not necessary, 
how are we to explain the functioning of our theory without 
them ? 



LAST PAPERS 


331 


Qearly in such a theory judgment is involved, and the 
judgments in question could be given by the laws and 
consequences, the theory being simply a language in which 
they are clothed, and which we can use without working out 
the laws and consequences. 

The best way to write our theory seems to be this (3 a, j 8 , y) : 
dictionary . axioms. 

The dictionary being in the form of equivalences. 

Here it is evident that a. / 8 , y are to be taken purely 
extensionally. Their extensions may be filled with intensions 
or not, but this is irrelevant to what can be deduced in the 
primary system. 

Any additions to the theory, whether in the form of 
new axioms or particular assertions like a(0, 3), are to be 
made within the scope of the original a, j3, y. They are not, 
therefore, strictly propositions by themselves just as the 
different sentences in a story beginning ' Once upon a time ' 
have not complete meanings and so are not propositions by 
themselves. 

This makes both a theoretical and a practical difference : 

(а) When we ask for the meaning of e.g. a(0, 3) it can 
only be given when we know to what stock of ‘ propositions ’ 
of the first and second systems a{ 0 , 3) is to be added. Then the 
meaning is the difference in the first system between 
{ 3 a, y) : stock . a( 0 , 3), and ( 3 a, j5, y) . stock. (We include 
propositions of the primary system in our stock although 
these do not contain a, jS, y.) 

This account makes a( 0 , 3) mean something like what 
we called above r{a( 0 , 3)}, but it is really the difference between 
T{a(0, 3) + stock} and r (stock). 

( б ) In practice, if we ask ourselves the question " Is o( 0 , 3) 
true ? we have to adopt an attitude rather different from 
that which we should adopt to a genuine proposition. 

For we do not add a( 0 , 3) to our stock whenever we think 
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we could truthfully do so, Le. whenever we suppose 
( 3 a, y) : stock . a( 0 , 3) to be true. ( 30 , /3, y) : stock . 
d(0, 3) might also be true. We have to think what else we 
might be going to add to our stock, or hoping to add, and 
consider whether a( 0 , 3) would be certain to suit any further 
additions better than d( 0 , 3). E.g. in our little theory either 
j3(«, 3) or | 8 («, 3) could always be added to any stock which 
includes d(«, 3) . v .^( m ) . B{ti). But we do not add either, 
because we hope from the observed instances to find a law 
and then to fill in the unobserved ones according to that 
law, not at random beforehand. 

So far, however, as reasoning is concerned, that the values 
of these functions are not complete propositions makes no 
difference, provided we interpret all logical combination 
as taking place within the scope of a single prefix ( 3 a, /3, y) ; e.g. 

)3(m, 3) . / 8 (n, 3) must be ( 3 ) 5 ) : )S(», 3) . )5(m, 3), 

not ( 3 ^) ^(w, 3) . ( 3 / 5 ) )5(«, 3). 

For we can reason about the characters in a story just as 
well as if they were really identified, provided we don't take 
part of what we say as about one story, part about another. 

We can say, therefore, that the incompleteness of the 
‘ propositions ’ of the secondary system affects our disputes 
but not our reasoning. 

5. This mention of ‘ disputes ’ leads us to the important 
question of the relations between theories. What do we mean 
by speaking of equivalent or contradictory theories ? or by 
saying that one theory is contedned in another, etc. ? 

In a theory we must distinguish two elements : 

(1) What it asserts ,• its meaning or content. 

( 2 ) Its symbolic form. 

Two theories are called equivalent if they have the same 
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content, contradictory if they have contradictory contents, 
compatible if their contents are compatible, and theory A is 
said to be contained in theory B ii A’ s content is contained in 
B's content. 

If two theories are equivalent, there may be more or less 
resemblance between their symbolic forms. This kind of 
resemblance is difficult if not impossible to define precisely. 
It might be thought possible to define a definite degree 
of resemblance by the possibility of defining the functions 
of B in terms of those of A, or conversely ; but this is of no 
value without some restriction on the complexity of the 
definitions. If we allow definitions of any degree of complexity, 
then, at least in the finite case, this relation becomes simply 
equivalence. For each set of functions can be defined in 
terms of the primary system and therefore of those of the 
other secondary system via the dictionary. 

Two theories may be compatible without being equivalent, 
i.e. a set of facts might be found which agreed with both, 
and another set too which agreed with one but not with the 
other. The adherents of two such theories could quite well 
dispute, although neither affirmed anything the other denied. 
For a dispute it is not necessary that one disputant should 
assert p, the other p. It is enough that one should assert 
something which the other refrains from asserting. E.g. 
one says ‘ If it rains, Cambridge will win ’, the other ‘ Even 
if it rains, they will lose ’. Now, taken as material implications 
(as we must on this view of science), these are not incompatible, 
since if it does not rain both are true. Yet each can show 
grounds for his own belief and absence of grounds for his 
rival’s. 

People sometimes ask whether a ' proposition ’ of the 
secondary system has any meaning.’ We can interpret 
this as the question whether a theory in which this proposition 
was denied would be equivalent to one in which it was affirmed. 
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This depends of course on what else the theory is supposed to 
contain ; for instance, in our example p{n, 3) is meaningless 
coupled with d(n, 3) V y(M). But not so coupled it is not 
meaningless, since it would then exclude my seeing red imder 
certain circumstances, whereas p{n, 3) would exclude my 
seeing blue under these circumstances. It is possible that these 
circumstances should arise, and therefore that the theories 
are not equivalent. In realistic language we say it could 
be observed, or rather might be observed (since ' could ’ 
implies a dependence on our will, which is frequently the case 
but irrelevant), but not that it will be observed. 

Even coupled with d{n, 3) v y{n), j8(«, 3) might receive a 
meaning later if we added to our theory some law about the 
colour of 3. [Though then again ^{n, 3) would probably 
be a consequence of or a contradiction to the rest : we should 
then, I think, say it had meaning since e.g. ^{n, 3) would 
give a theory, jS(M, 3) a contradiction.] 

It is highly relevant to this question of whether propositions 
have meaning, not merely what general axioms we include 
in our theory, but also what particular propositions. Has it 
meaning to say that the back of the moon has a surface of 
green cheese ? If our theory allows as a possibility that 
we might go there or find out in any other way, then it has 
meaning. If not, not ; i.e. our theory of the moon is very 
relevant, not merely our theory of things in general. 

6. We could ask : in what sort of theories does every 
‘ proposition ’ of the secondary system have meaning in 
this sense ? 

I cannot answer this properly, but only very vaguely and 
imcertainly, nor do I think it is very important. If the 
theory is to correspond to an actual state of knowledge it must 
contain the translations through the dictionary of many 
particular propositions of the primary system. These will, 
almost certainly, prevent many' propositions ’ of the secondary 
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system from having any direct meaning. E.g. if it is stated 
in the theory that at time « I am at place 1, then for place 2 
to be blue at that time n can have no direct meaning, nor 
for any very distant place at time m - f- 1. If then such 
‘ propositions ’ are to have meaning at all, it must either be 
because they or their contradictories arc included in the theory 
itself (they then mean ' nothing ’ or ‘ contradiction ’) or in 
virtue of causal axioms connecting them with other possible 
primary facts, where ‘ possible ’ means not declared in the 
theory to be false. 

This causation is, of course, in the second system, and must 
be laid down in the theory. 

Besides causal axioms in the strict sense governing succes- 
sion in time, there may be others governing arrangement in 
space requiring, for instance, continuity and simplicity. But 
these can only be laid down if we are sure that they will not 
come into conflict with future experience combined with the 
causal axioms. In a field in which our theory ensures this 
we can add such axioms of continuity. To assign to nature the 
simplest course except when experience proves the contrary 
is a good maxim of theory making, but it cannot be put into 
the theory in the form ‘ Natura non facit saltum ’ except 
when we see her do so. 

Take, for instance, the problem “ Is there a planet of the 
size and shape of a tea-pot ? ” This question has meaning 
so long as we do not know that an experiment could not 
decide the matter. Once we know this it loses meaning, 
unless we restore it by new axioms, e.g. an axiom as to the 
orbits possible to planets. 

But someone will say “ Is it not a clear question with the 
onus prohandi by definition on one side ? ” Clearly it means 
“ Will experience reveal to us such a tea-pot ? ’’ 1 think not ; 
for there are three cases ; 

(1) Experience will show there is such a tea-pot. 
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(2) Experience will show there is not such a tea-pot. 

(3) Experience will not show anything. 

And we can quite well distinguish (2) from (3) though the 
objector confounds them. 

This tea-pot is not in principle different from a tea-pot 
in the kitchen cupboard. 



B. GENERAL PROPOSITIONS AND CAUSALITY 

• 

Let us consider the meaning of general propositions in a 
clearly defined given world. (In particular in the common 
sense material world.) This includes the ordinary problem 
of causality. 

As everyone except us ^ has always said these propositions 
are of two kinds. First conjunctions : e.g. ' Everyone in 
Cambridge voted ’ ; the variable here is, of course, not 
people in Cambridge, but a limited region of space varying 
according to the definiteness of the speaker’s idea of 
' Cambridge ’, which is ‘ this town ' or ‘ the town in England 
called Cambridge ’ or whatever it may be. 

Old-fashioned logicians were right in saying that these are 
conjunctions, wrong in their analysis of what conjunctions 
they are. But right again in radically distinguishing them 
from the other kind which we may call variable hypotheticals : 
e.g. Arsenic is poisonous ; All men are mortal. 

Why are these not conjunctions ? 

Let us put it this way first : What have they in common 
with conjunctions, and in what do they differ from them ? 
Roughly we can say that when we look at them subjectively 
they differ altogether, but when we look at them objectively, 
i.e. at the conditions of their truth and falsity, they appear 
to be the same. 

(x) , <j)X differs from a conjunction because 

(а) It cannot be written out as one. 

(б) Its constitution as a conjunction is never used ; we 
never use it in class-thinking except in its application to a 
finite class, i.e. we use only the applicative rule. 

1 [I think that this must refer to himself and myself. — ^E d.] 

237 
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(c) [This is the same as (b) in another way.] It always goes 
beyond what we know or want ; cf. Mill on ' All men 
mortal ’ and ' The Duke of Wellington is mortal It expresses 
an inference we are at any time prepared to make, not a 
belief of the primary sort. 

A belief of the primary sort is a map of neighbouring space 
by which we steer. It remains such a map however much 
we complicate it or fill in details. But if we professedly 
extend it to infinity, it is no longer a map ; we cannot take 
it in or steer by it. Our journey is over before we need its 
remoter parts. 

(d) The relevant degree of certainty is the certainty of 
the particular case, or of a finite set of particular cases ; not 
of an infinite number which we never use, and of which 
we couldn’t be certain at all. 

(x) . <fix resembles a conjunction 

(a) In that it contains all lesser, i.e. here all finite, con- 
junctions, and appears as a sort of infinite product. 

(b) When we ask what would make it true, we inevitably 
answer that it is true if and only if every x has ; i.e. when 
we regard it as a proposition capable of the two cases truth 
and falsity, we are forced to make it a conjunction, and to have 
a theory of conjunctions which we cannot express for lack of 
symbolic power. 

[But what we can’t say we can’t say, and we can’t whistle 

it either.] 

If then it is not a conjunction, it is not a proposition at 
all ; and then the question arises in what way can it be right 
or wrong. 

Now in the case of a proposition right and wrong, i.e. true 
or false, occur doubly. They occur to the man who makes 
the proposition whenever he makes a truth-function of it, 
i.e. argues disjunctively about the cases of its truth and falsity. 
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Now this we never do with these variable hypotheticals 
except in mathematics in which it is now recognized as 
fallacious. We may seem to do so whenever we discuss the 
different theories obtainable by combining different proposed 
laws of nature. But here, if P is such a law, we do not consider 
the alternatives P, i.e. (x) . <f)X, and P, i.e. (x) . <f>x, but we 
consider either having P or not having P (where not having 
it as a law in no way implies the law’s falsity, i.e. (gx) . <f>x) 
or else having P — (x) . <f>x or having Q = [x) . <f>x. 

The other way in which right and wrong occur in connection 
with propositions is to an onlooker who says that the man’s 
belief in the proposition is right or wrong. This, of course, 
turns simply on what the onlooker thinks himself and results 
from identity or difference between his view and what he takes 
to be that of the man he is criticising. liA thinks p and thinks 
also that B thinks p, he says B thinks truly ; if he thinks p 
and thinks that B thinks p, he says B thinks falsely. But 
criticism may not always be of this simple type ; it is also 
possible when B thinks p, and A thinks neither p nor p, 
but regards the question as unsettled. He may deem B a 
fool for thinking p, without himself thinking p. This happens 
almost always with hypotheticals. If B says ' If I eat this 
mince pie I shall have a stomach-ache ’, and A says ' No, 
you won’t ’, he is not really contradicting B’s proposition — at 
least if this is taken as a material implication. Nor is he 
contradicting a supposed assertion of B’s that the evidence 
proves that so-and-so. B may make no such assertion, in 
fact cannot always reasonably even if he is in the right. For 
he may be in the right without having proof on his side. 

In fact agreement and disagreement is possible in regard 
to any aspect of a man's view and need not take the simple 
form ol' p’, ‘ p'. 

Many sentences express cognitive attitudes without being 
propositions ; and the difference between sa)dng yes or no 
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to them is not the difference between saying yes or no to a 
proposition. This is even true of the ordinary hypothetical 
[as can be seen from the above example, it asserts something 
for the case when its protasis is true : we apply the Law of 
Excluded Middle not to the whole thing but to the consequence 
only] ; and much more of the variable hypotheticEil. 

In order therefore to understand the variable hypothetical 
and its rightness or wrongness we must consider the different 
possible attitudes to it ; if we know what these are and involve 
we can proceed easily to explain the meaning of saying that 
such an attitude is right or wrong, for this is simply having 
such an attitude oneself and thinking that one’s neighbour 
has the same or a different one. 

What then are the possible attitudes to the question — ^Are 
aU men mortal ? 

(1) To believe it with more or less conviction. 

(2) Not to have considered it. 

(3) Not to believe it because it is unproven. 

(4) Not to believe it because convinced that a certain type 
of man, who might exist, would be immortal. 

(5) To disbelieve it as convinced that a particular man is 
immortal. 

We have to analyse these attitudes ; obviously in the 6rst 
instance the analysis must be in terms of beliefs in singular 
propositions, and such an analysis will suffice for our present 
purpose. 

To believe that all men are mortal — what is it ? Partly 
to say so, partly to believe in regard to any x that turns up 
that if he is a man he is mortal. The general belief consists in 

(«) A general enunciation, 

(b) A habit of singular belief. 

These are, of course, connected, the habit resulting from 
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the enunciation according to a psychological law which maies 
the meaning of ‘ all 

We thus explain 

(1) In terms of the notion of a ' habit ' ; 

(2) Offers no problem ; 

(3) May seem to give a problem if we ask — What is it that 
the thinker considers ? But there is really no problem : it 
is not considering whether a thing is so or not, nor again 
considering whether or not to do something, but a kind of 
intermediary. The idea of the general statement rises, the 
e\adence is considered and it falls again. 

In (4) and (5) it falls more decisively for the reasons given : 
namely, in (4) we have another general statement which 
combined with the proposed one would give a conclusion 
we are disinclined for (itself a third general statement, namely 
' All men are not of that type ’) ; and in (5) we have a singular 
statement flatly contradicting the one proposed. 

Variable hypotheticals or causal laws form the system with 
which the speaker meets the future ; they are not, therefore, 
subjective in the sense that if you and I enunciate different 
ones we are each saying something about ourselves which pass 
by one another like ‘ I went to Grantchester ’, ‘ I didn’t.’ For 
if we meet the future with different systems we disagree even 
if the actual future agrees with both so long as it might 
(logically) agree with one but not with the other, i.e. so long 
as we don’t believe the same things. (Cf. If A is certain, B 
doubtful, they can still dispute.) 

Variable hypotheticals are not judgments but rules for 
judging ‘ If I meet a I shall regard it as a i/i ’. This cannot 
be negated but it can be disagreed with b^ one who does not 
adopt it. 

These attitudes seem therefore to involve no puzzling idea 
except that of habit ; clearly any proposition about a habit 
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is general, and hence the criticism of a man's general judgments 
is itself a general judgment. But since all belief involves 
habit, so does the criticism of any judgment whatever, and 
I do not see anything objectionable in this. There is a feeling 
of circularity about it, but I think it is illusory. An3nvay we 
shall recur to it below. 

This account of causal laws has a certain resemblance to 
Braithwaite’s,^ and we must compare them closely to see 
whether it escapes the objections to which his is liable. He 
said that a universal of law was one believed on grounds 
not demonstrative, and I said* that that would not do for 
three separate reasons : — 

(а) Some universal of law are not believed at all, e.g. 
unknown causal laws. 

( б ) Some universals of fact are believed on grounds not 
demonstrative. 

(c) Some (derivative and localized) universals of law are 
believed on demonstrative grounds. 

I, therefore, put up a different theory by which causal 
laws were consequences of those propositions which we should 
take as axioms if we knew ever5rthing and organized it as 
simply as possible in a deductive system. 

What is said above means, of course, a complete rejection 
of this view (for it is impossible to know everything and 
organize it in a deductive system) and a return to something 
nearer Braithwaite’s. A causal generalization is not, as I 
then thought, one which is simple, but one we trust (cf. the 
ages at death of poets’ cooks). We may trust it because it 
is simple, but that is another matter. When I say this I must 
not be misunderstood ; variable hypotheticals are not 
distinguished from conjunctions by the fact that we believe 

* R. B. Braithwaite, "The Idea of Necessary Connexion," Mind, 
1927 and 1928. 

• [In a note of the spring of 1928 superseded by this paper. — E d.] 
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them, they are much more radically different. But the 
evidence of a variable hypothetical being (often at least) a 
conjunction, such a conjunction is distinguished from others 
in that we trust it to guide us in a new instance, i.e. derive 
from it a variable hypothetical. 

This explains how Braithwaite came to say that laws were 
those which were believed ; but, put as he puts it, it is of 
course wrong, being open to the objections made above. 
Braithwaite’s problem was to explain the meaning of ‘ P is 
a law of nature '. Our solution is that to say this, is to assert 
P after the manner of a variable hypothetical. [Or of course 
we may extend law of nature to any conjunction following 
from one in the above sense.] But this solution is incomplete 
because it does not at all explain what we mean when we speak 
of an unknown law of nature, or one described but not stated, 
e.g. the law that characteristics of people depend in some 
way on chromosomes (but no one knows how), or, he has 
discovered a law governing the extension of springs (but I 
don’t know what law), where in the second instance I say he 
believes a variable hypothetical, and further imply that it is 
true, but since I do not know what it is I cannot myself adopt 
his attitude towards it. 

Thus in each of these cases we seem to be treating the 
unknown law as a true proposition in the way our theory 
says is impossible. 

The same difficulty also occurs in the finitist theory of 
mathematics, when we speak of an unknown true mathematical 
proposition. In this clearer field the solution should be easier 
and then extensible to the other. 

An unknown truth in the theory of numbers cannot be 
interpreted as an (unknown) proposition true of all numbers, 
but as one proved or provable. Provable in turn means 
provable in any number of steps, and on finitist principles 
the number must in some way be limited, e.g. to the humanly 
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possible. ‘ So-and-so has discovered a new theorem ’ means 
therefore that he has constructed a proof of a certain 
limited size. 

When we turn to an imknown causal law, what is there to 
correspond to the process of proof on which the above solution 
turns ? Clearly only the process of collecting evidence for the 
causal law, and to say that there is such a law, though we 
don't know it, must mean that there are such singular facts 
in some limited sphere (a disjunction) as would lead us, 
did we know them, to assert a variable hypothetical. But 
this is not enough, for there must not merely be facts leading 
to the generalization, but this when made must not mislead 
us. (Or we could not call it a true causal law.) It must 
therefore be also asserted to hold within a certain limited 
region taken to be the scope of our possible experience. 

There was nothing corresponding to this in the mathematical 
case, for a mathematical generalization must if proved hold 
in any particular case, but an empirical generalization cannot 
be proved ; and for there to be evidence leading to it and for 
it to hold in other cases also arc separate facts. 

To this account there are two possible objections on the 
score of circularity. We are trying to explain the meaning 
of asserting the existence of an unknown causal law, and our 
explanation may be said to be in terms of the assertion of 
such laws, and that in two different ways. We say it means that 
there are facts which would lead us to assert a variable hypo- 
thetical ; and here it may be urged that this means that they 
would lead us in virtue of one possibly unknown caused law 
to form a habit which would be constituted by another 
unknown causal law. 

To this we answer, first, that the causal law in virtue of which 
the facts would lead us to the generalization must not be any 
unknown law, e.g, one by which knowledge of the facts would 
first drive us mad and so to the mad generalization, but the 
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known laws expressing our methods of inductive reasoning ; 
and, secondly, that the imknown variable hypothetical must 
here be taken to mean an unknown statement (whose syntax 
will of course be known but not its terms or their meanings), 
which would, of course, lead to a habit in virtue of a known 
psychological law. 

What we have said is, I think, a sufficient outline of the 
answers to the relevant problems of analysis, but it is apt to 
leave us muddled and unsatisfied as to what seems the main 
question — a question not of psychological analysis but of 
metaphysics which is ' Is causation a reality or a fiction ; 
and, if a fiction, is it useful or misleading, arbitary or indis- 
pensable ? ’ 

We can begin by asking whether these variable hypotheticals 
play an essential part in our thought ; we might, for instance, 
think that they could simply be eliminated and replaced by the 
primary propositions which serve as evidence for them. 
This is, I think, the view of Mill, who argued that instead 
of saying ‘ All men die, therefore the Duke of Wellington will ', 
we could say ‘ Such-and-such men have died,^ therefore the 
Duke will '. This view can be supported by observing that 
the ultimate purpose of thought is to guide our action, and 
that on any occasion our action depends only on beliefs or 
degrees of belief in singular propositions. And since it would 
be possible to organize our singular beliefs without using 
variable intermediaries, we are tempted to conclude that they 
are purely superfluous. 

But this would, I think, be wrong ; apart from their value 
in simplifying our thought, they form an essential part of our 
mind. That we think explicitly in general terms is at the root 

* We may be inclined to say that the evidence is not merely that 
A, B, C have died, but that A, B, C have died, and none so far as we 
know not died ; i.e. ‘ all we know about have died '. But the extra 
is not part of the evidence, but a description of it, saying ' and this is 
all the evidence 
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of all praise and blame and much discussion. We cannot 
blame a man except by considering what would have happened 
if he had acted otherwise, and this kind of unfulfilled 
conditional cannot be interpreted as a material implication, 
but depends essentially on variable hypotheticals. Let us 
consider this more closely. 

When we deliberate about a possible action, we ask ourselves 
what will happen if we do this or that. If we give a definite 
answer of the form ' If I do />, 5 will result this can properly 
be regarded as a material implication or disjunction ‘ Either 
not-/) or q.' But it differs, of course, from any ordinary 
disj\mction in that one of its members is not something of 
which we are trying to discover the truth, but something 
within our power to make true or false. ^ If we go on fo ' And 
if q, then r ', we get more material implications of a more 
ordinary kind. 

Besides definite answers ‘ If />, q will result we often get 
ones ‘ li p, q might result ’ or ' q would probably result '. 
Here the degree of probability is clearly not a degree of 
belief in ' Not-p or q but a degree of belief in q given p, 
which it is evidently possible to have without a definite degree 
of belief \a p, p not being cui intellectual problem. And our 
conduct is largely determined by these degrees of hypothetical 
belief. 

Now suppose a man is in such a situation. For instance, 
suppose that he has a cake and decides not to eat it, because 
he thinks it will upset him, and suppose that we consider his 
conduct and decide that he is mistaken. Now the belief on 
which the man acts is that if he eats the cake he will be ill, 
taken according to our above account as a material implication. 
We cannot contradict this proposition either before or after 
the event, for it is bue provided the man doesn’t eat the 

‘ It IS possible to take one’s future voluntary action as an intellectual 
problem ; ' Shall I be able to keep it up ? ' But only by dissociating 
one’s future self. 



LAST PAPERS 


247 


cake, and before the event we have no reason to think 
he will eat it, and after the event we know he hasn’t. 
Since he thinks nothing false, why do we dispute with him 
or condemn him ? 

Before the event we do differ from him in a quite clear 
way : it is not that he believes p.-wep ; but he has a different 
degree of belief in q given p from ours ; and we can obviously 
try to convert him to our view.^ But after the event we both 
know that he did not eat the cake and that he was not ill ; 
the difference between us is that he thinks that if he had eaten 
it he would have been ill, whereas we think he would not. 
But this is printa facie not a difference of degrees of belief in 
any proposition, for we both agree as to all the facts. 

The meaning of these assertions about unfulfilled conditions, 
and the fact that whether the conditions are fulfilled or not 
makes no difference to the difference between us, the common 
basis, as we may say, of the dispute lies in the fact that we 
think in general terms. We each of us have variable hypo- 
theticals (or, in the case of uncertainty, chances) which we apply 
to any such problem ; and the difference between us is a 
difference in regard to these. We have degrees of expectation, 
vague or clear, as to the outcome of any state of affairs when- 
ever or wherever it may occur. Where there is apt to be 
ambiguity is in the definition of the state of affairs ; for 
instance, in considering what would have happened if a man 
had acted differently, we are apt to introduce any fact we 
know, whether he did or could know it, e.g. the actual position 
of all the cards at bridge as opposed to their probabilities 
of position from his point of view. But what is clear is that 

* If two people are arguing ' If p will q ? ' and are both in doubt as 
to p, they are adding p hypothetically to their stock of knowledge 
and arguing on that basis about q ; so that in a sense ' Jf p, q ' and 
' It p, q ' are contradictories. We can say ttiey are fixing their degrees 
of belief in q given p. It p turns out false, these degrees of belief 
are rendered void. If either party believes p for certain, the 
question ceases to mean anything to him except as a question about 
what follows from certain laws or hypotheses. 
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our expectations are general ; when the sort is clearly defined 
we expect with the same probabilities in any case of the sort. 
If not, and we expected differently in every real case, expecta- 
tion in an imaginary case could have no meaning. 

All this applies, of course, equally well to the consequences 
of any hypothetical event and not only to human actions. 
I have chosen to expound it with reference to the latter 
because I think they are of quite peculiar importance in 
explaining the special position possessed by causal laws, which 
are an important but not the only type of variable hypo- 
theticals. In order to deal with this question let us begin 
with hypotheticals in general. 

‘ If p, then q ’ can in no sense be true unless the material 
implication p'Dqis true ; but it generally means that is 
not only true but deducible or discoverable in some particular 
way not explicitly stated.^ This is always evident when 
' If p then 5 ’ or ‘ Because p, q ’ {because is merely a variant on 
if, when p is known to be true) is thought worth stating 
even when it is already known either that p is false or that 
q is true. In general we can say with Mill that ‘ If p then 
q ’ means that q is inferrible Ixomp, that is, of course, Ixomp 
together with certain facts and laws not stated but in some 
way indicated by the context. This means that p'^q follows 
from these facts and laws, which if true is in no way a hypo- 
thetical fact ; so that, in spite of the sound of inferrible, Mill’s 

1 ' li p, then q ' may al.so mean prD q where r is not a fact or law, or 
not only composed of facts or laws, but also composed of propositions 
in a secondary system. E.g , from a solipsistic standpoint, ' If I open 
my eyes I shall see red,' The hypotheticals in Mill's theory of the 
external world are of this nature, and cannot be used to define the 
external world. All that could be used are laws from which, combined 
with my past experience, it might follow that if I open my eyes I shall 
see red. But this could not cover conjectures as to the external world, 
unless we think sufficient knowdedge of law would enable us to make all 
such conjectures certain 1 do conjecture something ; this can only 
be hypothetical if the hypothesis can refer to a secondary system. 

Mill's view must be replaced by saying that the external world is a 
secondary system, and that any proposition about it commits one to 
no more judgments than a denial of all courses of experience incon- 
sistent with it. 
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explanation is not circular as Bradley thought. Of course 
that p'^q follows from the facts is not a proposition of logic 
but a description of the facts ; ‘ They are such as to involve 
p^q.’ Corresponding to the kind of laws or facts intended 
we get various subtle sjmtactical variations. For instance, 
‘ If he was there, he must have voted for it (for it was passed 
unanimously), but if he had been there, he would have voted 
against it (such being his nature).’ [In this, law = variable 
hypothetical.] 

One class of cases is particularly important, namely those 
in which, as we say, our ‘ if ' gives us not only a ratio 
cognoscendi but also a ratio essendi. In this case which is 
e.g. the normal one when we say ‘ If p had happened, q would 
have happened’, p'^q must follow from a hypothetical 
(x) . and facts r,pr 3 g being an instance of px'Dtfix and 

q describing events not earlier than any of those described in 
Pr. A variable hypothetical of this sort we call a causal law. 

We have now to explain the peculiar importance and 
objectivity ascribed to causal laws ; how, for instance, the 
deduction of effect from cause is conceived as so radically 
different from that of cause from effect. (No one would say 
that the cause existed because of the effect.) It is, it seems, 
a fundamental fact that the future is due to the present, or, 
more mildly, is affected by the present, but the past is not. 
What does this mean ? It is not clear and, if we try to make 
it clear, it turns into nonsense or a definition : 'We speak of 
ratio essendi when the protasis is earlier than the apodasis 
Df.’ We feel that this is wrong ; we think there is some 
difference between before and after at which we are getting ; 
but what can it be ? There are differences between the laws 
deriving effect from cause and those deriving cause from effect ; 
but can they really be what we mean ? No ; for they are found 
a posteriori, but what we mean is a priori. [The Second Law of 
Thermodynamics is a posteriori ; what is peculiar is that it 
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seems to result merely from absence of law (i.e. chance), 
but there might be a law of shuffling.] 

What then do we believe about the future that we do not 
believe about the past ; the past, we think, is settled ; if 
this means more than that it is past, it might mean that it is 
settled for us, that nothing now could change our opinion 
of it, that any present event is irrelevant to the probability 
for us of any past event. But that is plainly untrue. What 
is true is this, that any possible present volition of ours is 
(for us) irrelevant to any past event. To another (or to our- 
selves in the future) it can serve as a sign of the past, but to us 
now what we do affects only the probability of the future. 

This seems to me the root of the matter ; that I cannot 
affect the past, is a way of saying something quite clearly 
true about my degrees of belief. Again from the situation 
when we are deliberating seems to me to arise the general 
difference of cause and effect. We are then engaged not on 
disinterested knowledge or classification (to which this 
difference is utterly foreign), but on tracing the different 
consequences of our possible actions, which we naturally do in 
sequence forward in time, proceeding from cause to effect 
not from effect to cause. We can produce A or A' which 
produces B or B' which etc. . . . ; the probabilities of 
^ , B are mutually dependent, but we come to A first from our 
present volition. 

Other people we say can affect only the future and not the 
past for two reasons ; first, by analogy with ourselves we know 
they can affect the future and not the past from their own 
point of view ; and secondly, if we subsume their action under 
the general category of cause and effect, it can only be a cause 
of what is later than it. This means ultimately that by 
affecting it we can only affect indirectly (in our calculation) 
events later than it. In a sense my present action is an 
ultimate and the only ultimate contingency. 
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[Of coarse it is our own past we know we cannot affect ; 
our own future we know we can. The branching out of 
influence with at most the velocity of light is known by 
experience.] 

It is clear that the notion and use of causal laws presupposes 
no * law of causation ’ to the effect that every event has a 
cause. We have some variable h3^theticals of the form 
' If <f>x, then tfsx ’ with tfi later than (f>, called causal laws : 
others of the form ' If <f>x, then probability a for tfix ' ; this is 
called a chance. We suppose chance to be ultimate if we see 
no hope of replacing it by law if we knew enough facts. There 
is no reason to suppose it is not ultimate. A law is a chance 
unity ; of course, as is shown in my essay on chance, the 
chances do not give actual degrees of belief but a simpler 
system to which the actual ones approximate. So too we do 
not believe the laws for certain. 

On the view that we have been explaining, causal necessity 
is not a fact ; when we assert a causal law we are asserting 
not a fact, not an infinite conjunction, nor a connection of 
universals, but a variable hypothetical which is not strictly 
a proposition at all, but a formula from which we derive 
propositions. 

The most obvious criticism of this view is that it is circular, 
for it seeks to explain away causality by means of a notion, 
namely that of a variable h5^othetical, which itself involves 
causality. For the existence of a variable hypothetical 
depends on our using it as such, i.e. according to a causal 
law of our own nature proceeding from it to particular beliefs. 
We must try to make the answer to this criticism really clear, 
for it is certainly unsoimd. 

One minor point may be made first : variable hypotheticals 
involve causality no more and no lesg than ordinary beliefs ; 
for it belongs to the essence of any belief that we deduce from 
it, and act on it in a certain way, and this notion involves 
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causality just as much as does the variable hypothetical. 
The causal law connected with the latter is more complicated, 
but not essentially different. E.g. there is no hierarchy of 
types of causal laws, but merely growing homogeneous 
complication like {x) . ., {x)(y) .... (^)(y)(^) . . . 

But now for the main point. The world, or rather that 
part of it with which we are acquainted, exhibits as we must 
all agree a good deal of regularity of succession. I contend 
that over and above that it exhibits no feature called causal 
necessity, but that we make sentences called causal laws from 
which (i.e. having made which) we proceed to actions and 
propositions connected with them in a certain way, and say 
that a fact asserted in a proposition which is an instance 
of causal law is a case of causal necessity. This is a regular 
feature of our conduct, a part of the general regularity of 
things ; as always there is nothing in this beyond the regularity 
to be called causality, but we can again make a variable 
hypothetical about this conduct of ours and speak of it as an 
instance of causality. 

But may there not be something which might be called real 
connections of univers^ds ? I cannot deny if, for I can under- 
stand nothing by such a phrase ; what we call causal laws 
I find to be nothing of the sort. 

So too there may be an infinite totality, but what seem to 
be propositions about it are again variable hypotheticals 
and ‘ infinite collection ’ is really nonsense. 

Variable hypotheticals have formal analogies to other 
propositions which make us take them sometimes as facts 
about universals, sometimes as infinite conjunctions. The 
ancdogies are misleading, difficult though they are to escape, 
and emotionally satisfactory as they prove to different t3q)es 
of mind. Both these forms of ‘ realism ’ must be rejected by the 
realistic spirit. 

The sort of thing that makes one want to take a realistic 
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view of causality is this. Suppose the human race for no 
reason always supposed strawberries would given them 
stomach-ache and so never ate them ; then all their beliefs, 
strictly so-called, e.g. that if I eat strawberries I shall have a 
pain, would be true ; but would there not really be something 
wrong ? Is it not a fact that if they had eaten them they 
wouldn’t have had a pain ? 

No, it is not a fact ; it is a consequence of my rule. What 
is a fact is that I have eaten them and not had a pain. If 
we regarded the unfulfilled conditional as a fact we should 
have to suppose that any such statement as ‘ If he had 
shuffled the cards, he would have dealt himself the ace ’ 
has a clear sense true or false, which is absurd. We only 
regard it as sense if it, or its contradictory, can be deduced 
from our system. Otherwise we say ‘ You can’t say what 
would have happened ’, which sounds like a confession of 
ignorance, and is so indeed, because it means we can’t 
foretell what will happen in a similar case, but not 
because ‘ what would have happened ’ is a reality of which 
we are ignorant. 

But their system, you say, fitted all the facts known to them ; 
if two systems both fit the facts, is not the choice capricious ? 
We do, however, believe that the system is uniquely deter- 
mined and that long enough investigation will lead us all to it. 
This is Peirce’s notion of truth as what everyone will believe 
in the end ; it does not apply to the truthful statement of 
matters of fact, but to the ‘ true scientific system ’. 

What was wrong with our friends the strawberry abstainers 
was that they did not experiment. Why should one 
experiment ? To increase the weight of one’s probabilities : 
if q is relevant to p, it is good to find out q before acting in a 
way involving p. But if q is known it is not worth while ; 
they knew, so they thought, what the issue of the experiment 
would be and so naturally couldn’t bother to do it. 
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The difficulty comes fundamentally from taking every 
sentence to be a proposition ; when it is seen by considering 
the position of coincidences that chances are not propositions 
then it should be clear that laws are not either, quite apart 
from other reasons. 


NOTES 

(1) All theories, chances and laws are constructed with a view 
to supplementation by discovery of further facts ; these facts 
are always taken as known for certain. What is to be done 
when we are not certain of them is left quite vague, just 
as is the allowance to be made for uncertainty about the 
theory itself. 

(2) Chance and law are used in the same way in a theoretical 
system as in a primary system ; cause, too, if the theoretical 
system is temporal. Of course the theoretical system is all like 
a variable hypothetical in being there just to be deduced 
from ; and a law in the theoretical system is at two removes 
of deduction. 

(3) If the consequences of a law or theory are not clear, i.e. if 
there is no test whether something can or cannot be deduced 
from it, then it must be taken formally ; it is a habit not of 
believing ^ whenever we see but of believing the meaning 
of any symbol deduced from these marks. 

(4) Something should be said of the relation of this theory to 
Hume’s. Hume said, as we do, that there was nothing but 
regularity, but he seemed to contradict himself by speaking of 
determination in the mind and a feeling of determination as giving 
the idea of necessity. We are accused of the same circularity 
unjustly : he got into a mess by taking an ‘ idea ' of necessity 
and looking for an ‘ impression '. It is not clear to me that 
there is such an idea and such an impression, but there may be. 
When we are necessitated as a result of experience to think in a 
particulaa way, we probably do have a different feeling from when 
we freshly make up our mind. But we must not say we feel 
ourselves being necessitated, for in the mind there is only 
regularity ; the necessity is as always a figure of speech. I think 
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he understood this very well, and gave his readers credit for more 
intelligence than they display in their literal interpretations. 

(5) As opposed to a purely descriptive theory of science, mine 
may be called a forecasting theory. To regard a law as a summary 
of certain facts seems to me inadequate ; it is also an attitude 
of expectation for the future. The difference is clearest in 
regard to chances ; the facts summarized do not preclude an 
equal chance for a coincidence which would be summarized by 
and, indeed, lead to a quite different theory. 



C. PROBABILITY AND PARTIAL BELIEF 

The defect of my paper on probability was that it took 
partial belief as a psychological phenomenon to be defined 
and measured by a psychologist. But this sort of psychology 
goes a very little way and would be quite unacceptable in a 
developed science. In fact the notion of a belief of degree f 
is useless to an outside observer, except when it is used by the 
thinker himself who says ‘ Well, I believe it to an extent | ’, 
i.e. (this at least is the most natural interpretation) ' I have 
the same degree of belief in it as in when I think p, q, r 
equally likely and know that exactly one of them is true.' 
Now what is the point of this numerical comparison ? how 
is the number used ? In a great many cases it is used simply 
as a basis for getting further numbers of the same sort issuing 
finally in one so near 0 or 1 that it is taken to be 0 or 1 and 
the partial belief to be full belief. But sometimes the number 
is used itself in meiking a practical decision. How ? I want 
to say in accordance with the law of mathematical expectation ; 
but I cannot do this, for we could only use that rule if we 
had measured goods and bads. But perhaps in some sort of 
way we approximate to it, as we are supposed in economics to 
maximize an immeasured utility. The question also arises 
why just this law of mathematical expectation. The answer 
to this is that if we use probability to measure utility, as 
explained in my paper, then consistency requires just this 
law. Of course if utility were measured in any other way, 
e.g. in money, we should not use mathematical expectation. 

If there is no meaning in equal differences of utility, then 
money is as good a way as any of measuring them. A 
meaning may, however, be given by our probability method, 
or by means of time : i.e. x—y =y—z if x for 1 day and z for 1 
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day = y for 2 days. But the periods must be long or associated 
with different lives or people to prevent mutual influence. 
Do these two methods come to the same thing ? Could 
we prove it by Bernoulli ? Obviously not ; Bernoulli only 
evaluates chances. A man might regard 1 good and 1 bad 
as equal to 2 neutral ; but regard 2 bad as simply awful, not 
worth taking any chance of. (But it could be made up I 
No, there would be a chance of its not being.) I think this 
shows my method of measuring to be the sounder ; it alone 
goes for wholes. 

All this is just an idea ; what sense is there really in it ? 
We can, I think, say this : — 

A theory is a set of propositions which contains p and q 
whenever it contains p and q, and if it contains any p contains 
all its logical consequences. The interest of such sets comes 
from the possibility of our adopting one of them as all we 
believe. 

A probability-theory is a set of numbers associated with pairs 
of propositions obeying the calculus of probabilities. The 
interest of such a set comes 'from the possibility of acting on 
it consistently. 

Of course, the mathematician is only concerned with the 
form of probability ; it is quite true that he only deals in 
certainties. 



D. KNOWLEDGE 


I have always said that a belief was knowledge if it was 
(i) trae, (ii) certain, (iii) obtained by a reliable process. But 
the word ' process ’ is very unsatisfactory ; we can call in- 
ference a process, but even then unreliable seems to refer only 
to a fallacious method not to a false premiss as it is supposed 
to do. Can we say that a memory is obtained by a reliable 
process ? I think perhaps we can if we mean the causal process 
connecting what happens with my remembering it. We might 
then say, a belief obtained by a reliable process must be caused 
by what are not beliefs in a way or with accompaniments that 
can be more or less relied on to give true beliefs, and if in this 
train of causation occur other intermediary beliefs these must 
all be true ones. 

E.g. ‘ Is telepathy knowledge ? ’ may mean : (a) Taking it 
there is such a process, can it be relied on to create true beliefs 
in the telepathce (within some limits, e.g. when what is believed 
is about the tclepathee’s thoughts) ? or {b) Supposing we are 
agnostic, does the feeling of being telepathed to guarantee 
truth ? Ditto for female intuition, impressions of character, etc. 
Perhaps we should say not (iii) obtained by a reliable process, 
but (iii) formed in a reliable way. 

We sav ‘ I know ’, however, whenever we are certain, without 
reflecting on reliability. But if we did reflect then we should 
remain certain if, and only if, we thought our way reliable. 
(Supposing us to know it ; if not, taking it merely as described 
it would be the same, e.g. God put it into my mind : a 
supposedly reliable process.) For to think the way reliable 

4 

is simply to formulate in a variable hypothetical the habit 
of following the way. 

One more thing. Russell says in his Problems of Philosophy 
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that there is no doubt that we are sometimes mistaken, so 
that all our knowledge is infected with some degree of doubt. 
Moore used to deny this, sa5dng of course it was self- 
contradictory, which is mere pedantry and ignoration of the 
kind of knowledge meant. 

But substantially the point is this ; we cannot without 
self-contradiction say p and q and r and . . . and one of 
p, q, r . . . \% false. (N.B. — ^We know what we know, other- 
wise there would not be a contradiction). But we can be 
nearly certain that one is false and yet nearly certain of each ; 
but p, q, r are then infected with doubt. But Moore is right 
in saying that not necessarily all are so infected ; but if 
we exempt some, we shall probably become fairly clear 
that one of the exempted is probably wrong, and so on. 



E. CAUSAL QUALITIES 

In dealing with the motion of bodies we introduce the 
notion of mass, a quality which we do not observe but which 
we use to account for motion. We can only ‘ define ’ it hypo- 
thetically, which is not reaUy intelligible when you think it 
out. E.g. ‘ It had a mass 3 = If we had fired at it a given 
body (mass 1) at 3 times its velocity which coalesced with it 
the resulting body would have been at rest ’ is an imfulfiUed 
conditional intelligible only as a consequence of a law, namely 
a law of mechanics stated in terms of mass. The truth is that 
we deal with our primary system as part of a fictitious 
secondary system. Here we have a fictitious quality, and 
we can also have fictitious individuals. This is all made clear 
in my account of theories. 

Singular propositions in the secondary system we believe 
with such and such degrees of probability just as in the 
primary system. Fictitiousness is simply ignored ; we 
speculate about a body’s w'eight just as much as about its 
position, without for a moment supposing that it has not one 
exact weight. The only difference is that we are not ultimately 
interested in fictitious propositions, but use them merely 
as intermediaries ; we do not care about them for their own 
sake. General propositions in the secondary system we treat 
just like variable hypotheticals, and so with chances. 

A theory is a way of saying the singular primary propositions 
and the variable hypotheticals that follow from it. If two 
theories agree in these they are equivalent, and there is a more 
or less complicated translation of one into the other. Other- 
wise they differ like two disagreeing variable hypotheticals. 

No proposition of the secondary system can be understood 
apart from the whole theory to which it belongs. If a man 

260 



LAST PAPERS 


261 


says ' Zens hurls thunderbolts that is not nonsense because 
Zeus does not appear in my theory, and is not definable in 
terms of my theory. I have to consider it as part of a theory 
and attend to its consequences, e.g. that sacrifices will bring 
the thunderbolts to an end. 

It is possible to have a ‘ realism ’ about terms in the theory 
similar to that about causal laws, and this is equally foolish. 
‘ There is such a quality as mass ’ is nonsense unless it means 
merely to affirm the consequences of a mechanical theory. 
This must be set out fully sometime as part of an account 
of existential judgments. I think perhaps it is true that the 
theory of general and existential judgments is the clue to 
everything. 

[What can be asked about mass, is the possibility of defining 
it in some way. E.g, ' Arsenic ’ is not an indefinable now, 
but was at the beginning of chemistry. N.B. — Hypothetical 
definition is not definition ; e.g. ‘ If I were dissolving it, it 
would . . . ’, but I’m not.] 

An interesting problem arises as to what would happen if 
another man’s thinking lay in my secondary system. [Or 
even my own thinking ? Some analogy to alleged circularity 
in theory of causation.] This would be the case if he were 
acquainted with mass or electric charge,but of course no one is. 
But I feel there may be more in it when we get to a sensational 
level. For instance, a blind man is going to be operated on, 
and thinks he is going to be able to see ; then colour is to him 
(we can plausibly suppose) at present merely a theoretical 
idea, i.e. a term of his secondary system, with which he 
thinks he will be acquainted ; i.e. part of his future thinking 
lies in his present secondary system. 

Of course, causal, fictitious, or ‘ occult ' qualities may 
cease to be so as science progresses. E.g. heat, the fictitious 
cause of certain phenomena of expansion (and sensations, 
but these could be disregarded and heat considered simply 
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so far as it comes into mechanics), is discovered to consist 
in the motion of small particles. 

So perhaps with bacteria and Mendelian characters or 
genes. 

This means, of course, that in a later theory these parametric 
functions are replaced by functions of the given system. 

It is quite false to say with Norman Campbell that ' really ' 
is the sign of a theoretical idea. Any change in a theory by 
which some simple term is replaced by a complex one can be 
expressed by saying it ‘ really ’ is so-and-so. Especially 
when a fictitious idea is replaced by primary ones as in the 
above examples. Campbell thinks that e.g. atomic theory 
of gases explains primary properties, e.g. temperature, by 
fictitious ones, e.g. bombardment. But the use of ‘ really ’ 
is only natural on the exactly contrary view. 
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application greatly increases the interest and diminishes the 
plausibility of any thesis such as that which Mr Russell declares 
to be perhaps the most fundamental in Mr Wittgenstein’s theory ; 
that “ in order that a certain sentence should assert a certain 
fact there must, however the language may be constructed, be 
something in common between the structure of the sentence 
and the structure of the fact 

This doctrine appears to depend on the difficult notions of a 
' picture ’ and its ‘ form of representation which I shall now try 
to explain and criticize. 

A picture is a fact, the fact that its elements are combined with 
one another in a definite way. These elements are co-ordinated 
with certain objects (the constituents of the fact of which the 
picture is a picture). These co-ordinations constitute the repre- 
senting relation which makes the picture a picture. This repre- 
senting relation " belongs to the picture ” (2-1513) ; this, I think, 
means that whenever we talk of a picture we have in mind some 
representing relation in virtue of which it is a picture. Under 
these circumstances we say that the picture represents that the 
objects are so combined with one another as are the elements of the 
picture, and this is the sense of the picture. And I think this must 
be taken to be the definition of ‘ represents ’ and of ‘ sense ’ ; 
that is to say, that when we say that a picture represents that 
certain objects are combined in a certain way, we mean merely 
that the elements of the picture are combined in that way, and are 
co-ordinated with the objects by the representing relation which 
belongs to the picture. (That this is a definition follows, I think, 
from 5-542.) 

Light may be thrown on the ‘ form of representation ’ by the 
following remarks made earlier in the book on the structure and 
form of facts. " The way in which objects hang together in the 
atomic fact is the structure of the atomic fact. The form is the 
possibility of the structure. The structure of the fact consists of 
fhe structures of the atomic facts ” (2-032, 2-033, 2 034). The only 
point which I can see in the distinction between structure and form, 
is that' the insertion of ' possibility ' may include the case in 
which the alleged fact whose form we are considering is not a fact, 
so that we can talk of the form of the fact f/fb, whether or no a/?b 
is true, provided it is logically possible. It is to be regretted that 
the above definitions do not make it clear whether two facts can 
ever have the same structure or the same form ; it looks as if 
two atomic facts might well have the same structure, because 
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objects bung together in the s^e vray in each of them. But it 
seems from remarks later in the book that the structure of the fact 
is not merely the way in which the objects hang together but 
depends also on what objects they are, so that two different facts 
never have the same structure. 

A picture is a fact and as such has a structure and a form ; we 
are, however, given the following new definitions of its ‘ structure ’ 
and its ‘ form of representation ’ in 2-15, 2-151. " That the 

elements of the picture are colbhined with one another in a 
definite way, represents that the things are so combined with one 
another. This connection of the elements of the picture is called 
its structure, and the possibility of this structure is called the form 
of representation of the picture. The form of representation is 
the possibihty that the things are so combined with one another 
as are the elements of the picture ”. This passage is puzzling ; 
firstly, because we have here two different definitions of the form 
of representation, and secondly, because it is not obvious how 
to interpret " this connection ” in the first of the two definitions ; 
it may refer to the definite way in which the elements are 
combined, or to the whole of the preceding sentence, i.e. " this 
connection of the elements ” may be that their combination 
represents a similar combination of the things. On neither 
interpretation does the first definition seem to coincide with the 
second. We can only hope to decide between these possible 
meanings of ' form of representation ’ by considering the things 
which Mr Wittgenstein says about it. Its chief property, which 
makes it of fundamental importance in his theory, is that asserted 
in 2-17 ; " What the picture must have in common with reality 
in order to be able to represent it after its manner — rightly or 
falsely — is its form of representation.” Further, " what every 
picture, of whatever form, must have in common ■with reality 
in order to be able to represent it at all — rightly or falsely — is the 
logical form, that is, the form of reality. If the form of representa- 
tion is the logical form, then the picture is called a logical picture. 
E'very picture is also a logical picture. (On the other hand, for 
example, not every picture is spatial.) " (2-18, 2-181, 2-182.) It 
appears, -then, that a picture may have several forms of repre- 
sentation, but one of these must be the logical form ; and that it is 
not asserted that the picture must have the same logical form as 
what it pictures, but that all pictures must have the logical form. 
This also makes more plausible the deduction that the logical form 
of representation cannot be represented ; for that it was common 



APPENDIX 


273 


to one picture and reality could afiord no ground for supposing 
that it could not be represented In another picture. 

Now it is easy to see a sense in which a picture may have the 
spatial and must also have the logical form, namely, by taking the 
form to be the (possibility of the) way in which the elements of the 
picture are combined. (One of the interpretations of the first 
definition given above.) This may be logical, as when the colour 
of a patch on a map represents the height above sea-level of the 
corresponding patch of country.;; the elements of the picture are 
combined as predicate and subject, and this represents that the 
corresponding things are also combined as predicate and subject. 
On the other hand, the form may be spatial, as when one dot being 
between two others represents that a certain town is between two 
others ; but in this case we can also regard betweenness not as the 
way in which the dots are combined but as another element in the 
picture, which corresponds with itself. Then since betweenness 
and the dots are combined, not spatially, but as triple relation and 
its relata, that is logically, the form is logical. Here then we have 
something which may be spatial and must also be logical ; but it 
does not follow that this is the form of representation, for the form 
of representation may be some more complicated entity involving 
this and so derivatively spatial or logical. If, indeed, the above 
were what were meant by the form of representation, then in saying 
that a picture must have the logical form Mr Wittgenstein would 
be saying no more than that it must be a fact ; and in saying 
that we cannot represent or speak about the logical form of repre- 
sentation, no more than that we cannot talk about what makes a 
fact a fact, nor ultimately about facts at all, because every state- 
ment apparently about facts is really about their constituents. 
These things he certainly believes, but it seems to me unlikely 
that his complicated propositions about the form of representation 
amount to no more than this. Probably he is confused and does 
not use the term consistently ; and if we revert to the second of 
the definitions given above, " The form of representation is the 
possibility that the things are so combined with one another as 
are the elements of the picture,” we may discover another sense 
in which the picture has the form of representation in common 
with the pictured, namely, that the things^ with which its elements 
are co-ordinated by the representing relation are of such types 
that they can be combined in the same way as the elements of the 
picture ; and so we arrive at the important principle that " the 
picture contains the possibility of the state of afiairs which it 
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represents ” {2-203). It seems to me, for reasons explained later, 
that the independent acceptance of this principle will justify 
almost all the non-mystical deductions which Mr Wittgenstein 
makes from the necessity of something in common between the 
picture and the world, which cannot itself be represented ; and 
that these deductions can so be given a firmer basis than is 
provided by the nature of this elusive entity, the form of represen- 
tation, which is intrinsically impossible to discuss. 

In order to obtain any further comprehension of what 
Mr Wittgenstein thinks a sentence must have in common with the 
fact which it asserts, or, indeed, of most of his book, it is necessary 
to understand his use of the word ‘ proposition This is, I think, 
made easier by the introduction of two words used by C. S. Peirce. 
A word, in the sense in which there are a dozen words ‘ the ’ on a 
page, he called a token ; and these dozen tokens are all instances 
of one type, the word ‘ the ’. Besides ‘ word ’ there are other 
words which have this type-token ambiguity ; thus a sensation, a 
thought, an emotion or an idea may be either a type or a token. 
And in Mr Wittgenstein’s usage, in contrast, for instance, to 
Mr Russell's in The Principles of Mathematics, ' proposition ’ also 
has type-token ambiguity. 

A propositional sign is a sentence ; but this statement must be 
qualified, for by ' sentence ' may be meant something of the same 
nature as the words of which it is composed. But a propositional 
sign differs essentially from a word because it is not an object or 
class of objects, but a fact, “ the fact that its elements, the words, 
are combined in it in a definite way ” (314). Thus ' propositional 
sign ■ has type-token ambiguity ; the tokens {like those of any 
sign) are grouped into types by physical similarity (and by con- 
ventions associating certain noises with certain shapes) just as are 
the instances of a word. But a proposition is a type whose instances 
consist of all propositional sign tokens which have in common, 
not a certain appearance, but a certain sense. 

As to the relation between a proposition and a thought 
Mr Wittgenstein is rather obscure ; but I think his meaning is that 
a thought is a type whose tokens have in common a certain sense, 
and include the tokens of the corresponding proposition, but include 
also other non-verbal tokens ; these, however, are not relevantly 
different from the verbal ones, so that it is sufficient to consider the 
latter. He says " It is clear that ‘ A believes that p ’ , ‘ A thinks 
p A says p ' , are of the form ‘ " p " says p ’ ” (5-542), and so 
explicitly reduces the question as to the analysis of judgment, to 
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which Mr Russell has at various times given different answers, to 
the question " What is it for a proposition token to have a certain 
sense ? ” This reduction seems to me an important advance, and 
as the question to which it leads is of fundamental importance, I 
propose to examine carefully what Mr Wittgenstein says by way 
of answering it. 

First, it may be remarked that if we can answer our question we 
incidentally solve the problem of truth ; or rather, it is already 
evident that there is no such problem. For if a thought or proposi- 
tion token ‘ p ’ says p, then it is called true if p, and false if p. 
We can say that it is true if its sense agrees with reality, or if 
the possible state of affairs which it represents is the actual 
one, but these formulations only express the above definition in 
other words. 

According to Mr Wittgenstein a proposition token is a logical 
picture ; and so its sense should be given by the definition of the 
sense of a picture ; accordingly the sense of a proposition is that 
the things meant by its elements (the words) are combined with 
one another in the same way as are the elements themselves, that 
is, logically. But it is evident that, to say the least, this definition 
is very incomplete ; it can be applied literally only in one case, 
that of the completely analysed elementary proposition. (It 
may be explained that an elementary proposition is one which 
asserts the existence of an atomic fact, and that a proposition 
token is completely analysed if there is an element in it corre- 
sponding to each object occurring m its sense.) Thus if ‘ a ' means 
a, ' b ' b, and ' R ot more accurately the relation we establish 
between ‘ a ' and ‘ h ’ by writing ' aRb means R, then that ' a * 
stands in this relation to ‘ b ’ says that aRb, and this is its sense. 
But this simple scheme must evidently be modified, if, for example, 
one word is used for ‘ having R to b ’ so that the propo.sition is not 
completely analysed ; or if we have to deal with a more compli- 
cated proposition which contains logical constants such as ' not ' 
or ' if which do not represent objects as names do. Mr 
Wittgenstein does not make it quite clear how he proposes to deal 
with either of these difficulties. As regards the first, which he 
almost ignores, he may reasonably plead that it results from the 
enormous complication of colloquial language, which cannot be 
disentangled a priori ; for in a perfect language all propositions 
would be completely analysed except when we defined a sign 
to take the place of a string of simple signs ; then, as he says, 
the defined sign would signify via the signs by which it is defined. 
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But the other difficulty must be faced, since we c2innot be satisfied 
with a theory which deals only with elementary propositions. 

The sense of propositions in general is explained by reference to 
elementary propositions. With regard to n elementary proposi- 
tions there are 2* possibilities of their truth and falsehood, which 
are called the truth-possibilities of the elementary propositions ; 
similarly there are 2" possibilities of existence and non-existence 
of the corresponding atomic facts. Mr Wittgenstein says that any 
proposition is the expression of agreement and disagreement with 
the truth-possibilities of certain elementary propositions, and its 
sense is its agreement and disagreement with the possibilities of 
existence and non-existence of the corresponding atomic facts. 
( 4 ' 4 . 4 - 2 -) 

This is illustrated by the following symbolism for truth- 
functions. T stands for true, F for false, and we write the four 
possibilities for two elementary propositions thus : — 


p 

9 

r 

T 

F 

T 

T 

F 

F 

F 


Now by setting a T against a possibility for agreement and leaving 
a blank for disagreement we can express, for example, pZiq, thus : 


P 

9 


T 

r 

T 

F 

T 

T 

T 

F 


F 

F 

T 


Or, adopting a conventional order for the possibilities, (TT — T) 
{p, q). Evidently this notation does not in any way require p, 
g to be elementary propositions ; and it can be extended to include 
propositions containing apparent variables. Thus p, q may be given 
not by enumeration but as all values of a propositional function. 
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i.e. all propositions containing a certain expression (defined as 
" any part of a proposition which characterizes its sense ’* (3-31)) ; 

and ( T) (i), where the solitary T expresses agreement only 

with the possibility that all the arguments are false, and { ^ is the 
set of values of f£, is what is written ordinarily as ; (34?) ,fx. 
So every proposition is a truth-function of elementary propositions, 
and many differently constructed propositional signs are the same 
proposition, because, expressing agreement and disagreement with 
the same truth-possibilities, they have the same sense and are the 
same truth-function of elementary propositions. Thus 

qDp : ~ gDp and ~ p V p) are the same as p. 

This leads to an extremely simple theory of inference ; if we call 
those truth-possibilities with which a proposition agrees, its truth- 
grounds, then g follows from p if the truth- grounds of p are con- 
tained among those of q. In this case Mr Wittgenstein also says 
that the sense of q is contained in that of p, that in asserting p we 
are incidentally asserting q. I think this statement is really a 
definition of containing as regards senses, and an extension of the 
meaning of assert partly in conformity with ordinary usage, which 
probably agrees as regards p , q and p, or (x) , fx and fa but not 
otherwise. 

There are two extreme cases of great importance ; if we express 
disagreement with all the truth-possibilities we get a contradiction, 
if agreement with them all, a tautology, which says nothing. The 
propositions of logic are tautologies ; and to have made clear this, 
their essential characteristic, is a remarkable achievement. 

We have now to consider whether the above is an adequate 
account of what it is for a proposition token to have a certain 
sense ; and it seems to me that it certainly is not. For it is really 
only an account of what senses there are, not of what propositional 
signs have what sense. It enables us to substitute for ' " p " says 
p “ p " expresses agreement with these truth-possibilities and 
disagreement with these others ’ ; but the latter formulation cannot 
be regarded as an ultimate analysis of the former, and it is not at 
all clear how its further analysis proceeds. We have therefore to 
look elsewhere for the answer to our question. Towards this 
answer Mr Wittgenstein does make ,a clear contribution ; in 
5-542, he says that ra ' " p " says p ’ we have a co-ordination of 
facts by means of a co-ordination of their objects. But this 

* [Wittgenstein’s use of the bar is quite different from that of other 
places of this book. — En.] 
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account is incomplete because the sense is not completely deter- 
mined by the objects which occur in it ; nor is the propositional 
sign completely constituted by the names which occur in it, for 
in it there may also be logical constants which are not co-ordinated 
with objects and complete the determination of the sense in a way 
which is left obscure. 

If we had only to deal with one logical symbolism I do not think 
there would be any difficulty. For, apart from variation in the 
names used, there would be a rule giving all propositional signs 
which, in that symbolism, had a certain sense, and we could 
complete the definition of ‘ sense ' by adding to it these rules. Thus 
' " p “ says that ~ aRb ' would, supposing us to be dealing with 
the symbolism of Princtpia Mathematica, be analysed as follows : 
call anything meaning a. ‘ a", and so on, and call ‘ a ' ' R ' ‘ b 
' q ' then ‘ p ' is ' ^ q ’ or ‘ q ' or ‘ r-^ q ^ q ' ot 

any of the other symbols constructed according to a definite rule. 
(It may, of course, be doubted whether it is possible to formulate 
this rule, as it seems to presuppose the whole of symbolic logic ; 
but in any perfect notation it might be possible ; for example in 
Mr Wittgenstein’s notation with T's and F’s there would be no 
difficulty.) But it is obvious that this is not enough ; it will not 
give an analysis of ' A asserts p ’ , but only of ‘ A asserts p using 
such-and-such a logical notation ’. But we may well know that a 
Chinaman has a certain opinion without having an idea of the 
logical notation he uses. Also the evidently significant statement 
that Germans use ‘ nicht ’ for not becomes part of the definition 
of such words as ‘ believe ’, ‘ think ’ when used of Germans. 

It is very hard to see a way out of this difficulty ; one may 
perhaps be found in Mr Russell’s suggestion in The Analysis of 
Mind (p. 250) that there may be special belief feelings occurring 
in disjunction and implication. Logical constants might then be 
significant as substitutes lor these feelings, which would form the 
basis of a universal logical symbolism of human thought. But 
it looks as if Mr Wittgenstein believes in another kind of solution, 
going back to his earlier statement that the sense of a picture is 
that the things are so combined with one another as are the 
elements of the picture. The natural interpretation of this in our 
present context is that we«can only represent that a does not have 
a certain relation to b, by making ‘ a ’ not have a certain relation 
to ‘ 6 ’, or in general that only a negative fact can assert a negative 
fact, only an implicative fact an implicative fact, and so on. This is 
absurd and evidently not what he means ; but he does seem to 
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hold that a proposition token resembles its sense somehow in this 
sort of way. Thus he says (5-512), " That which denies in ‘ ~ p ' 
is not ‘ but that which all signs of this notation, which 
deny p, have in common. Hence the common rule according to 
which ‘ p ‘ p ’, ‘ p V p t ‘ P • P ’■ etc., etc. 

(to infinity) are constructed. And this which is common to them 
all mirrors denial ”. I cannot understand how it mirrors denial. 
It certainly does not do so in the simple way in which the conjunc- 
tion of two propositions mirrors the conjunction of their senses. 
This difierence between conjunction and the other truth- 
functions can be seen in the fact that to believe p and q is to believe 
p and to believe q ; but to believe p or 9 is not the same as to 
believe p or to believe q, nor to believe not-p as not to believe p. 

We must now turn to one of the most interesting of 
Mr Wittgenstein's theories, that there are certain things which 
cannot be said but only shown, and these constitute the Mystical. 
The reason why they cannot be said is that they have to do with 
the logical form, which proposi^ons have in common with reality. 
What sort of things they are is explained in 4-122 : “ We can 
speak in a certain sense of formal properties of objects and atomic 
facts, or of properties of the structure of facts, and in the same 
sense of formal relations and relations of structures. [Instead of 
property of the structure I also say ‘ internal property ’ ; instead 
of relation of structures ‘ internal relation '. I introduce these 
expressions in order to show the reason for the confusion, very 
widespread among philosophers, between internal relations and 
proper (external) relations.] The holding of such internal properties 
and relations cannot, however, be asserted by propositions, but 
shows itself in the propositions, which present the atomic facts and 
treat of the objects in question.” As I have already said, it does 
not seem to me that the nature of the logical form is sufficiently 
clear to provide any cogent arguments in favour of such con- 
clusions ; and I think that a better approach to the treatment of 
internal properties may be given by the following criterion : “A 
property is internal if it is unthinkable that its object docs not 
possess it ” (4-123). 

It is a principle of Mr Wittgenstein's, and, if true, is a very 
important discovery, that every genuin^ proposition asserts some- 
thing possible, but not necessary. This follows from his account 
of a proposition as the expression of agreement and disagreement 
with truth-possibilities of independent elementary propositions, so 
that the only necessity is that of tautology, the only impossibility 
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that of contradiction. There is great diflSculty in holding this ; lor 
Mr Wittgenstein admits that a point in the visual field cannot be 
both red and blue ; and. indeed, otherwise, since he thinks induc- 
tion has no logical basis, we should have no re^on for thinking 
that we may not come upon a visual point which is both red and 
blue. Hence he sajrs that ‘ This is both red and blue ’ is a contra- 
diction. This implies that the apparently simple concepts red, 
blue (supposing us to mean by those words absolutely specific 
shades) are really complex and formally incompatible. He tries 
to show how this may be, by analysing them in terms of vibrations. 
But even supposing that the physicist thus provides an analysis 
of what we mean by ' red ’, Mr Wittgenstein is only reducing the 
difficulty to that of the necessary properties of space, time, and 
matter or the ether. He explicitly makes it depend on the 
impossibility of a particle being in two places at the same time. 
These necessary properties of space and time are hardly capable 
of a further reduction of this kind. For example, considering 
between in point of time as regards my experiences ; if B is 
between A and D, and C between B and D, then C must be 
between A and D ; but it is hard to see how this can be a formal 
tautology. 

But not all apparently necessary truths can be supposed, or are 
by Mr Wittgenstein supposed, to be tautologies. There are also 
the internal properties of which it is unthinkable that their objects 
do not possess them. Sentences apparently asserting such 
proj)erties of objects are held by Mr Wittgenstein to be nonsense, 
but to stand in some obscure relation to something inexpressible. 
This last seems to be involved by his reason for thinking that they 
are nonsense, which is that what they are meant to assert cannot 
be asserted. But it seems to me possible to give reasons why these 
sentences are nonsense and a general account of their origin and 
apparent significance, which have no mystical implications. 

Sentences of this kind, which we call ' pseudo-propositions ’, 
arise in various ways depending on our language. One source is 
the grammatical necessity for such nouns as ' object ’ and ' thing ’, 
which do not like ordinary common nouns correspond to proposi- 
tional functions. Thus from ' This is a red object ' appears to 
follow the pseudo -proposijion ‘ This is an object ', which in the 
symbolism of Principia Mathematica could not be written at all. 
But the commonest and most important source is the substitution 
of names or relative names for descriptions. (I use ' relative 
names ’ to include ‘ p ’, the expression for a given sense p ; in 
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contrast to a desfcription of that sense, such as ‘ what I said ’.) 
Usually this is legitimate ; for, if we have a propositional schema 
containing blanks, the significance of the scjiema when the blanks 
are filled by descriptions presupposes, in general, its significance 
when they are filled by the names of things answering to the 
descriptions. Thus the analysis of ‘ The is red ’ is ‘ There is 
one and only one thing which is ^ ; and it is red ’ ; and the occur- 
rence in this of ‘ It is red * shows that the significance of our 
proposition presupposes the significance of ' fl is red ', where a is 
of the type of the <t>- But sometimes this is not the case because 
the proposition containing the description must be analysed a little 
difierently. Thus ‘ The 4 > exists ’ is not ' There is one and only 
one thing which is tf , ; and it exists ’, but simply ' There is one 
and only one thing which is ; so that its significance does not 
presuppose that of ‘ a exists ’, which is nonsense, for its truth could 
be seen by mere inspection without comparison with reality, as is 
never the case with a genuine proposition. But partly because we 
sometimes fail to distinguish ‘ a exists ’ from ‘ The object meant 
by “ a ” exists ', and partly because ‘ — exists ' is always signi- 
ficant when the blank is filled by a description, and we are not 
sufficiently sensitive to the difference between descriptions and 
names ; ‘ a exists ’ sometimes feels as if it were significant. 
Mr Wittgenstein gives in to this deceptive feeling so far as to hold 
that the existence of the name ‘ a ' shows that a exists, but that 
this cannot be asserted , it seems, however, to be a principal 
component in the mystical : “ Not how the world is, is the mystical, 
but that it is ” (6-44). 

Our next example is provided by identity, of which Mr Witt- 
genstein gives an important destructive criticism : ‘‘ Russell’s 

definition of ‘ = ’ won’t do , because according to it one cannot say 
that two objects have all their properties in common. (Even 
if this proposition is never true, it is nevertheless significant) ” 
(5’5302). And ‘ a ~b ' must be a pseudo-proposition since it is 
true or false a priori according as ‘ a ’ , ' b ’ are names for the same 
or different things. If now we adopt the new convention that two 
different signs in one proposition must have different meanings, 
we get a new analysis of descriptions not involving identity. 
For f{ix) (<^^), instead of , 

(3c) : (fix'DtX = c .fc, 

we have (3A-) . ifix .fx (3x, y) . ^x , ^y. 

And since (?*■) (^x) = c is analysed as ~ (3X, y) , ix , ^y we 
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see that ‘ — = — ’ is only significant when one blank at least is 
filled by a dascription. Incidentally this rejection of identity may 
have serious consequences in the theory of aggregates and cardinal 
number ; it is, for example, hardly plausible to say that two classes 
are only of equal number when there is a one-one relation whose 
domain is the one and converse domain the other, unless such 
relations can be constructed by means of identity. 

Next I shall show how this account applies to internal properties 
of the senses of propositions, or, if they are true propositions, the 
corresponding facts. ‘ p is about a ' is an example ; its signifi- 
cance might be thought to follow from that of ‘ He said something 
about a ’ , but if we reflect on the analysis of the latter proposition 
we shall see that this is not the Ccise ; for it evidently reduces not 
to ‘ There is a ^ which he asserted and which is about a ' but to 
' There is a function ^ such that he asserted pa which does not 
involve the pseudo-proposition ‘ p is about a ’. Similarly ' p is 
contradictory to q ’ might be thought to be involved in ' He con- 
tradicted me ’ ; but it is seen to be a pseudo-proposition when we 
analyse the latter as ‘ There is a such that I asserted p, he ^ p 
Of course this is not a complete analysis, but it is the first step and 
sufficient for our present purpose, and shows how ‘ — is contra- 
dictory to — ’ is only significant when one blank at least is filled by 
a description. 

Other pseudo-propositions are those of mathematics, which, 
according to Mr Wittgenstein, are equations obtained by writing 
' = ’ between two propositions which can be substituted for one 
another. I do not see how this account can be supposed to cover 
the whole of mathematics, and it is evidently incomplete since 
there are also inequalities, which are more difficult to explain. It 
is, however, easy to see that ' I have more than two fingers ’ does 
not presuppose the significance of ‘ lo > 2 ' ; for, remembering 
that different signs must have different meanings, it is simply 
‘ (3.1^, y, e) : X, y, s are fingers of mine.' 

Just as the e.xplanation of some apparently necessary truths as 
tautologies met with difficulty in the field of colour, so does the 
explanation of the remainder as pseudo-propositions. “ This blue 
colour and that,” says Mr Wittgenstein, " stand in the internal 
relation of brighter and, darker eo ipso. It is unthinkable that 
these two objects .should not stand in this relation” (4-123). 
Accordingly a sentence apparently asserting that one named 
colour is brighter than another named colour must be a pseudo- 
proposition ; but it is hard to see how this can be reconciled 
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with the indubitable significance of a sentence asserting that a 
described colour is brighter than another, such as ‘ My cushion 
at home is brighter than my carpet But in this case the difficulty 
could be completely removed by the supposition that the physicist 
is really analysing the meaning of ' red ’ ; for his analysis of a 
colour comes eventually to a number, such as the length of a 
wave or what not, and the difficulty is reduced to that of reconciling 
the non-significance of an inequality between two given numbers 
with the significance of an inequality between two described 
numbers, which is evidently somehow possible on the lines 
suggested for ‘ I have more than two fingers ’ above. 

Let us now pass to Mr Wittgenstein’s account of philosophy. 
" The object of philosophy,” he says, ” is the logical clarification 
of thoughts. Philosophy is not a theory but an activity. A philo- 
sophical work consists essentially of elucidations. The result of 
philosophy is not a number of ‘ philosophical propositions ’, but to 
make propositions clear. Philosophy should make clear and 
delimit sharply the thoughts which otherwise are, as it were, 
opaque and blurred ” (4112). It seems to me that we cannot be 
satisfied with this account without some further explanation of 
' clarity ’, and I shall try to give an explanation in harmony with 
Mr Wittgenstein’s system. I think that a written sentence is 
‘ clear ’ in so far as it has visible properties correlated with or 
showing ’ the internal properties of its sense. According to 
Mr Wittgenstein the latter always show themselves in internal 
properties of the proposition ; but owing to the type-token 
ambiguity of ‘ proposition ’ it is not immediately clear what this 
means. Properties of a proposition must, I think, mean properties 
of all its tokens ; but the internal properties of a proposition 
are those properties of the tokens which are, so to speak, internal 
not to the tokens but to the type ; that is, those which one of the 
tokens must have if it is to be a token of that type, not those 
which it is unthinkable that it should not have anyhow. We 
must remember that there is no necessity for a sentence to have 
the sense it does in fact have ; so that if a sentence says fa, it is 
not an internal property of the sentence that there is something 
in it somehow connected with a ; but this is an internal property 
of the proposition, because the sentence could not otherwise 
belong to that proposition type, i.e. have that sense. So we see 
that the internal properties of a proposition which show those of 
its sense are not, in general, visible ones, but complicated ones 
involving the notion of meaning. But in a perfect language 
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in which each thing had its own one name, that in the sense of a 
sentence a certain object occurred, would be also shown visibly 
by the occurrence in the sentence of the name of that object ; 
and this might be expected to happen with regard to all internal 
properties of senses ; that one sense, for example, is contained in 
another (i.e. one proposition follows from another) might always 
appear visibly in the sentences expressing them. (This is nearly 
achieved in Mr Wittgenstein’s T notation.) Thus in a perfect 
language all sentences or thoughts would be perfectly clear. 
To give a general definition of ‘ clear ’ we must replace ' visible 
property of the sentence ’ by ‘ internal property of the proposi- 
tional sign which we interpret analogously to ' internal property 
of the proposition ' as a property which a token must have 
if it is to be that sign, which, if the token is written, is the same 
as a visible property. We say then that a propositional sign is 
clear in so far as the internal properties of its sense are shown not 
only by internal properties of the proposition but also by internal 
properties of the propositional sign. 

(It may perhaps be confusion between the internal properties of 
the proposition and those of the propositional sign which gives rise 
to the idea that Mr Wittgenstein's doctrines are, in general, only 
asserted of a perfect language.) 

We can easily interpret this idea of philosophy in terms of the 
non-mystical account of internal properties given above. First, we 
notice and explain the fact that we often apparently do or do not 
recognize that something has an internal property, although this is 
a pseudo-proposition and so cannot be recognized. What we really 
recognize is that ‘ The object or sense meant or asserted by the 
words before us has this property ’, which is significant because we 
have substituted a description for a name. Thus as the result of 
logical proof we recognize, not that p is a tautology which is a 
pseudo-proposition, but that ' p ’ says nothing. To make proposi- 
tions clear is to facilitate the recognition of their logical properties 
by expressing them in language such that these properties are 
associated with visible propierties of the sentence. 

But I think this activity will result in philosophical propositions 
whenever we discover anything new about the logical form of the 
senses of any interesting.body of sentences, such as those expressing 
the facts of perception and thought. We must agree with 
Mr Wittgenstein that ‘ p is of such-and-such a form ' is nonsense, 
but ' “ p ” has a sense of such-and-such a form ’ may nevertheless 
not be nonsense. Whether it is or not depends on the analysis of 
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‘ " p” is significant which seems to me probably a disjunctive 
proposition, whose alternatives arise partly from the difierent 
possible forms of the sense oi’ p‘. If this is so, we can by excluding 
some of these alternatives make a proposition as to the form of the 
sense of ‘ p'. And this in certain cases, such as when ‘ ’ is 

‘ He thinks j ’ or ‘ He sees a ’, could be appropriately called a 
philosophical proposition. Nor would this be incompatible with 
Mr Wittgenstein's more moderate assertion that “ Most proposi- 
tions and questions, that have been written about philosophical 
matters, are not false, but senseless. We cannot, therefore, answer 
questions of this kind at all, but only state their senselessness. 
Most questions and propositions of the philosophers result from the 
fact that we do not understand the logic of our language ” (4-003). 

Lastly I wish to touch on Mr Wittgenstein's general view of the 
world. " The wbrld," he says, “ is the totality of facts, not of 
things " (i-i), and “it is clear that however difierent from the 
real one an imagined world may be, it must have something — a 
form — in common with the real world. This fixed form consists of 
the objects '' (2 022, 2-023). It is an unusual view that any 
imaginable world must contain all the objects of the real one ; 
but it seems to follow from his principles, for if ' a exists ' is 
nonsense, we cannot imagine that it does not exist, but only that 
it does or does not have some property. 

Mr Russell in his Introduction finds an acute difficulty in the 
fact that [x] . ^ix involves the totality of values of ^x and so, 
apparently, that of the values of x, which according to Mr 
Wittgenstein cannot be spoken of ; for it is one of his fundamental 
theses " that it is impo.s.sible to say anytliing about the world as a 
whole, and that whatever can be said has to be about bounded 
portions of the world It seems doubtful, however, whether this 
is a fair expression of Mr Wittgenstein’s view ; for one thing, it 
suggests that it is impossible to say {x) . <^x, but only perhaps 
' All S's are P ’ taken as asserting nothing about the non- 5 ’s, 
which he certainly does not maintain. It may, then, be interesting 
to consider what he says which gives plausibility to Mr Russell's 
interpretation. He does undoubtedly deny that we can speak of 
the number of all objects (4-1272). But this is not because all 
objects form an illegitimate totality, .but because 'object' 
is a pseudo-concept expressed not by a function but by the 
variable x. (Incidentally I do not see why the number of all 
objects should not be defined as the sum of the number of things 
having any specified property and the number of things not having 
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that property.) Also he says that “ The feeling of the world as a 
limited whole is the mystical feeling ” (6-45). But I do not think 
we can follow Mr Russell in deducing from this that the totality 
of values of x is mystical, if only because " The world is the totality 
of facts, not of things " (i-i). And I think that ‘ limited ’ gives the 
key to the sentence quoted above. The mystical feeling is the 
feeling that the world is not everything, that there is something 
outside it, its ' sense ’ or ' meaning 

It must not be thought that the topics I have discussed nearly 
exhaust the interest of the book ; Mr Wittgenstein makes remarks, 
always interesting, sometimes extremely penetrating, on many 
other subjects, such as the Theory of Types, Ancestral Relations, 
Probability, the Philosophy of Physics, and Ethics. 



EPILOGUE 


Having to write a paper for the Society I was as usual at 
a loss for a subject ; and I flattered myself that this was 
not merely my personal deficiency, but arose from the fact 
that there really was no subject suitable for discussion. 
But, happening to have recently lectured on the Theory of 
Types, I reflected that in such a sentence the word ' subject ' 
must be limited to mean subject of the first order and that 
perhaps there , might be a subject of the second order which 
would be possible. And then I saw that it lay ready before 
me, namely, that I should put forward the thesis that there 
is no discussable subject (of the first order). 

A serious matter this if it is true. For for what does the 
Society exist but discussion ? And if there is nothing to 
discuss — but that can be left till afterwards. 

I do not wish to maintain that there never has been any- 
thing to discuss, but only that there is no longer ; that we 
have really settled everything by realizing that there is 
nothing to know except science. And that wc are most of 
us ignorant of most sciences so that, while we can exchange 
information, we cannot usefully discuss them, as we are 
just learners. 

Let us review the possible subjects of discussion. They 
faU, as far as I can see, under the heads of science, philosophy, 
history and politics, psychology and eesthetics ; where, not 
to beg any question, I am separating psychology from the 
other sciences. 

Science, history, and politics are ^ot suited for discussion 
except by experts. Others are simply in the position of 
requiring more information ; and, till they have acquired all 
available information, cannot do anything but accept on 
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authority the opinions of those better qualified. Then tiiere 
is philosophy ; this, too, has become too technical for the 
layman. Besides this disadvantage, the conclusion of the 
greatest modem philosopher is that there is no such subject 
as philosophy ; that it is an activity, not a doctrine ; and 
that, instead of answering questions, it aims merely at 
curing headaches. It might be-thought that, apart from this 
technical philosophy whose centre is logic, there was a sort 
of popular philosophy which dealt with such subjects as the 
relation of man to nature, and the meaning of morality. But 
any attempt to treat such topics seriously reduces them to 
questions either of science or of technical philosophy, or 
results more immediately in perceiving them to be non- 
sensical. 

Take as an example Russell’s recent lecture on “ What 
I Believe ”. He divided it into two parts, the philosophy of 
nature and the philosophy of value. His philosophy of nature 
consisted mainly of the conclusions of modem physics, 
physiology, and astronomy, with a slight admixture of his 
own theory of material objects as a particular kind of logical 
construction. Its content could therefore only be discussed 
by someone with an adequate knowledge of relativity, atomic 
theory, physiology, and mathematical logic. The only 
remaining possibility of discussion in connection with this 
part of his paper would be about the emphasis he laid on 
certain points, for instance, the disparity in physical size 
between stars and men. To this topic I shall return. 

His philosophy of value consisted in saying that the only 
questions about value were what men desired and how their 
desires could be satisfied, and then he went on to answer 
these questions. Thus the whole subject became part of 
psychology, and its discussion would be a psychological one. 

Of course his main statement about value might be disputed, 
but most of us would agree that the objectivity of good was 
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a thing we had settled and dismissed with the existence of 
God. Theology and Absolute Ethics are two famous subjects 
which we have realized to have no real objects. 

Ethics has then been reduced to psychology, and that 
brings me to psychology as a subject for discussion. Most 
of our meetings might be said to deal with psychological 
questions. It is a subject in which we are aU more or less 
interested for practical reasons. In considering it we must 
distinguish psychology proper, which is the study of mental 
events with a view to establishing scientific generalizations, 
from merely comparing our own experience from personal 
interest. The test is whether we should want to know of 
this experience as much if it were a stranger's as we do when 
it is our friend’s ; whether we are interested in it as scientific 
material, or merely from personal curiosity. 

I think we rarely, if ever, discuss fundamental psychological 
questions, but far more often simply compare our several 
experiences, which is not a form of discussing. I think we 
realize too little how often our arguments are of the form ; — 
A. : “I went to Grantchester this afternoon.” B. : " No 
I didn't.” Another thing we often do is to discuss what 
sort of people or behaviour we feel admiration for or ashamed 
of. E.g., when we discuss constancy of affection, it consists 
in A. saying he would feel guilty if he weren’t constant, 
B saying he wouldn’t feel guilty in the least. But that, 
although a pleasant way of passing the time, is not discussing 
anything whatever, but simply comparing notes. 

Genuine psychology, on the other hand, is a science of 
which we most of us know far too little for it to become us 
to venture an opinion. 

Lastly, there is aesthetics, including literature. This always 
excites us far more than anything efse ; but we don’t reaUy 
discuss it much. Our arguments are so feeble ; we are still 
at the stage of " Who drives fat oxen must himself be fat ”, 
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and have very little to say about the psychological problems 
of which esthetics really consists, e.g., why certain com- 
binations of colours give us such peculiar feelings. What we 
really like doing is again to compare our experience ; a practice 
which in this case is pec\iliarly profitable because the critic 
can point out things to other people, to which, if they attend, 
they will obtain feelings which they value which they failed 
to obtain otherwise. We do not and cannot discuss whether 
one work of art is better than another ; we merely compare 
the feelings it gives us. 

I conclude that there really is nothing to discuss ; and 
this conclusion corresponds to a feeling I have about ordinary 
conversation also. It is a relatively new phenomenon, which 
has arisen from two causes which have operated gradually 
through the nineteenth century. One is the advance of science, 
the other the decay of religion ; which have resulted in all 
the old general questions becoming either technical or 
ridiculous. This process in the development of civilization 
we have each of us to repeat in ourselves. I, for instance, 
came up as a freshman enjoying conversation and argument 
more than anything else in the world ; but I have gradually 
come to regard it as of less and less importance, because there 
never seems to be anything to talk about except shop and 
people’s private lives, neither of which is suited for general 
conversation. Also, since I was analysed, I feel that people 
know far less about themselves than they imagine, and am 
not nearly so anxious to talk about myself as I used to be, 
having had enough of it to get bored. There still are literature 
and art ; but about them one cannot 2urgue, one can only 
compare notes, just as one can exchange information about 
history or economics. But about art one exchanges not 
information but feeling^. 

This brings me back to Russell and “ What I believe ”, 
If I was to write a W dtamchauung I should call it not “ What 
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I believe” but "What I feel”. This is connected with 
Wittgenstein’s view that philosophy does not give us beliefs, 
but merely relieves feelings of intellectual discomfort. Also, 
if I were to quarrel with Russell's lecture, it would not be 
with what he believed but with the indications it gave as to 
what he felt. Not that one can really quarrel with a man's 
feelings, one can only have different feelings oneself, and 
perhaps also regard one’s own as more admirable or more 
conducive to a happy life. From this point of view, that it 
is a matter not of fact but of feeling, I shall conclude by some 
remarks on things in general, or, as I would rather say, not 
things but life in general. 

Where I seem to differ from some of my friends is in 
attaching little importance to physical size. I don’t feel 
the least humble before the vastness of the heavens. The 
stars may be large, but they cannot think or love ; and these 
are qualities which impress me far more than size does. 
I take no credit for weighing nearly seventeen stone. 

My picture of the world is drawn in perspective, and not 
like a model to scale. The foreground is occupied by human 
beings and the stars are all as small as threepenny bits. I 
don’t really believe in astronomy, except as a complicated 
description of part of the course of human and possibly 
animal sensation. I apply my perspective not merely to 
space but also to time. In time the world will cool and 
everything will die ; but that is a long time off still, and its 
present value at compound discount is almost nothing. Nor 
is the present less valuable because the future will be blank. 
Humanity, which fills the foreground of my picture, I find 
interesting and on the whole admirable. I find, just now at 
least, the world a pleasant and exciting place. You may find 
it depressing ; I am sorry for you, and you despise me. But 
I have reason and you have none ; you would only have a 
reason for despising me if your feeling corresponded to the 
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fact in a way mine didn’t. But neither' can correspond to 
the fact. The fact is not in itself good or bad ; it is just that 
it thrills me but depresses you. On the other hand, I pity 
you with reason, because it is pleasanter to be thrilled than 
to be depressed, and not merely pleasanter but better for all 
one’s activities. 

28th February, 1925. 
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The Statistical Method in Ecoiiomicfl Profe.^siir P. S. Florence 14 

[I. HISTORV, Etc. 

Historical InLi'odu(‘tian to Mf)dem Psychology Gardner Mvrpkg 13 
roinparative J’hiJo.sophy . • i • F. Ma.'tsoH-Ovrsel 9 

The History of Materialism .... F. A. Lange P 

The Philosophy of the Unconscious . . E. vo;? Hartmann 16 

Psyche ....... Erwm Rohde 8 

Plato’s Tlipory of Ethics . . . Professor It. C. Lodge 12 

Outlines of tiie History of Greek Philosophy . , E. Zeller 17 

• Ready shortly. 
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VOLUMES PUBLISHED 

Philosophical Studies. By G. E. Moore, Litt.D., Professor 
of Philosophy in the University of Cambridge, author of 
' Principia Ethica,’ editor of ‘ Mind 15s. net. 

‘ Students of philosophy vnll welcome the publication of this volume, It is 
full of interest and stimulus, even to those whom it fails to convince.' — 
Oxford Magazine. ' A valuable contribution to philosophy.' — Spectator. 

The Misuse of Mind ; a Study of Bergson’s Attack on Intel- 
lectualism. By Karin Stephen. Preface by Henri Bergson. 
6s. 6d. net. 

' This is a book about Bergson, but it is not one of the ordinary popular 
expositions It is very short ; but it is one of those books the quality of 
which is in inverse ratio to its quantity, for it focusses our attention on one 
single problem and succeeds in bringing it out with masterly clearness.' — 
Times Literary Supplement. 

Conflict and Dream. By W. H. R. Rivers, -M.D., Litt.D., 
F.R.S. Preface by Professor G. Elliot Smith. 12s. 6d. net. 

■ Rivers had that kind of commanding vigour that is one of the marks of 
gemus. Nothing could be more fascinating than to watch him separating 
the gold from the alloy in Freud’s theory of dreams. His book is as different 
from the usual Freudian book on the same subject as is a book of astronomy 
from a book of astrology ' — Daily News. 

Psychology and Politics, and Other Essays. By W. H. R. 
Rivers, F.R.S. Preface by Professor G. Elliot Smith. Apprecia- 
tion by C. S. Myers, F.R.S. 12s. 6d. net. 

‘ In all the essays in this volume one feels the scientific mind, the mind 

that puts truth first. Kach of the essays is interesting and valuable ' 

New Leader. ' This volume is a fine memorial of a solid and cautious 
scientific worker ' — Havelock Ellis, in Nation 

Medicine, Magic, and Religion. By W. H. R. Rivers, F.R.S. 
Preface by Professor G. Elliot Smith. Second edition, los. 6d. 
net. 

' This volume is a document of first-rate importance, and it will remain as 
a worthy monument to its distinguished author.’ — Times Literary Supple- 
ment. ' Always, as we read, we feel we are in close contact with a mind 
that IS really thinking '-—Nation. 

Tractatus Logico-Philosophicus. By Ludwig Wittgenstein. 
Introduction by Bertrand Russell, F.R.S. los. 6d. net. 

' This is a most imjiortant book containing onginal ideas on a large range 
of topics, forming a coherent system which is of extraordinary interest and 
deserves the attention of all philosophers ’ — Mind. ' Quite as exciting as 
we had been led to suppose it to be.’ — New Statesman 

The Measurement of Erfiotion. By W. Whately Smith, M.A . 
Foreword by William Brown, M.D., D.Sc. los. 6d. net. 

’ It should prove of great value to anyone interested in psychology and 
familiar with current theories ; while the precision of the author’s mrthods 
forms an object lesson in psychological research.’ — Discovery. 




International Library of Psychology 


5 


Scientific Thought. By C. D. Broad, Litt.D., Lecturer in Philoso- 
phy at Trinity College, Cambridge. Second edition, i6s. net. 

' This closely-reasoned and particularly lucid book is certain to take a chief 
place in the discussions of the nature and import of the new concepts of 
the physical universe. The book is weighty with matter and marks an 
inteflectual achievement of the highest order.’ — Times Literary Supplement. 

Psychological Types. By C. G. Jung. Translated with a 
Foreword by H. Godwin Baynes, M.B. Third edition, 25s. net. 

‘ Among the psychologists who have something of value to tell us Dr. Jung 
holds a very high place. He is both sensitive and acute ; and so, like a 
great writer, he convinces us that he is not inadequate to the immense 
complexity and subtlety of his material. We are conscious throughout of 
a sensitiveness, a wide range of understanding, a fair-mindedness, which 
give us a real respect for the author.’ — Times Literary Supplement 

Character and the U nconscious : a Critical Exposition of the 
Psychology of Freud and Jung. By J. H. van der Hoop. 
los. 6d. net.* 

‘ His book is an admirable attempt to reconcile the theories of Jung and 
Freud. He shows that the positions taken up by these two psychologists 
are not as antagonistic as they appear at first sight. The book contains a 
very adequate account of Freud’s teaching in its salient features, and his 
treatment of both theories is clear and sympathetic.’ — New Statesman. 

The Meaning of Meaning : a Study of the Influence of Lan- 
guage upon Thought. By C. K. Ogden and 1 . A. Richards. 
Supplementary Es.says by Professor B. Malinowski and F. G. 
Crookshank, M.D., Third edition, 12s. 6d. net. 

‘ The authors attack the problem from a more fundamental of view 

than that from which others have dealt with it The importance of their 
work is obvious It is a book for educationists, ethnologists, grammarians, 
logicians, and, above all, psychologists. The bfx)k is written with admirable 
clarity and a strong sense of humour ' — New Statesman. 

Scientific Method. By . 4 . D. Ritchie, Fellow of Trinity College, 
Cambridge. los. 6d. net. 

‘ The fresh and bright style of Mr Ritclue’s volume, not without a salt of 
humour, makes it an interesting and pleasant book for the general reader. 
Taken as a whole it is able, comprehensive, and right in ts main argument.' 
— British Medical Journal. ' His brilliant book ' — Daily News. 

The Psychology of Reasoning. By Eugenio Rignano, Pro- 
fessor of Philosophy in the University of Milan. 14s. net. 

‘ The theory is that reasoning is simply imaginative experimenting. Such 
a theory offers an easy explanation of error, and Professor Rignano draws 
it out in a very convincing manner.' — Times Literary Supplement. 

Chance, Love and Logic ; Philosophical Essays. By Charles 
S. Peirce. Edited with an Introduetion by Morris R. Cohen. 
Supplementary Essay by John Dewey. 12s. 6d. net. 

' It is impo.ssible to read Peirce without recognizing the presence of a superior 
mind. He was something of a gemus.’ — F C S. Schiller, in Spectator. 
‘It is here that one sees what a brilliant mind he had and how independently 
he could think.’ — Nation. 
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The Nature of Laughter. By J. C. Gregory. los. 6d. net. 

' Mr. Gregory, in this fresh and stimulating study, joins issue with all his 
predecessors. In our judgment he has made adistinct advance in the study 
of laughter ; and Ins remarks on wit, humour, and comedy, are most dis- 
criminating.' — Journal of Education 

The Philosophy of Music. By William Pole, F.R.S.,Mus. Doc. 
Edited with an Introduction by Professor E. J. Dent and a 
Supplementary Essay by Dr. Hamilton Hartridge. los. 6d. net. 
‘ This is an excellent book and its re-issue should be welcomed by all who 
take more than a superficial interest in music Dr Pole possessed not only a 
wide knowledge of these matters, but also an attractive style, anil this 
combination has enabled him to set forth clearl v and sufficiently completely 
to give the general reader a fair all-round grasp of his subject.’ — Discovery. 

Individual Psychology. By Alfred Adler. Second edition, 
i8s. net. 

' He makes a valuable coutribution to psychology His ^lesis is extremely 
simple and comprehensive : mental phenomena when correctly understood 
may be regarded as leadmg up to an end which consists in estabhshing the 
subject's superiority.' — Discovery. 

The Philosophy of ‘ As If*. By Hans Vaihinger. 25s. net. 

‘ The most important contribution to philosophical literature in a quarter 
of a century. Briefly, Vaihinger amasses evidence to prove that we can 
arrive at theories which work pretty well by " con.sciously false assump- 
tions We know that these fictions in no way reflect reality, hut we treat 
them as if they did. Among such fictions are : the average man, freedom, 
God, empty space, matter, the atom, infinity.’ — Spectator. 

Speculations ; Essays on Humanism and the Philosophy of Art. 
By T. E. Hulme. Edited by Herbert Read. Frontispiece and 
Foreword by Jacob Epstein. 10s. 6d. net. 

' With its peculiar merits, tins book is most unlikely to meet with the 
shghtest comprehension from the usual reviewer. Hulme was known as a 
brilliant talker, a brilliant amateur of metaphysics, and the author of two 
or three of the most beautiful short poems in the language. In this volume 
he appears as the forerunner of a new attitude of mind ' — Criterion. 

The Nature of Intelligence. By L. L. Thurstone, Professor 
of Psychology in the University of Chicago. los. 6 d. net. 

‘ Prof. Thurstone distinguishes three views of the nature of intelligence, 
the Academic, the I’svcho-analytic. the Behaviourist. Against these 
views, he expounds his thesis that consciousness is unfinished action. His 
hook is of the first importance. All who make use of mental tests will do 
well to come to terms with his theory.’ — 7'imes Literary Supplement 

Telepathy and Clairvoyance. By Rudolf Tischner. Preface 
by E. J. Dingwall. With 20 illustrations, los. 6 d. net. 

‘ Such investigations may now exjiect to receive the grave attention of 
modern readers. They will find the material here collected of great value 
and interest. The chief interest of the book lies in the experiments it 
records, and we think that these will persuade any reader free from violent 
prepossessions that the present state of the evidence necessitates at least 
an open mind regarding their possibility.’ — Times Literary Supplement. 
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The Growth of the Mind : an Introduction to Child Psychology. 
By K. Koffka, Professor in the University of Giessen. Fifth 
edition, revised and reset, 15s. net. 

* His book is extremely interesting, and it is to be hoped that it will be 
widely read.' — Times Literary Supplement. Leonard Woolf, reviewing this 
book and the following one in the Nation, writes : ' Every serious student 
of psychology ought to read it [The Apes], and he should supplement it by 
reading The Growth of the Mind, for Professor Koffka joins up the results of 
Kohler's observations with the results of the study of child-psychology.' 

The Mentality of Apes. By Professor W. Koehler, of Berlin 
University. Third edition, with 28 illustrations, los. 6d. net. 

* May fairly be said to mark a turning-point in the history of psychology. 
The book is both in substance and form an altogether admirable piece of 
work It i.s of absorbing interest to the psychologist, and hardly les.s to the 
layman. His work will always be regarded as a classic in its kind and a 
model for future studies.’ — Ti>nes Literary Supplement 

The Psychology of Religious Mysticism. By Professor James 
H. Leuba. Second edition, 15s. net. 

‘ Based upon solid research.’ — Times Literary Supplement ' The book is 
fascinating and .stimulating even to tlio.sc who do not agree with it, and it 
is scliolarly as well as scientific.’ — Ueview of Reviews. ‘ The most success- 
ful attempt in the Bngli.sh l.angii.age to penetrate to tlie lioart of 
mysticism,’ — New York Nation 

The Psychology of a Musical Prodigy. By G. Revesz, Director 
of the Psychologica] Laboratory, Amslerdam. los. 6d, net. 

' Eor the first time wo liave a scientific rej'ort on tlie development of a 
musical genius, fnsteafl ol lining deperulent on the vaguely marvellous 
report of adoring rel.ilivcs, we enter the moic satisfying atmosphere of 
precise tests Tliat,Krwin is a musical genius, nobody wiio reads tins 
book will doubt ' — Times Literary Supplement. . 

Principles of I .itcrary Criticism. By I . A. Richards, Fellow of 
Magdalene College, Cambridge, and Professor of English at 
Peking University. Fourlli edition, los. 6d. net. 

‘ An important contribution to the rehabilitation of English criticisin — 
})erhaph because of its sustained scientific nature, the most impoitant 
contribution yet made. Mr. Richards begins with an a'^count of the present 
chaos of critical theories and follows witli an analysis of the fallacy in 
modern aesthetics.' — Criterion 

The Metaphysical Foundations of Modern Science. By 
Professor Edwin A. Bitrtt. 14s. net. 

‘ This book deals witli a profoundly interesting subject. The critical portion 
is admirable ' — Bertrand Russell, in Nation. ‘ A history of the origin and 
development of what was, until recently, the metaphy.sic generally asso- 
ciated with the scientific outlook . . quite admirably done.’ — 

Times Literary Supplement. f 

The Psychology of Time. By Mary Sturt, M.A . 7s. 6d. net. 

* An interesting book, typical of the work of the younger psychologists of 
to-day. The clear, concise .style of writing adds greatly to the pleasure 
of the reader,’ — Journal of Education. 
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Physique and Character. By E. Kretschmer, Professor in the 
University of Marburg. With 31 plates, 15s. net. 

‘ His contributions to psychiatry are practically unknown in this country, 
and we therefore welcome a translation of his notable work. The problem 
considered is the relation between human form and human nature. 
Such researches must be regarded as of fundamental importance. We 
thoroughly recommend this volume.' — British Medical Journal. 

The P^chology of Emotion : Morbid and Normal. By 
John T. MacCurdy, M.D. 25s. net. ■ 

‘ There are two reasons in particular for welcoming this book. First, it is 
by a psychiatrist who takes general psychology seriously. Secondly, the 
author presents his evidence as well as his conclusions. This is distinctly 
a book which should be read by all interested in psychology. Its subject 
is important and the treatment interesting.* — Manchester Guardian 

Problems of Personality : Essays in honour of Morton Prince. 
Edited hy A. A. Robach, Ph.D. Second edition, i8s. net. 

' Here we have collected together samples of the work of a great many of 
the leading thinkers on the subjects which may be expected to throw light 
on the problem of Personality. Some such survey is always a tremendous 
help in the study of any subject. Taken all together, the book is full of 
interest ‘ — New Statesman 

The Mind and its Place in Nature. By C. Z). Broad, Litt.D., 
Lecturer in Philosophy at Trinity College, Cambridge. Second 
impression. i6s. net. 

‘ Quite the best book that Pr. Broad has yet given us, and one of the most 
important contributions to philosophy made in recent times.' — Times 
Literary Supplement. ' Full of accurate thought and u.seful distinctions 
and on tliis ground it deserves to lie read by all senoiis students ’ — Bertrand 
Kussell, in Nation 

Colour-.Blindness. By Mary Collins, M. A., 'Ph.D. Introduc- 
tion by Dr. James Drever. With a coloured plate, 12s. 6d. net. 

Her book is worthy of high praise as a painstaking, honest, well-written 
endeavour, based upon extensive reading and close original investigation, 
to deal with colour-vision, mainly from the point of view of the psychologist 
We believe that the book will commend itself to everj^one interested in 
the subject ' — Times Literary Supplement. 

The History of Materialism. Hy F. A.Lange. New edition in 
one volume, with an Introduction by Bertrand Russell, F.R.S. 
15s. net. 

' An immense and valuable work ' — Spectator ' A monumental work of 
the highest value to all who wish to know what has been said by advocates 
of Materialism, and why philosophers have m the main remained uncon- 
vinced ' — I'roTii the Introduction. 

Psyche : the Cult of Souls and the Belief in Immortality among 
the Greeks. By Erwin Jiohde. 25s. net. 

' The production of an admirably exact and unusually readable translation 
of Rohde’s great book is an event on which all concerned are to be con- 
gratulated. It 13 iu the truest sense a classic, to which all future scholars 
must turn if they would learn how to see the inward significance of primitive 
cults.’ — Daily News. 
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Educational Psychology. By Charles Fox, Lecturer on 
Education in the University of Cambridge. Third edition, 
los, 6d. net. 

‘ A worthy addition to a series of outstanding merit.’ — Lancet. ‘ Certainly 
one of the best books of its kind.’ — Observer. ’ An extremely able book, 
not only useful, but original.’ — Journal of Education. 

Emotion and Insanity. By S'. Thalbiizer, Chief of the Medical 
Staff, Copenhagen Asylum. Preface by Professor H. Hdffding. 
ys. 6d. net. 

’ Whatever the view taken of this fascinating explanation, there is one plea 
in this book which must be whole-heartedly endorsed, that psychiatric 
research should receive much more consideration in the effort to determine 
the nature of normal mental processes.' — -Nature. 

Personality. By R. G. Gordon, M.D., D.Sc. Second impres- 
sion. los. 6d. net. 

’ The book is, in short, a very useful critical discussion of the most im[)ortant 
modern work bSaring on the mind-boily problem, the whole knit together 
by a philosophy at least as proini-sing as any of those now current.’ — Times 
Literary Supplement. ‘ A sigmhcant contribution to the study of 
personality ' — British Medical Journal 

Biological Memory. By Eugenio Rignano, Professor of 
Philosophy in the University of Milan. los. 6d. net. 

’ Professor Rignano’s book may prove to have an important bearing on the 
whole mechanist-vitalist controversy. He has endeavoured to give meaning 
to the siiccial property of " hvingness.” The author works out his theory 
with great vigour and ingenuity, and the book deserves the earnest atten- 
tion of students of biologv.’ — Spectator 

Comparative Philosophy. By Paul Masson-Oursel. Intro- 
duction by F. G. Crookshank, AI.D., F.K.C.P. los. bd. net. 

' He IS an authority on Indian and Chinese philosophy, and in tins book 
he develop.s the idea that jihilosophy should be studied as a series of natural 
events by means of a comparison of its development in various countries 
and environments ’ — Times Literary Supplement 

The Language and Thought of the Child. By Jean Piaget, 
Professor at the University of Geneva. Preface by Professor 
E. Claparkde. los. 6d. net. 

‘ A very interesting book. Everyone interested in psychology, education, 
or the art of thought should read it The results are surprising, out perhaps 
the most surprising thing is how extraordinarily little was previously known 
of the way in which children think,’ — Nation. 

Crime and Custom in Savage Society. By B. Malinowski, 
Professor of Anthropology in the University of I.ondon. 
With 6 plates, 5s. net. 

‘ A book of great interest to any intelligent reader .’ — Sunday Times, 

' This stimulating essay on primitive jurisprudence.' — Nature. ’ In bringing 
out the fact that tact, adaptability, and intelligent self-interest are not 
confined to the civilized races, the author of this interesting study has 
rendered a useful service to the humanizing of the science of man.' — New 
Statesman. 
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Psychology and Ethnology. By W. H. R. Rivers, M.D., Litt.D., 
F.R.S. Preface by G. Elliot Smith, F.R.S. 15s. net. 

' This notice in no way exhausts the treasures that are to be found in this 
volume, which really requires long and detailed study. We congratulate 
the editor on producing it. It is a worthy monument to a great man.’ — 
Saturday Iteview ' Everything he has written concerning anthropology is 
of interest to serious students ' — Times Literary Supplement. 

Theoretical Biology. By J. von Uexkull. i8s. net. 

' It is not easy to give a critical account of this important book. Partly 
because of its ambitious scope, that of re-setting biological formulations 
in a new synthe.sis, partly because there is an abundant use of new terms. 
Thirdly, the author's arguments are so radically important that they cannot 
justly be dealt with in brief compass No one can read the book without 
feeling the thrill of an unusually acute mind.' — ] Arthur Thomsou, in 
Journal of Philosophical Studies 

Thought and the Brain. By Henri Pihon, Professor at the 
College de France. 12s. 6d. net. • 

A very valuable summary of recent investigation.s into tlie structure and 
working of the nervous system He is prodigal of facts, but sparing of 
ttieoTies His liook can be warmly recommended as giving the reader a 
vivid idea of the intricacy and subtlety of the mechanism by which the 
human animal co-ordinates its impres.sions of the outside world ’ — Times 
Literary Supplement. 

Sex and Uepression in Savage Society, By B. Malinowski, 
Professor of Anthropology in the University of London, 
los. 6d. net. 

' This work is a most important contribution to antliropology and 
psychology, and it will be long beJore our text-books are brought up to the 
standard which is henceforth indispensable ' — Saturday Review 

Social Life in the Animal World. By F. Alverdes, Profe.ssor- 
extraord. of Zoology in the University of Halle. los. 6d. net. 

' Most interosting and useful He has collected a wealth of evidence on group 
psychology ' — Manchester Guardian ' Can legitimately be compared with 
Kohler’s Mentality of Apes ’ — Nation ' We have learnt a great deal from 
his lucid aiiah'sis of Die spnng.s of animal behaviour ' — Saturday Review 

The Psychology of Character. By. A. A. Roback, Ph.D. 
Third edition, 21s. net. 

' He gives a most complete and admirable historical survey of the study of 
character, with an account of ail the methods of approach and schools of 
thought Its comprehensiveness is little short of a miracle ; but Dr. 
Roback writes clearly and well ; his book is as interesting as it is erudite ’ — 
New Statesman 

The Social Basis of Consciousness. By Trigant Burrow, 
M.D., Ph.D. I2S. 6d. nejt. 

' A most important book He is not merely revolting against the schema- 
tism of Freud and his pupils He brings something of very great hope for 
the solution of human incompatibilities. Psycho-analysis already attacks 
problems of culture, religion, politics. But Dr. Burrow’s book seems to 
promise a wider outlook upon our common life.' — New Statesman 
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The Effects of Music. Edited by Max Schoen. 15s, net. 

* The results of such studies as this confirm the observations of experience, 
and enable us to hold with much greater confidence views about siicli things 
as the durability of good music compared with bad .' — Times Literary 
Supplement. * The facts marshalled are of interest to all music-lovers, and 
particularly so to musicians / — Musical Mtrror. 

The Analysis of Matter. By Bertrand Russell, F.R.S. 21s. 
net. 

' Of the first importance not only for philosophers and physicists but for 
the general reader too. The first of its three parts supplies a statement 
and interpretation of the doctnne of relativity and of the quantum theory, 
done with his habitual uncanny lucidity (and humour), as is indeed the 
rest of the book .’ — Manchester Guardian. * His present brilliant book is 
candid and stimulating and, for both its subject and its treatment, one of 
the best tliat Mr. Russell has given us .' — Times Literary Supplement. 

Political Pluralism : a Study in Modern Political Theory. By 
K. C. Hsiafi. los. 6d. net. 

' He deals with the whch; of the literature, considers Gierke, Duguit, 
Krabbe, Cole, the MVbbs, and Laski. and reviews the relation of pluralistic 
thought to representative government, jihilosophy, law, and international 
relations There is no doubt that he has a graisp of his subject and breadth 
of view ’ — Yorkshire Post ' This is a very interesting book,' — Mind 

The Neurotic Personality. By R. G. Gordon, M.D., D.Sc., 
F.R.C.P.Ed. los. 6d. net. 

' Such knowledge as we have on the .subject, coupled with well-founded 
speculation and presented with clarity and judgment, is offered to the 
reader in this interesting hook ’ — Times Literary t upplenient. ' A most 
excellent book, in which he jileads strongly for a rational viewpoint towards 
the psychoneuroses,' — Nature 

Problems in Psychopathology. By T. W. Mitchell, M.D. 
9s. net. 

‘ A masterly and reasoned summary of Freud’s contribution to psychology. 
He writes temperately on a controversial subject ' — Birmingham Post 
‘ When Dr. Mitchell writes anything wc expect a brilliant eltort, and we are 
not disappointed in this series of lectures ' — Nature. 

Religious Conversion. By Sante de Sanctis, Professor of 
Psychology in the University of Rome. 12s. 6d. net. 

‘ He writes purely as a psychologist, excluding all religious and metaph3'sical 
assumptions. This being clearly understood, his astonishingly well- 
documented book will be found of great value alike by those who do, and 
those who do not, share his view of the psychic factors at work in conversion. ' 
Daily News. 

Judgment and Reasoning in the Child. By Jean Piaget, 
Professor at the University of G^ieva. los. 6d. net. 

‘ His new book is further evidence of his cautious and interesting work. 
We recommend it to every student of child mentality ' — Spectator. ' A 
minute investigation of the mental processes of early childhood. Dr. Piaget 
seems to us to underrate the importance of his investigations. He makes 
some original contributions to logic.’ — Times Literary Supplement. 
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Dialectic. By Mortimer J. Adler, Lecturer in Psychology, 
Columbia University. los. 6d. net. 

It concerns itself with an analysis of the logical process involved in 
ordinary conversation when a conflict of opinion arises. This enquiry into 
the essential implications of everyday discussion is of keen interest.’ — 
Birmingham Post. 

Possibility. By Scott Buchanan. los. 6d. net. 

* This is an essay in philosophy, remarkably well written and attractive. 
Various sorts of possibility, scientific, imaginative, and " absolute " are 
distinguished. In the course of arriving at his conclusion the author makes 
many challenging statements which produce a book that many will And 
well worth reading.' — British Journal of Psychology . 

The Technique of Controversy. By Boris B. Bogoslovsky. 
12S. 6d. net. 

' We can only say that, in comparison with the orthodox treatise on logic, 
this book makes really profitable and even fascinating reading. It is 
fresh and stimulating, and is in every respect worthy a place in the 
important series to which it belongs.’ — Journal of Education. 

The Symbolic Process, and its Integration in Children. By 
John F. Markey, Ph.D. los. 6d. net. 

' He has collected an interesting series of statistics on such points as the 
composition of the childish vocabulary at various ages, the prevalence of 
personal pronouns, and so on His merit is that he insists throughout 
on the social character of the “symbolic process”.’ — Times Literary 
Supplement 

The Social Insects : their Origin and Evolution. By William 
Morion Wheeler, Professor of Entomology at Harvard University. 
With 48 plates, 21s. net. 

‘ We have'read no book [on the subject] which is up to the standard of 
excellence acineved liere.’ — Field. ' The whole book is so crowded witli 
biological facts, satisfying deductions, and plulosophic comparisons that 
it commands attention, and an excellent index renders it a valuable book 
of reference ’ — Manchester Guardian 

How Animals Find Their Way About. By E. Rabaud, Pro- 
fessor of Experimental Biology in the University of Paris. 
With diagrams, 7s. 6d. net. 

‘ A charming essay on one of the most interesting problems in animal 
psychology.’ — Journal of Philosophical Studies. ‘ No biologist or psychol- 
ogist can afford to ignore the critically examined experiments which he 
describes in this book It is an honest attempt to explain mysteries, and 
as such has great value ’ — Manchester Guardian. 

Plato’s Theory of Ethics : a Study of the Moral Criterion and 
the Highest Good. By Professor R. C. Lodge. 21s. net. 

A long and systematic treatise covering practically the whole range of 
Plato’s philosophical thought, which yet owes little to linguistic exegesis, 
constitutes a remarkable achievement. It would be difficult to conceive 
of a work which, within the same compass, would demonstrate more clearly 
that there is an organic whole justly known as Platonism which is internally 
coherent and eternally valuable.’ — Times Literary Supplement. 
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Contributions to Analytical Psychology. By C. G. Jung. 
Dr. Med. , Zurich, author of ‘ Psychological T3T)es Translated 
by H. G. and Cary F. Baynes. i8s. net. 

‘ Taken as a whole, the book is extremely important and will further 
consolidate his reputation as the most purely brilliant investigator that the 
psycho-analytical movement has produced.’ — Times Literary Supplement. 

An Historical Introduction to Modern Psychology. By 
Gardner Murphy, Ph.D. Third Edition, 21s. net. 

' That Dr. Murphy should have been able to handle this mass of material 
in an easy and attractive way is a considerable achievement. He has read 
widely and accurately, but his erudition is no burden to him. His 
summaries are always lively and acute.’ — Times Literary Supplement. 

Emotions of Normal People. By William Moulton Marston, 
Lecturer in Psychology in Columbia University. i8s. net. 

‘ He is an Amencan psychologist and neurologist whose work is quite un- 
known in this Country. He has written an important and daring book, a 
very stimulating book. He has thrown down challenges which many may 
consider outrageous.’ — Saturday Review 

The Child’s Conception of the World. By Jean Piaget, 
Professor at the University at Geneva. 12s. 6d. net. 

‘ The chiJd-mmd has been largely an untajiped region Professor Piaget 
has made a serious and effective drive into this area, and has succeeded in 
marking in a considerable outline of the actual facts. They are of interest 
to all who want to understand children We know of no other source from 
which the same imsiglit can bo obtained ’ — Manchc-ter Guardian. 

Colour and Colour Theories. By Christine Ladd-Franklin. 
With 9 coloured plates, 12s. bd. net. 

' This IS a collection of the various papers in which Mrs Ladd-Franklin has 
set out her theory of colour-vision — one of the best-known attempts to 
make a consistent story out of this tangle of mysterious ]ihenomcna Her 
theory is one of the most ingenious and comprehensive that has been put 
forward.' — Time.% Literary Supplement. 

The Psychology of Philosophers. By A fexander Herzbetg, 
Ph.D. los. 6d. net. 

' It has been left for him to ex|X)und the points in which the psychology 
[of philosophers] appears to differ both from that of Vhomme moyen sen'^uel 
and from that of nieii of genius in other walks of life. It may be admitted 
freely that he puts his case with engaging candour ' — Times Literary 
Supplement 

Creative Imagination ; Studies in the Psychology of Literature. 
By June E. Downey, Professor of Psychology in the University 
of Wyoming. los. 6d. net. ^ 

‘ This IS an altogether delightful book. Her psychology is not of the 
dissecting-room type that destroys what it analyses The author's own 
prose has a high literary quality, while she brings to her subject originality 
and breadth of view ’ — Birmingham Post. 
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The Art of Interrogation. By E. R. Hamilton, M.A., B.Sc., 
Lecturer in Education, University College of North Wales. 
Introduction by Professor C. Spearman, F.R.S. ys. 6d. net. 

' His practical advice is of the utmost possible value, and his book is to 
be recommended not only to teachers but to all parents who take any 
interest in the education of their chihlren. It sets out first principles with 
lucidity and fairness, and is stimulating ’ — Saturday Heview. 

The Growth of Reason : a Study of Verbal Activity. By 
Frank Lorimer, Lecturer in Social Theory, Wellesley College, 
los. 6d. net. 

" A valuable book in which the relation of social to organic factors in thought 
development is traced, the argument being that while animals may live 
well by instinct, and primitive communities by culture patterns, civiliza- 
tion can live well only by symbols and logic ' — Lancet. 

The Trauma of Birth. By Otto Rank. los. 6d. net. 

' His thesis asserts that the neurotic patient is still shrinking from the pain 
of his own birth. This motive of the birth trauma Dr Rank lollows in many 
aspects, psycliokigical. medical, and cultural He sees it as the root of 
religion, art, and philosophy There can lie no doubt of the illumination 
which Dr. Rank's thesis can cast on the neurotic p.syche.’ — Times Literary 
Supplement. 

Biological Principles. By J. H. Woodger, B.Sc., Reader in 
Biology in the University of London. 21s. net. 

' The task Mr Woodger has undertaken must have been very difficult and 
laborious, but he may be congratulated on there.sult ’ — Manchester Cuariian 
' No biologist who really wi.shes to face fundamental problems should omit 
to read it ' — Nature 

Principles of Experimental Psychology. By H. Piiron, 
Professor at the College do France. los. 6d. net. 

‘ Treating psychology as the science of reactions, Professor Pi^ron ranges 
over the whole field in a masterly resume \Vc do not know of any general 
work on the .subject which is so lompJetcly modem in its outlook As an 
introduction to the whole subject his book appears to us very valuable ’ 
Times Literary Supptemeni. 

The Statistical Method in Economics and Political Science. 
By P. Sargant Florence, M.A., Ph.D., Professor of Commerce 
in the University of Birmingham. 25s. net. 

It sums up the work of all the best aiitliorities, but most of it is the author's 
own. js fresh original, stimulating, and WTitten in that lucid style that one 
has been led to expect from him. Its breadth and thoroughne.ss are 
remarkable, for it is very much more than a mere text-book on statistical 
method . ’ — Nature 

Human Speech. By Sir Richard Paget, Bi,, FJnst.P. With 
numerous illustrations. 25s. net. 

There is a unique fascination abo^t a really original piece of research The 
process of detecting one of Nature's secrets constitutes an adventure of the 
mind almost as thrilling to read as to experience It is such an adventure 
that Sir Richard Paget describes. The gist of the theory is that speech 
is a gesture of the mouth, and more especially of the tongue. We feel that 
we can hardly praise it too highly.’ — Times Literary Supplement. 
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The Foundations of Geometry and Induction. By Jean 

Nicod. Introduction by Bertrand Russell, F.R.S. i 6 s. net. 
* Anyone on first reading these two essays might be tempted to underrate 
them, but further study would show him his mistake, and convince him that 
the death of their author at the age of thirty has been a most serious loss 
to modem philosophy.’ — Journal of Philosophical Studies. 

Pleasure and Instinct : a Study in the Psychology of Human 
Action. By A. H. B. Allen. 12s. 6d. net. 

' An eminently clear and readable monograph on the much-di.scussed 
problem oi the nature of pleasure and unpleasure. Since this work 
amplifies some of the most important aspects of general psychology, the 
student will find it useful to read in conjunction with his text-book ’• — 
British Medical Journal. 

History of Chinese Political Thought, during the early Tsin 
Period. By Liang Chi-Chao. With 2 jiortraits, los. 6d. net. 

' For all his wide knowledge of non-Chinese political systems and the breadth 
of his own opjnions, he remained at heart a Confucianist. Amidst the 
drums and trumpets of the professional politicians, tins great scholar's 
exposition of the political foundations of the oldest civilization in the world 
comes like the deep note of some ancient temple bell.' — Times Literary 
Supplement. 

Five Types of Ethical Theory. By C. D. Broad, Litl.D., 
Lecturer at Trinity College, Cambridge. i6s. net. 

‘ A book on ethics by Dr. Broad is bound to be welcome to all lovers of clear 
thought. There is no branch of philosophical study which stands more in 
^need of the special gifts which mark all his writings, great analytical acumen, 
eminent lucidity of thought and statement, serene detachment from 
irrelevant prejudices.’ — Mind. 

The Nature of Life. By Eugenio Rignano, Professor of 
Philosophy in the University of Milan. 7s. 6d. net._ 

‘ In this learned and arresting study he has elaborated the arguments of 
those biologists who have seen in the activities of the simplest organisms 
purposive movements inspired by trial and error and foreshadowing the 
reasoning powers of the higher animals and man. It is this purposiveness 
of life which distinguishes it from all tlie inorganic processes.' — New 
Statesman 

The Mental Development of the Child. By Karl Btihler, 
Professor in the University of Vienna. 8s. 6d. net. 

' flo summarizes in a ina.sterly way all that we have really learned ho far 
about the mental development of the child. Few p.sycliologists show a 
judgment so cool and so free from the bias of preconceived theories He 
takes us with penetrating comments through the silly age, the chimpanzee 
age, the age of the grabber, the toddler, the babbler,' — Times Literary 
Supplement. 

The (.ihifd’s Conception of Physical Causality. By Jean 
Piaget, Professor at the University of Geneva. 12s. fid. net. 

‘ Develops further his valuable work. 'Vlere he endeavours to arrive at 
some idea of the child's notions of the reasons behind movement, and hence 
to consider its primitive system of physics His results are likely to prove 
useful in the study of the psychological history of the human race, and in 
the understanding of primitive peoples, as well as that of the child His 
method is admirable.’ — Saturday Review. 
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Integrative Psychology : a Study of Unit Response. By 
William M. Marston, C. Daly King, and Elizabeth H. Marsion. 
2IS. net. 

' Here is a daring attempt to explain personality in terms ol physiology. 
It might seem that in such an attempt the authors must have slight^ 
personality. It is found, however, that they have magnified its importance. 
To deal adequately with the long and admirably co-ordinated argument 
of this book is impossible, and it must suffice to refer all who desire tliat 
psychology shall be placed on a scientific basis to the book itself.’ — Saturday 
Review. 

Eidetic Imagery, and the Typological Method. By E. R. 

Jaensch, Professor in the University of Marburg. 7s. 6d. net. 
‘ While the work of Professor Jaensch is well-known to psychologists and 
educationalists, it is too little known to physicians. An excellent translation 
recently published leaves no excuse for ignorance of a subject as important 
as it IS interesting. The author epitomizes much of the recent 

work on these fascinating topics '■ — Lancet. 

The Laws of Feeling. By F. Paulhan. Translated by C. K. 
Ogien. los. 6d. net. 

' It is strange that so important a contribution to our knowledge of feeling 
and emotion should have suffered neglect. The mam thesis that the author 
advances is that all feeling, even pleasure and pain, and all emotion are due 
to the arrest of tendencies.' — Saturday Review 

The Psychology of Intelligence and Will. By H. G. Wyatt. 
I2S. 6d, net. 

' Its value lies, not merely in the analysis of volitional consciousness and the 
definite relation of will-process in its highest form of free initiative to the 
capacity for relational thinking in its most creative a.spect, but in the 
reasoned challenge which it makes to all forms of mechanistic psychology.' 
— J ournal of Philosophical Studies 

The Concentric Method, in the Diagnosis of Psycho- 
neurotic. By M. Laignel-Lavastine, Associate-Professor of 
the Paris Medical Faculty. With 8 illustrations. los. 6d. net. 

‘ This book emphasizes the physiological aspects of the psychoneuroses 
which are liable to Itc overlooked or altogether neglected, and it will certainly 
be road with advantage by those concerned wnth the treatment of psycho- 
neurotic patients,’ — British Medical Journal 

The Foundations of Mathematics and other logical Essays. 
By F. P. Ramsey. Edited by R. B. Braithwaite, 
Fellow of King’s College, Cambridge. Preface by G. E. Moore, 
Lilt. D., Professor of Mental Philosophy and Logic in the 
University of Cambridge. 15s. net. 

' His work on mathematical logic seems to me the most important that has 
appeared since \\’ittgenstein's Tractatus Logico-Philosophicus ' — Bertrand 
Russell, in Mind. ‘ 1 recommend it as being at once more exciting and more 
fruitful than tlu* more sustained thTOiizingof maturer philosophers ' — Granta 

The Philosophy of the Unconscious. By E. von Hartmann 
Introduction by C. K. Ogden. 15s. net. 

’ The reprint of so famous a book in a cheap and accessible medium is a 
boon which .should not be accepted ungraciously. Mr. Ogden contributes 
a short but suggestive introduction ' — Times Literary Supplement. 
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The Psychology of Men of Genius. By E. Kretschmer, 
Professor in the University of Marburg. With 42 plates, 15s. net. 

' We are grateful for a deeply interesting and illuminating survey of the 
problem.’— /o«r«aI of Neurology. ' A fascinating study which illuminates 
on almost every page some new comer of biographical history. Much 
learning is used, and instead of writing many books the author has con- 
centrated a life-time of study into one .’ — Morning Post. 

Outlines of the History of Greek Philosophy. By 

E. Zeller. Thirteenth Edition completely revised by Dr. 
W. Nestle. 15s. net. 

‘ This new edition of a chissical work on the histoiy of philosophy will be 
of great use to the student and not less as a handy manual to tlie specialists. 
We find masterly essays on the pre-socratic thinkers, a succinct review of 
Platonic and Aristotelian philosophy, with a clear survey of Hellenistic 
and Roman philosophers and Neo-platonism ' — Philosopher. 

The Primitive Mind and Modern Civilization. By 

C. R. Aldrich. Introduction by B. Malinowski, Professor of 
Anthropology in the University of London. Foreword by 
C. G. Jung. I2S. 6d. net. 

' He has tried to .show how far the psychology of the savage is alive and 
operative in modern civilization, and to offer adeijuate psychological 
explanations of manners and customs seemingly irrational or superstitious 
He develops his thesis with ingenuity and a wide knowledge of the vast 
literature.’— iVcies-CfroKiefc 

The Psychology of Children’s Drawings, from tlieFirst Stroke 
to the Coloured Drawing. By Helga Eng. W'ith 8 coloured 
plates and numerous line illustrations, 12s. 6cl. net. 

' The first part of the book is <lata, the detailed description of a single child’vS 
drawings from the age of ten months to eight years, with many excellent 
reproductions of the original sketches. In the second part Dr. Icng discusses 
these stages more fully and traces their development and psycliotogy This 
IS the most Valuable toutribution of her Iwok ’ — Manchester Guardian 

The Theory of Legislation. By Jeremy Bent ham. Edited, with 
an Introduction and Notes by C. K. Ogden. 7s. 6d. net. 

‘ Empliaticallv a book that every political student should possess and keep 
for constant reference .’ — Hveryman ' A handsome edition of one of the 
great classics of social science ’ - Lite'} ary Guide ' This book is cordially 
recommended to the legal profession ’ — Law foiirnal. 

Invention and the Unconscious. By J. M . Montmasson. 
Translated, with an Introduction, by Dr. H. Stafford Hatfield. 
15s. net. 

Discusses the problem of the generation of inventions, using the word to 
include religious and pliilosophicai disciplines as well as patentable technical 
improvements. Pie shows how large a part the Unconscious plays in such 
inventions. 

The Mind and its Body : the Foundations of Psychology. By 
Charles Fox, Lecturer on Educatio:.- in the University of Cam- 
bridge. los. 6d. net. 

A critical consideration of the mass of new material dealing with the 
relationship of mind and body leads to a clearing away of many mis- 
conceptions and to a number of positive conclusions. 
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The Social Life of Monkeys and Apes. By S. Zuckerman, 
Anatomist to the Zoological Society of London. With 24 
plates, 15s. net. 

' This remarkiible book discusses monkey sociology in general, and that of 
the Zoo Monkey Ilill in particular. The clear wliite light of truth which 
Dr. Zuckerman’s tireless research throws upon the latter is particularly 
welcome. This is a notable book, the result of long observation and soimd 
reasoning.' — E. G Boulenger, in Daily Telegraph. ' A graphic and frank 
account of the amazing doings of the baboons he watched It is no exag- 
geration to claim that the book marks the beginning of a new epoch in the 
study of a siibji. ct which is the essential foundation of the biological approach 
to .sociology ' Dro/cssor G Elliot Smith, F K S , in Sunday Times. 

The Development of the Sexual Impulses. By R. E. Money 
Kyrle, author of The Meaning of Sacrifice. los. 6d. net. 

Bridges the gap between p.syrho.rn.alysis on the one hanri, and neurology, 
biology, and anthropology on the other , and studies the profound effects 
which this science, in its mo.st modern developments, is likely to exercise 
on human life " 

Constitution-Types in Delinqxiency. By W. A. Willemse, 
Lecturer in Psychology at the University of Pretoria. With 
32 plates, 15s, net. 

Explains the motives, acts, and social behaviour of delinquents and criminals 
by an intensive study of their tcmperamenl and body-types, which liavc been 
derived in their e.ssontialstrom the three mam types of insanitv, schizoiihrenia, 
mamc-dcpression, and epihqisy 





